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1. Introduction

As the development of singular integral operators, their commutators and multi-
linear operators have been well studied(see [4-7]). In [4-7],[15-16], the authors prove
that the commutators and multilinear operators generated by the singular integral
operators and BMO functions are bounded on LP(R™) for 1 < p < oo; Chanillo
(see [2]) proves a similar result when singular integral operators are replaced by the
fractional integral operators. In [4] [14], the boundedness for the commutators and
multilinear operators generated by the singular integral operators and Lipschitz func-
tions on Triebel-Lizorkin and LP(R™)(1 < p < 00) spaces are obtained. In [1][11], the
weighted boundedness for the commutators generated by the singular integral opera-
tors and BMO and Lipschitz functions on LP(R™)(1 < p < 00) spaces are obtained.
The purpose of this paper is to prove the weighted boundedness on Lebesgue spaces
for some multilinear operators associated to the pseudo-differential operators and the
weighted Lipschitz functions. To do this, we first prove a sharp function estimate for
the multilinear operators. Our results are new, even in the unweighted cases.

2. Notations and Theorems

In order to state our results, we begin by introducing the relevant notions and
definitions.

Throughout this paper, @ will denote a cube of R™ with sides parallel to the axes.

The A; weight is defined by

Ar={0<wel,: C%up |Q|71/ w(y)dy < cw(x),a.e.}.
ST Q

For w € A; and 0 < 8 < 1, the weighted Lipschitz space Lipg(w) is the space of
functions b such that

_1_8
B2y c0) = s1pio(@) /Q 1b(y) — boldy < o,
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where bg = Q[ [, b(y)dy
For w € A; and 1 < p < oo, the weighted Lebesgue space LP(w) is the space of
functions f such that

1llzr) = ( /| f(x)lpw(x)dx) "

For w € Ay and 8 > 0 and p > 1, let Fpﬁ’oo(w) be the weighted homogeneous
Triebel-Lizorkin space.

Given some function b; € Lipg(w),1 < j < m, we denote by C7* the family of
all finite subsets v = {y(1),- - -,v(j)} of j different elements in {1, - -, m}, where
V(i) <(j) when i < j.

For v € CJ", we denote v = {1,- - -,m}\7.

For b = {by, -, by} and v = {y(1),---,7(j)} € C "', we denote b = {by1), - by}

and b'Y = b'Y(l) T b’Y(j)7 and ||b'yHLip5(w) - ||b’y(1)||L1p5 (w) * Hb'y(])Hszg(w)'
We say (&) € S, if for z,§ € R", ‘3‘{%%5(%5)‘ < Cop(1 4 |gymelBlrolal,

The pseudo-differential operators v - d - 0- with symbols 6(z, &) € S, is given by

T(f)(x) = / 2§z, €) F(€) e

n

where f is a Schwartz function and f denotes the Fourier transform of f.
The pseudo-differential operators v - d - 0- also have another expression

T(f)(x)= | K(z,z—y)f(y)dy,
Rn
where K (2,2 — y) = [, 6(x,£)e?™(=0:9d¢.
Let b;,1 <5 S m be the fixed locally integrable functions on R™. The multilinear
commutator associated to the pseudo-differential operator is defined by

m

T(f)@) = [ K,z —y) [[(0i(x) = b;())f(y)dy.

R’V‘L .
Jj=1
Now, we state the main results as follows.
Theorem 2.1. Let T be a ¢ -d-o- with symbol §(x,§) € Sl 2o for0<o<l—aand
0<a<1. Suppose 0 < 8 < m andw € Ay and b; € Lipg(w) for1 < j <m and

1<p<ooand 1 = % - m—ﬁ, Then Ty is bounded from LP(w) to Lq(wl’"”%).

Theorem 2.2. Let T be a ¢ -d-o- with symbol §(x,£) € S
0<a<l. Supp0560<ﬂ<17a)

1<j<mand1 <p<oo. Then Ty is bounded from LP(w) to ﬁ‘;”ﬁ’oo(wlfm’

- aafor0<a<1—aand
and w € Ay and w™' € Ay and b; € Lipg(w) for

mp

).

3. Preliminary Lemmas

Lemma 3.1. (see [10]) xg € A1 for any cube Q.

Lemma 3.2. (see [9][11]) For 0 < <1 andw € Ay and b € Lipg(w) and 1 <p <
00, we have

5 1/p
bl ipe o) ~ SUD@(Q) ™ 5 <w(Q)1 JRCE bQ|pw<y>1pdx) .
Q Q
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Lemma 3.3. (see [10][11]) For 0 < <1 andw € Ay and b € Lipg(w) and any cube
Q, we have

B _
sup [b(z) = bal < ClIbl| Lipy @)@ (@)F1QI

Lemma 3.4. For 0 < 8 <1 and w € A; and b € Lipg(w) and any cube @, there
ezists T € Q such that

_ 8
|barg — bo| < Ckw(F)w(28Q) " 01| Lips () -

Lemma 3.5. (see [3]) Let §(x,&) € S _ fm for0<o<l—aand0<a<1l. K(z,w)
denote the inverse Fourier tmnsformatwns i the f variable and in the distribution
sense of 6(x,€), that is mformally K(z,w) = [p. 0(z,&)e Ye2miw) g

Then for |z — o] < d < 1 5 and N >0,

1
2

/ K (2,2 —y) — K(zo,z0 —y)Pdy | <
(2Vd)1-e<ly—zo|< (2N 1)1~

< Ol — ao|A=9(h=3) (N+1 g)=h(1=a)
where h is an integer such that § < h < § + ﬁ

Lemma 3.6. (see [3]) Let §(x,€) € S2, for 0 < € < 1 and as usual K(z,w) =

fRn T g 27i(w ,§)d£
Then for |w| > 1/4 and arbitrarily large M, |K (z,w)| < Car|w|~2M.

Lemma 3.7. (see [14]) For0 < <1 andw € A; and 1 < p < oo and m > 0, we

have
_1_mB
fllggomq, =~ |jsuplQI'% / £(&) — folds 1)
Q3% Lp(w)
~ ||sup inf Q1% / () — clda 2)
QBQJCECQ L (w)

Lemma 3.8. (see [3]) Let 6(x,£) € S;_ Zafor() <o<l—aand0<a <1 and
weAg with 2 < p < co.
Then ||T(f)||Lv(w) < CpllfllLr(w) for f € CG°(R™).

rmg

Lemma 3.9. (see [2][14]) Let My (f)(w) = subseq (1Q175° [ 17 @) dy) " for

l<r<ooand 8>0andm >0 and w € A andr<p<m7ﬁandé=%—m7ﬁ.
Then

[[My s (f)(@)||La(way < Ol f]|Lr(we)-

Lemma 3.10. (see [18]) Suppose w € A; and 1 < p < oo and 1 <r < co. Then

( - Mr(f)(x)pw(x)da;>; <C (/ n |f($)|”w(a:)dx)’l’
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4. Proof of Theorem
Proof. Proof of Theorem 1

We first prove that for any Q = Q(xg,d), there exists some constant ¢ and 1 < r <
oo such that for f € LP(w) and & € Q,

QI /Q IT5(F)(@) = cldz < Clbll ing ()@ ()™ 5 (Mg (T()))(F) + Mrms (£)(2)).

We consider the case m =1 and d < 1.

Let f(z) = fi(@) + falw) with f1(z) = f(@)x,(2) and fo(x) = f(z)xse(z), and
()s =|J|~ fJ b1(y)dy, where J is a cube concentric with @ of 51de—length dr—e.

Ty; (f)(x)

/ K,z — y)((b1(z) — (b)) — (br(y) — (b)) f(y)dy =
= —(b1)J / K(x,z — y)dy —
_ /R K(rx—y)(b(y) — (01))fi(y)dy

- [ K =)t~ (0 o)y -
= (@)~ BT = T((r ~ G2 F)) = T(1 ~ (b)) ) @),

thus

Q™ /|T (((b1).g = b1) f2)(20)|d

IN

QI / 1b1(x) — (b1) |7 () (@) + Q| /Q IT((br — (b)) o) (@) de

el / T((b1 — (51)2) f2)(@) — T((by — (ba) 1) f2) (o)
= A1+Ai2+ A3

For A; 1, by Holder’s inequality with exponent % + % =1 and lemma 3, we have

as < clar( / Ibu(2) — ()" dm) ( [z Tdrc)
< Clal sup (o) = G117 (/ T(f |dx>
< Ol iy AT (|J|-1+"f /Q T(f)(w)l’“dx)

142
< Ol (“’f}?) M, 5(T(1)) (7)

< ClIB1 | iy oy (@)% My 5(T(f)) (%)

For A; 5, by Holder’s inequality with exponent % + % =1 and lemma 3,8, we have
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Ao

< o ([ e - o, de) Ql

< CIQl(/nlbl() bl s ) @

< clor ( / lbu(a) — (bl | o >|de) o

< ClQ suplbi(e) () J|</|f |dx) QI
S Cla AVETE

1+£
< i) (”ﬁ’) M, 5(f)(2)

- 148 -
< Ollborllpipy )@ (@) Mr g (f)(2).

For Aj3, choose h such that § < h < F + ﬁ By Holder’s inequality with
exponent % + % + % =1 and lemma 3,4,5, we have

Alyg(l')

IN

T ((b1 = (b1).7) f2)(x) = T((b1 = (b1) 5) f2)(0)]
/n(K(l‘al‘ —y) — K(zo,z0 — y))(b1(y) — (b1)s) f2(y)dy

/| g VG =) = Kwo,o = 9)lIba () = () 1S (w)ldy

Z/ | K (2—)— K (20,20 )| [b1 (5) (51 1| ()l dy
N—0 (2Nd)1*‘l§|y7zo\§(2N+1d)1*“

>/ K (2,2 — ) — K (20,20 — 1)
N—0 (2Nd)1*‘l§|y7wo\S(2N+1d)1*“
b1(y) — (b1)av+va-a || f(y)|dy

Z/ |K(x7‘r7y)7K(1170,130—y)|
N—o/(@Nd)1ma<|y—zo|<(2NH1d)1 o

[(b1)ovsna—ar g — (b1)|[f (y)|dy

1
o] 2

cy (/ IK(x,ar—y)—K(xo,xo—y)IQdy>
0 \J@NVa)i-ag|y—ao|<(@V+1d)1-e

N=

sup |b1 (y) — (b1)2(N+1)(1—a.)J|(2N+1d)
ye2(N+1)(1—a) g

( / |f<y>’"dy>
ly—zol< (2N +1d)1 -0

+C Y </ K(%x—y)—K(mo,xo—y)IZdy)
N=o \J @V d)1-a<|y—zo|<(2N+1d)1-a

n(l—a)

Nl
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T

—zo|<(2NF1d)! e

X (B )atna-a g — (br) |2V L) ( /| If(y)lrdy>
Y

o0
C Z lz — x0|(1—a)(h—g)(2N+1d)—h(1—a)+M
N=0
X||b_1’||Lip8(w)w(2(N+1)(1—a)J)1+%|2(N+1)(1—a)J|—1|2(N+1)(1—a)J|—%

n —a — ﬂ T
x <<2N“d> (-a)(-1+5) / W)l dy>
ly—zo|<(2N+1d)l-a

o
. Z lz — mo|(17a)(h7%)(2N+1d)7h(17a)+w
N=0

~ — L — _B
X(N 4+ @) (2D D)5 i o[22

n(l—a)(-1+22 "
x [ (2V+1q) (1-a)(—1+ )/ |f(y)|"dy
‘y7ID|§(2N+1d)1—a

B
oo 1—a)(h— T 1—a)(2 —h) |~ wEe™N+D(A-a) H\ 1w -
CELR_pd! D=2 2N g) -5 )Ilbl\lLipmm(Wu—am)) Mrs(£)(®)

IN

?

1

r

IN

o0
+ C Y (N4 1)dt 0= @NF) OO G =M by || ) w(E)
N=0

B
w(2(N+1)(17a)J) n ~
<|2(N+1)W> My 5(f)(2)

= —a)(z— - ~ B ~
C Z(N+2)2(N+1)(1 (3 h)HblHLipB(w)w(x)H" r3(f)(Z)
N=0

- ~ B ~
O”bl | |Lipg(w)w(x)1+n M'fﬂ(f)(x)v

IN

IN

thus
- 148 -
A1z < O] Lips ()0 (@) 7 Mg (£)(2)-

Combining all the estimates, we finish the case m =1 and d < 1.

In case m =1 and d > 1, we proceeds the case as follows.

Let f(z) = fi(x) + fa(x) with fi(z) = f(2)x2q(2) and fo(2) = f(2)X(20) (2) and
(b1)2q = [2Q|7" [, b1(y)dy. We have

Ty (f)()

. K(z, 2 —y)((01(2) = (b1)20) = (b1(y) = (b1)2¢)) [ (y)dy

= (@) =)o) [ Klow =) 1)y -

- Kz, —y)(bi(y) — (b1)2¢) f1(y)dy —

~ K(z,2 —y)(bi(y) — (b1)2q) fa(y)dy
= (b1(@)—=(b1)2)T(f)(2)=T((b1—(b1)20) f1)(z) =T ((b1—(b1)2q) f2)(z),
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Q" | 15 (1)@

QI /Q 1b1(2) — (b1)20|T(f)(@)dx

thus

IN

+

Q! /Q IT((br — (b1)sg) f1)(@)|dz

vt / IT((by — (b1)20) f2) ()] da
Q
= Ap1+ Az + Asgs.

Similar to Aj 1, Ag1 < C|\b1||L,pﬁ(w w(z)?t +2 n M, 3(T(f))(Z).

Similar to Aj 2, Ag1 < C|\b1||L,m(w w(z)?t +& Mrg(f)(x)
For As 3, by Holder’s inequality with exponent L -+ L

= 1 and lemma 3,4,6, we

r’

have
Ass(x) = [T((bs — (b1)20) f2)(@)]
= | Kaa =) - 00 )iy
</ K (2,2 — )|[b1 () — (b1)20l1/ () |dy
ly—zo|>2d
< c & — 2 b () — (br)ecl 1 (0) |y
ly—xo|>2d
C — | — (by)gns1 d
D Y N (e (LR (YRR ILEY
- _ —2n Ntlp —
HOS T U~ G0l Sy
< ci(zNHd)*z” sup  [by(y) — (b)awsig] (2VFd) ™
=1

ye2N+1Q

e

( / If(y)lrdy>
|ly—zo|<2N+14d

+ cxo(2¥ta)” 2n| (b1)yn 11— (b1)20] (2N THd) ™ (f‘y wol<2N+14 [F@)I" dy)
o0

CZ (V) T [B1 i oy w2V TIQ) T R 2V QT 2N QR

n B8 r "
(2N+ld (142) / £ W)l dy>
ly—zo|<2N+1d

+C 3 (@) T (N 4 D@ @ Q) 161l ipy () 2V QI
N=1

148 -
X ((QN“d)”( 1* ")/ |f ()] dy)
ly—zo|<2N+1d

IA

i
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IN

B
< . W@V .
CZ 2N+1d ||b1||Lipg(w) < |2N+1Q| > Mr,ﬂ(f)(‘r)
=1

%) w N+1 %
O W) () "o (g ) M)

N=1

(N +2) (2Y) " (181 i (o) (@)% My 5(f) (7)

IA
Q

M 11

IN

n i 148 N
C Y (N +2)27 "N a1 Lipy ) (2) 7 Mg (f)(E)

=2

=1
-

161 1| g ()0 (&) 5 My () (),

IN
Q

\
thus

s _
Aoz < O||01]| Lipy ) (@) 7 My g (f)(E).

Combining all the estimates, we finish the case m =1 and d > 1.
Now, we consider the case m > 2 and d < 1.

Letf( >—f1( )+f2( ) with fi(z) = f(z)xs(z) and fa(x) = f(z)xse(2), and

(bj)g = |JI7" [, bj(y)dy for 1 < j < m, where J is a cube concentric Wlth Q of
side-length d'—¢.

L@ = [ K= [[(6 @ - 00 = 0,0) - )W

= 3 X U b, [ Kl p)00) - bi)ye f)dy
j=0~eCm™ R
= M0 - @) [ Ko=) sy
Y Y ()T b() — by),s | Koo =)o) - bo)se )y
j=1 yecr Rn

R" =1

= H(bg(w)—(bg)J)T(f)(w)wLi > (b(@) = bs)s T (b= by)ye f)(x)
j=1 j=1 yeCm
+(=)" (] = 0) ) f) (@) + (D) T([ (05 = (85)) f2) ()

thus
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< QI / H|b b) T () (@) e

S 1/| ) = ) IT (b = o)) (@)l

Jj=1 yeCcp
el |T ()00 1)(a)dz
HQ [ (L0 = @) 00) =TT, - 0502wl

= A31+A32+ A3,3 + As 4.

% =1 and lemma

For As 1, by Holder’s inequality with exponent % + -+ i +
3, we have

Asn < ClOI 1fj[ (/ e ’"Jda:) (/ 7(f |da:>
< clor lf[(sumb ([ |dz)

< il {TTswbsto - ol 1ot ([ rnere)

Jlx

= m mﬁ —m _mB Tmﬁ %
< O TTlluator | w1011 (|J| [ rara)

j=1

LUJ m—i—— ”nﬂ
< bl (S (11045 [ priporar)

< CllB||pipy ()0 (@)™ My (T(f))(F).

Sl

For As 5, by Holder’s inequality with exponent %—!— % =1, and lemma 1,3,8, we have

1
7 ([ gn IT((b=b1)e (@)X (2)da)

1
7‘

A3z < OTTL Tocon Q17 ([, 1) —bs)]" dx)

U=

1
T

< cz;”:f S oeom QI (f; 1(b@)=bs) | dz) 7

< ¢S Y jor {sup () = 1) 117 (/| )= by)el I (o mx)"

Jj=1 yeC®
1([ s dx)

m—j+ETHE ) g1 (m=j)

(frn 1(0@)=b)ve |71 £ (2)] X (x)d)

< CZ > QI 1Supl (&) = ba)y I Supl( ) = b1)y

Jj=1~yeCy

< Cz Z Hij‘|Lipg(w)w( )j+]

Jj=1~eCm

e ‘ |L1p5(w)w(<])
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|75 <|J|1+”” / fa wa)

mg
J m+ n B
S S I ( |f]|)) My (f)(3)
Jj=1 'yGC"’
m—1 5
< O D Bllnips )@@ ™ Myns(£)(@)
j=1 yeCrm
- g mB .
< C”bHszg(w)w(x) o Mr,nLﬂ(f)('r)'

For A3 3, by Holder’s inequality with exponent % + % =1 and lemma 3,8, we have

Ass < ClOI / ([ - () |’“dx)
il
< clQI™ /H|b bj)|"|f1(w rdx)
< clo /H|b bi) "1 (@)|" dx) QL
—1 A . . _ . r % %
el E;gwj(m) <b]>J|> (/J ()] dx) Ql
< O(Hnbjmm(w)) w(Ty™HEE | (J| L / f(x |da:)r
j=1
- I\
< Ol (“](J|)> My (£)(2)
< Ol Lipy ()@ (@)™ My (£)(F).

For A3 4, choose h such that § < h < 5+ ﬁ By Hoélder’s inequality with exponent
% + % + % =1 and lemma 3,4,5, we have

m

Aval) = | [ (G —g) - Koo~y nIIe, D)y
s/ K (2,2 —y) — K (0,70 — y \Hw )11 @)dy
ly—zo|>dl—@
< Z/ K (2,2 —y) — K (w0, 20 — )]
N—o v 2Nd)1=e<|y—zo|<(2NF1a)l~2

H 105y )a11f(y)ldy
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< / |K(:c,xfy)*K(l’o,l’0*y)‘
N=o’ (@Nd)!me<|y—ao|<(2NH1d)1 -

H ovina-a g| 4 [(b)ewvina-a ;= (0;)5]) [ (y)]dy

> Z [(banv4na-a) 7 — b )4
ec

N=0 j=0~ ‘

<.
—

IN

/ K (2,2 — y) — K(z0,20 — )|
2Nd)1—e<|y—zo|<(2N+1d)1—

|(b(y) — bavs1y—a) g )| f(y)|dy

C Z Z Z |(bav+ya—ay g — by)y]

N=0j=0~eCP

X (/ IK(wvfc—y)—K(wo,:vo—y)l2dy>
(2Nd)1_"'§|y—wo‘S(2N+1d)1_“

n(l—a)

(2N+1d) s

IN

SIS

X sup |(b(y) — bav+1y1—a) g )4e
ye2(N+1)(1-a) 7

(/ If(y)lrdy>
ly—zo|<(2NH1d)1—e

DIDID PILERVRCRELS IR I

N=0j=0~veC

IA

‘$—$0|(1 a)(h—ﬁ)(QN—i—ld) h(1— a)—&-"(l a)

(m J)B

><w(2(N-|-1) (1— a)J)m i+ ‘2(N+1) (1- a)J| m— ])||b

ve ||L1p5 (w)
X‘Q(N+l)(1—a)']|—%

1

n(l—a)(—14rm8 T '

((2N+1d) (1-a)(~1+77 >/ 1f ()] dy)
|y7molg(2N+ld)17a

m—j4+m8
(2(N+1)(1 a)J) It
CZ > Z (N + 1) ( PREDEEnN
Jj= 0760_'”N 0
== QNG =G s 15| i () Mo () (E)

Ci > i(N+1)i2(N+1><1—a><g—h>

j=0~€ECT N=0

7 ~\m+ 22 ~
||b||Lip@(w) ( ) T Mrmﬁ(f)(x)

CZ 3 1Bl i (0 (@)™ My s (£)(E)

7=0 'yEC’”

IA

IN

IN

mpB

C| ‘gl|Lip5(w)w<:z‘)m+TMr,mB(f)(‘%)7

IN
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thus
A3 4 < C”bHszg(w)w( )m+ Mr,mﬁ(f)(f)'

Combining all the estimates, we finish the case m > 2 and d < 1.

In case m > 2 and d > 1, we proceeds the case as follows.

Let f(z) = fi(z )+ fo(z )7 with fi(z) = f(z)x2q(z) and f2(z) = f(@)x(2q)(®),
and (bj)2q = [2Q| ™" [, bj(y)dy for 1 < j < m.

=[], 20)T(f)(x)

j=1

+Z D (b(x) = ba)T((b — bag)e f)(x)
j=1 veC™

<.
Il
—

::13
—
@‘
|
kx
N—
[\v]
Q
N~—
o
N—
~—
N—

+H(=1)™T(]

@ [ T

<.
Il
—

thus

< e ] H|b b)aglIT(F)(@)lda
SN / (b(2) = bag o IT(b = bag)e ) o)l
Jj=1 yeC"

ST R R OSIAETEE

i [ ([T~ Gl @)l

= Au1+Aso+Ass+ Asa.

mpg

Similar to Az 1, A41 < OHbHszﬂ (wyw(Z Z)mt
Similar to Az 2, Ag < C||b|‘sza wyw (T )ermB

Similar to Az.3, Aas < C||b]|Lipy ()@ (@)™ % My mgs(
For Ay 4, by Holder’s inequality with exponent % + < =1 and lemma 3,4,6, we
have

Aga(z) = H i)20) f2)()

= K(z,x—y H bj)2q) f2(y)dy

Rn i




thus

WEIGHTED LIPSCHITZ ESTIMATES FOR MULTILINEAR COMMUTATOR 107

<

IN

IA

IA

IN

IN

IN

IA

IA

IN

IN

/Mmd (z,@ 'Hl bj)oal|f (y)|dy

¢ [z =yl 2"Hlb bj)2qllf(y)ldy
ly—zo|>2d

ey o= 917 TT 10(6) — 03 )aal L7 )1y
Nz_: 2N d<|y—zo|<2N+1d H ?

eI CAREY ) /
2 2N d<|y—mo|<2N+1d

[T, bj)an+1gl + [(bj)av+1g — (bj)20]) f(y)ldy

j=1

c Z Z 3 @Y (byw g — bag)-|

N=1;j=0~€eCp

/ (b(y) — baerg)oe
ly—zo|<2N+1d
CY YD @) T (bovrg — bag)s|

N=1j=0~eCP

S

f(y)ldy

™

sup  [(b(y) — bov1g)re |2V LA ( /
Y

ye2N+1Q

O Y O I + (e Q)

N=1j= O'yECm

XW(2N+1Q)mfj+

f (I)Irdy>

—zo|<2N+1d

(m-0)8 )11
" |2N+1Q‘ ( J)||b’)/‘:HLipg(u.))

x|2NHIQ| W [ (N L)1) / |f ()| dy
ly—zo|<2N+1d

03 Y S TN 1Py

j=0~€ECT N=1

S

nzﬁ

N+1 Jj+ ~
< |(22N+1QQ) ) 1Bl g () M, () ()

m > — - g B -
CY Y S (N 172 N EDAT (]| L (g @ (E) T My () (2)

j=0~€ECT N=1

m - ~\m mpg3 -
OZ Z HbHLipg(w)w(m) o Mr,mﬁ(f)(x)

j=0~eCcm

C1bl| Lipp ()0 (@)™ F

mf3

n Mr,mﬁ(f)(‘%)a

mg

Aga < OB Lipg ()@ (@)™ My (f)(E).
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Combining all the estimates, we finish the case m > 2 and d > 1.
So, for m > 1 and any cube @, there exists ¢ and 1 < r < oo such that for

ferw),
Q™ /Q L) @) — el < Ol o™ 2 My (T)E) + Myma(£)(E)).

Further, we have

(T()*(E) < ClIBl Lipao (@)™ (M (T(f))(E) + Myns () ().

By Minkowski’s inequality and lemma 8,9, we have
T, e tampims < CIM T @)
< CITNF @y 1o oz
<cnwummawnw<>m+”6wamwcrqufnqukm+g;%ﬂg
OBl i @)™ 5 Mg (@, e

< CIB| i )| Mrms (T (£))]]

mg

(g=1)mp
Lq(w17m+ = )

paody T Bl [[Mrma (DI, )
< CUBl Lip () 1T L) + 18] Lips () 1] Lo ()
< ClIBl|ips (11l 2o -
This completes the proof of Theorem 1. O

Proof. Proof of Theorem 2
Similar to Theorem 1, for any@Q = Q(xg,d), there exists some constant ¢ and
1 <7 < oo such that for f € LP(w) and 7 € Q,

mpg3

" /Q IT5(£)() = cldz < Cl[B ipg (wy(@) ™5 (M(T()(F) + Mo (f)(2)).

Q7'

Further, we have

_mB X N\ B
sup inf Q11 [ [Ty(a)—cldo < |11y, (@™
Q> ceC Q

(M (T(f))(Z)+M(f)(@)).
By Minkowski’s inequality and lemma 7,8,10, we have

~

HTE(‘f)”F;nﬁ,OC(wlf'rnf7:"1[3) ~

mpg

n)

sup inf |Q|” 77/ |T5(f)(x) — c|ldx

Q33 c€Cq
cmm%@mwwmﬁﬁamqm>u

M, (f)(@)]]

Lp(wl m—

IN
S

Lp(wlfmfmTﬁ)

mpg3
Lp(wl—m,— T

+CBl i [l (E) ™

)

< CHbHLipB(w)||MT(T(f))||LP(w)
+C1b]| Lipgs ) 1M ()| Lo (w)
< Ol Lips )TN e ) + 10| Lips @) [ f1] 2 @)

< ClbllLips @)1l (@)-
This completes the proof of Theorem 2. O
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