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On the Hermite interpolation polynomial

Ovidiu T. Pop and Dan Bărbosu

Abstract. The Newton form for the Hermite interpolation polynomial using the divided
differences with multiple knots is proved. Using this representation, sufficient conditions for
the convergence of the sequence of Hermite interpolation polynomials are established. One
extends this way a result obtained by M. Ivan, regarding to sufficient conditions for the uniform
convergence of the sequence of Lagrange polynomials.
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1. Introduction

G. Faber [2] proved that there exists a function f ∈ C[0, 1] for which the sequence
of Lagrange polynomials (Lmf)m≥0 doesn’t converges uniformly to f on [0, 1].
I. Muntean [7] generalized the result of G. Faber.

M. Ivan [5] established sufficient conditions for the uniform convergence of the
sequence of the Lagrange polynomials (Lmf)m≥0 associated the function f ∈ C[a, b].

The focus of the present paper is to establish sufficient conditions for the uniform
convergence of the sequence of Hermite polynomials.

First, let us to introduce the following notations: N = {1, 2, . . . },
N0 = N ∪ {0}, m ∈ N0, r0, r1, . . . , rm ∈ N, r0 + r1 + · · · + rm = n + 1, α =
max{r0 − 1, r1 − 1, . . . , rm − 1}. Next, if I ⊆ R is an interval then Dα(I) de-
notes the set of real valued functions α-times differentiable on I. If α = 0, then
D0(I) = F(I) = {f : I → R}.

Let x0, x1, . . . , xm ∈ I be distinct knots. If f ∈ Dα(I), the divided difference with
multiple knots

[
x0, x0, . . . , x0︸ ︷︷ ︸

r0 times

, x1, x1, . . . , x1︸ ︷︷ ︸
r1 times

, . . . , xm, xm, . . . , xm︸ ︷︷ ︸
rm times

; f
]

will be denoted by [x(r0)
0 , x

(r1)
1 , . . . , x

(rm)
m ; f ].

It is known (see [4], [5], [7], [9]) that the divided difference with multiple knots can
be represented under the form

[
x

(r0)
0 , x

(r1)
1 , . . . , x(rm)

m ; f
]

=
(Wf)

(
x

(r0)
0 , x

(r1)
1 , . . . , x

(rm)
m

)

V
(
x

(r0)
0 , x

(r1)
1 , . . . , x

(rm)
m

) , (1)
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where

(Wf)
(
x

(r0)
0 , x

(r1)
1 , . . . , x(rm)

m

)
(2)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 x0 x2
0 . . . xn−1

0 f(x0)
0 1 2x0 . . . (n−1)xn−2

0 f ′(x0)
. . . . . . . . . . . . . . .

0 0 0 . . . (n−1)(n−2) · . . . · (n−r0+1)xn−r0
0 f

(r0−1)
(x0)

. . . . . . . . . . . . . . .
1 xm x2

m . . . xn−1
m f(xm)

0 1 2xm . . . (n−1)xn−2
m f ′(xm)

. . . . . . . . . . . . . . .

0 0 0 . . . (n−1)(n−2) · . . . · (n−rm+1)xn−rm
m f

(rm−1)
(xm)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
and

V
(
x

(r0)
0 , x

(r1)
1 , . . . , x(rm)

m

)
(3)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 x0 x2
0 . . . xn

0

0 1 2x0 . . . nxn−1
0

. . . . . . . . . . . .

0 0 0 . . . n(n− 1) · . . . · (n− r0 + 2)xn−r0+1
0

. . . . . . . . . . . .
1 xm x2

m . . . xn
m

0 1 2xm . . . nxn−1
m

. . . . . . . . . . . .
0 0 0 . . . n(n− 1) · . . . · (n− rm + 2)xn−rm+1

m

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

In [4], the following mean-value theorem for divided differences with multiple knots
was proved:

Theorem 1.1. Let a, b ∈ R be given such that a < b. If f ∈ Cn−1[a, b] and exists
f (n) on (a, b), then there exists ξ ∈ (a, b) such that the following

[
x

(r0)
0 , x

(r1)
1 , . . . , x(rm)

m ; f
]

=
1
n!

f (n)(ξ) (4)

holds.

2. The Hermite interpolation polynomial

In 1878 Charles Hermite proved that for f ∈ D(α)(I) there exists a unique polyno-
mial of degree at most n, denoted (Hnf)

(
x

(r0)
0 , x

(r1)
1 , . . . , x

(rm)
m

)
(x) and called Hermite

interpolation polynomial, such that the following conditions





a0 +a1xk+a2x2
k+ . . . +ark−1x

rk−1
k + . . . +anxn

k =f(xk)

a1+2a2xk+ . . . +(rk−1)ark−1xrk−2+ . . . +nanxn−1
k =f ′(xk)

. . . . . . . . . . . .

(rk−1)!ark−1+ ... +n(n−1)...(n−rk+2)anx
n−rk+1
k =f

(rk−1)
(xk)

k ∈ {0, 1, ..., m}
a0 +a1x+a2x2+ . . . +anxn =(Hnf)(x

(r0)
0 , x

(r1)
1 , ..., x

(rm)
m )(x)

(5)

are verified.
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Note that (5) is a linear system in the unknowns a0, a1, . . . , an and it has solutions
if and only if the following

∣∣∣∣∣∣∣∣∣∣∣

1 x0 x2
0 . . . xn

0 f(x0)
0 1 2x0 . . . nxn−1

0 f ′(x0)
. . . . . . . . . . . . . . . . . .

0 0 0 . . . n(n−1) · . . . · (n−rm+2)xn−rm+1
m f

(rm−1)

(xm)

1 x x2 . . . xn (Hnf)(x
(r0)
0 , ..., x

(rm)
m )(x)

∣∣∣∣∣∣∣∣∣∣∣

=0

(6)

holds.
But (6) can be expressed in the equivalent form

∣∣∣∣∣∣∣∣∣∣∣

1 x0 x2
0 . . . xn

0 f(x0)

0 1 2x0 . . . nxn−1
0 f ′(x0)

. . . . . . . . . . . . . . . . . .

0 0 0 . . . n(n−1) · . . . · (n−rm+2)xn−rm+1
m f

(rm−1)
(xm)

1 x x2 . . . xn 0

∣∣∣∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣∣

1 x0 x2
0 . . . xn

0 0

0 1 2x0 . . . nxn−1
0 0

. . . . . . . . . . . .

0 0 0 . . . n(n−1) · . . . · (n−rm+2)xn−rm+1
m 0

1 x x2 . . . xn (Hnf)(x
(r0)
0 , x

(r1)
1 , ..., x

(rm)
m )(x)

∣∣∣∣∣∣∣∣∣∣

=0.

From the above identity, it follows

(Hnf)
(
x

(r0)
0 , x

(r1)
1 , . . . , x(rm)

m

)
(x) = − (Uf)

(
x

(r0)
0 , x

(r1)
1 , . . . , x

(rm)
m

)
(x)

V
(
x

(r0)
0 , x

(r1)
1 , . . . , x

(rm)
m

) (7)

where

(Uf)
(
x

(r0)
0 , x

(r1)
1 , . . . , x(rm)

m

)
(x) (8)

=

∣∣∣∣∣∣∣∣∣∣

1 x0 x2
0 . . . xn

0 f(x0)
0 1 2x0 . . . nxn−1

0 f ′(x0)
. . . . . . . . . . . . . . . . . .

0 0 0 . . . n(n− 1) · . . . · (n− rm + 2)xn−rm+1 f
(rm−1
(xm)

1 x x2 . . . xn 0

∣∣∣∣∣∣∣∣∣∣

.

Taking (7) and (8) into account, yields that the coefficient of xn in the Hermite
polynomial is

(Wf)
(
x

(r0)
0 , x

(r1)
1 , . . . , x

(rm)
m

)

V
(
x

(r0)
0 , x

(r1)
1 , . . . , x

(rm)
m

) ,

i.e. it is
[
x

(r0)
0 , x

(r1)
1 , . . . , x

(rm)
m ; f

]
.
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3. The Hermite interpolatory divided difference formula

In the following we use the ideas of M. Ivan [5], for the construction of Newton’s
interpolatory divided difference formula.

Let Q(x) the polynomial defined by

Q(x) = (Hnf)
(
x

(r0)
0 , x

(r1)
1 , . . . , x(rm)

m

)
(x)

−(x−x0)r0(x−x1)r1 · . . . · (x−xm−1)rm−1(x−xm)rm−1
[
x

(r0)
0 , x

(r1)
1 , ..., x(rm)

m ; f
]
.

The polynomial Q(x) has the degree at most (n− 1) and it satisfies the relations

Q(ik)(xk) = 0, ik ∈ {0, 1, . . . , rk − 1}, k ∈ {0, 1, . . . , m− 1};
Q(i)(xm) = 0, i ∈ {0, 1, . . . , rm − 2}.

Taking the uniqueness of the Hermite interpolation polynomial into account, from the
above identities it follows

Q(x) = (Hn−1f)
(
x

(r0)
0 , x

(r1)
1 , . . . , x(rm−1)

m

)
(x).

This way is obtained the following recurrence formula

(Hnf)
(
x

(r0)
0 , x

(r1)
1 , . . . , x(rm)

m

)
(x) (9)

= (Hn−1f)
(
x

(r0)
0 , x

(r1)
1 , . . . , x(rm−1)

m

)
(x)

+(x−x0)r0(x−x1)r1 · . . . · (x−xm−1)rm−1(x−xm)rm−1
[
x

(r0)
0 , x

(r1)
1 , ..., x(rm)

m ; f
]
.

From (9), yields

(H2f)(x(2)
0 )(x) = (H1f)(x0)(x) + (x− x0)

[
x

(2)
0 ; f

]
,

(H3f)(x(3)
0 )(x) = (H2f)(x(2)

0 )(x) + (x− x0)2
[
x

(3)
0 ; f

]
,

. . .

(Hn−1f)
(
x

(r0)
0 , x

(r1)
1 , . . . , x

(rm−1)
m−1 , x(rm−1)

m

)
(x)

= (Hn−2f)
(
x

(r0)
0 , x

(r1)
1 , . . . , x

(rm−1)
m−1 , x(rm−2)

m

)
(x)

+ (x−x0)r0(x−x1)r1 · . . . · (x−xm−1)rm−1(x−xm)rm−2

· [x(r0)
0 , x

(r1)
1 , . . . , x

(rm−1)
m−1 , x(rm−1)

m ; f
]
,

(Hnf)
(
x

(r0)
0 , x

(r1)
1 , . . . , x(rm)

m

)
(x)

= (Hn−1f)
(
x

(r0)
0 , x

(r1)
1 , . . . , x

(rm−1)
m−1 , x(rm−1)

m

)
(x)

+ (x− x0)r0(x− x1)r1 · . . . · (x− xm−1)rm−1(x− xm)rm−1

· [x(r0)
0 , x

(r1)
1 , . . . , x(rm)

m ; f
]
.

Adding the above identities, it follows:

Theorem 3.1. The Hermite interpolation polynomial can be represented under the
form

(Hnf)
(
x

(r0)
0 , x

(r1)
1 , . . . , x(rm)

m

)
(x) =

r0−1∑

i=0

(x− x0)if (i)(x0) (10)

+
m∑

k=1

(x−x0)r0(x−x1)r1 ...(x−xk−1)rk−1

rk∑

i=1

(x−xk)i−1
[
x

(r0)
0 , x

(r1)
1 , ..., x

(i)
k ; f

]
.
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Remark 3.1. For r0 = r1 = · · · = rm = 1, from (10) follows the Newton interpolation
divided difference formula, so (10) can be called the Newton form of the Hermite
interpolation polynomial.

4. Uniform approximation via Hermite interpolation

In [5], M. Ivan establish sufficient conditions for the uniform convergence of the se-
quence of Lagrange interpolation polynomials. Using his ideas, we shall gave sufficient
conditions for the uniform convergence of the Hermite interpolation polynomials.

First, let us to recall the following

Theorem 4.1. [5] Suppose that f ∈ Cn[a, b] and f (n+1) exists on (a, b). Then, there
exists ξ ∈ (a, b) such that

f(x)− (Hnf)
(
x

(r0)
0 , x

(r1)
1 , . . . , x(rm)

m

)
(x) (11)

= (x− x0)r0(x− x1)r1 . . . (x− xm)rm
f (n+1)(ξ)
(n + 1)!

.

Next, using the ideas from [5], suppose that f ∈ C∞[a, b] possesses uniform
bounded derivatives such that there exists M > 0 so that

|f (k)(x)| ≤ M, (12)

for any x ∈ [a, b] and any k ∈ N0.

Remark 4.1. Because r0, r1, . . . , rm ∈ N and r0 + r1 + · · · + rm = n + 1, it follows
n ≥ m, so if m tends to infinity then n also tends to infinity.

Now, we are ready to prove the main result of this section which is the following

Theorem 4.2. Suppose that (xm)m≥0 is a sequence of distinct knots, xm ∈ [a, b] for
any m ∈ N0. Then the inequality

∣∣∣(Hnf)
(
x

(r0)
0 , x

(r1)
1 , . . . , x(rm)

m

)
(x)− f(x)

∣∣∣ ≤ (b− a)n+1

(n + 1)!
M (13)

holds for any x ∈ [a, b], any m ∈ N0 and the sequence
(
(Hnf)

(
x

(r0)
0 , x

(r1)
1 , . . . , x(rm)

m

)
(x)

)
n≥0

converges to f , uniformly on [a, b].

Proof. Taking (11) and (12) into account, yields
∣∣∣(Hnf)

(
x

(r0)
0 , x

(r1)
1 , . . . , x(rm)

m

)
(x)− f(x)

∣∣∣

=
1

(n+1)!
|(x−x0)r0(x−x1)r1 · . . . · (x−xm)rm |

∣∣∣f (n+1)
(ξ)

∣∣∣≤ (b−a)n+1

(n+1)!
M,

i.e. (13) holds. Next, because lim
n→∞

(b− a)n+1

(n + 1)!
= 0, from (13) it follows that the

sequence
(
(Hnf)

(
x

(r0)
0 , x

(r1)
1 , . . . , x

(rm)
m

)
(x)

)
n≥0

converges to f , uniformly on [a, b].

¤
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