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About the precision in Jensen-Steffensen inequality

FraviaA-CORINA MITROI

ABSTRACT. The main objective of the present paper is to estimate the precision of Jensen-
Steffensen inequality. We obtain results that complement, generalize, unify and agree with
some of the previously known results in this area.
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1. Introduction
In the paper [4] S. Furuichi estimates the difference between arithmetic and geo-
metric means by the following formula to which we will refer as Furuichi’s inequality.

Proposition 1.1. We consider a1, as, ..., a, > 0 and p1,pa, ..., pp > 0 with > p; =
1 and A = min {p1,p2,...,pn}. Then we have

; i—1 Qi 1
E piai—”af’zn)\ A—”ai/n
n
i=1 i=1 i=1

If we assume that X\ is attained by only one weight pi, then we have equality if and
only if ay = ag = ... = an.

The aim of this paper is to prove a much more general result concerning the
precision in Jensen-Steffensen inequality.

2. Preliminary notions

For the convenience of the reader we briefly recall few definitions and theorems:

Definition 2.1. Let I,J be two intervals and ¢ : I — J a continuous, increasing
and bijective function. The weighted quasi-arithmetic mean M, of a nonempty set
of data x = (x1,x2,....,x,) € I™ with weights p = (p1,p2,-..,Pn), where p; > 0,
Sor i =1, is defined by the formula

M,y (x:p) =@ " [ Y pieo ()
=1
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Particularly the weighted arithmetic mean A (x;p) = >\, p;x; corresponds to
¢ (z) = x, and the weighted geometric mean G (x;p) = [[;_, 2" corresponds to

v (z) =logz.

Definition 2.2. We consider two continuous, bijective and increasing functions o :
I—1,9:J—J. A function f:1 — J is called (M), Mjy)) - convex if for every
two points a,b € I and all X € [0,1]

Fle™ (A =Ng(a) +2p (1) <L =N (f (@) + M (f (1))

The function is called strictly (M), M) - convex if the inequality is strict for
all a #b and X € (0,1).

According to the definition, we observe some particular cases, depending on which
type of mean, arithmetic (A) or geometric (G), it is given on its domain and codomain
(see also C.P. Niculescu [5]):

e (A, A)-convex functions (the usual convex functions)

e (A, G)-convex functions (the log-convex functions)

e (G, A)-convex functions

e (G, G)-convex functions (the multiplicatively convex functions).

If f: I C (0,00) — (0,00) is a (M}, My]) — convex function, then g := o fop™?
is convex.

A basic result concerning the convex functions is Jensen’s inequality. Its formal
statement is as follows:

Proposition 2.1 (Jensen’s inequality). A real valued function f defined on I is
convez if and only if for all x1,xa, ...,x, € I and p1,pa,...,pn € (0,1) with Z?:l pi=1

we have
n n
f (Zpixi> <> pif ().
i=1 i=1
If f is strictly convex then the equality holds if and only if x1 = xo = ... = xy,.

It is well known that the assumption “p1,pa, ..., pn € [0,1]”can be slightly relaxed
and the result is known as the Jensen-Steffensen inequality:

Proposition 2.2 (Jensen-Steffensen inequality). We consider x1, 2, ...,xn € I, 21 >
To > ... > x, and the real numbers wi,ws, ..., w, such that the partial sums Wy =
Zle wi, k€ {1,2,...,n}, verify the relations:

0< W <W,, forallke{1,2,...,n—1}, (JS)

W, > 0.

Then every convex function f defined on I verifies the inequality:

1 n 1 n
f <VVn ;w&) < W ;wif(xi)- (1)

If f is strictly convex then the inequality is strict unless xr1 = To = ... = T,.
(See C.P. Niculescu and L.-E. Persson |6, Theorem 1.5.6] for details.)

The left term of the Jensen-Steffensen inequality is well defined. We can easily
deduce this from the following lemma.
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Lemma 2.1. Let ¢ : I — J be a continuous, increasing and bijective function.
We consider x = (x1,x2,....,2,) € I"™ such that x1 > x9 > ... > z, and W =
(w1, wa, ..., wy) ann -tuple of real numbers that satisfies the conditions (JS). Then

rT=¢! (len Zw%ﬂ (xi))

verifies that x1 > T > xy,.

Proof. Since we have,

n

Wi (p(x1) =@ (@) = Y wilp(x)— ¢ ()]
=1

= Y (p(a)) — 9 (@j51)) (W = W;) 20

j=1

and

g
I

Wh (@ (z0) — ¢ ( Z w; @ (:) — ¢ ()]

n—1

= Z (¢ (x5) — ¢ (zj41)) W > 0,

j=1
we deduce ¢ (1) > ¢ (T) > ¢ (x,). Because ¢ is increasing, we may say that x; >
T > x,, which is the required result. O

According to Lemma 2.1, if x = (1, 22, ..., ,,) denote a vector from I™, then z € I.
Let f : I C (0,00) — (0,00) be a (M|, A) —convex function. Then f o ¢! is
convex and verifies the Jensen-Steffensen inequality; this means that:

(f o 90_1) (ﬂi Zu)igo (xl)> < WL Zwl (f o SD_l) (xz) .
"oi=1 oi=1

Let u = (% %7 s %) denote the uniform distribution vector. We denote

)

T(fowx) = 5= Yo w) ~ f (w (V;?lzwiw <xi>>> .

Definition 2.3. A Steffensen-Popoviciu measure on [a, b] is any signed Borel measure
w such that

1 ([a,b]) > 0 and / (@) du () > 0

for all convex functions f on [a,b].
3. Main results

3.1. The discrete case. Now we can state and prove our main result:

Theorem 3.1. We denote Pmax = m%m, where p = (p1,p2,.,Dn) 1S an n-
tuple of real numbers that satisfies the conditions (JS) and P, = """, p;. Under the
assumptions of the Lemma 2.1, if f is (MM,A) —convex on I, then

(0 S)T (f7 p, X) S nPInaXT (f? u, X) .
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We assume that Puax s attained by only one weight and that f is strictly
(M[cp]’ A) —convex. Then we have equality if and only if £1 = x2 = ... = xy,.

Proof. Let j € {1,2,..,n} be an index such that Pmax = B~ > 0. Hence, after we
divide the inequality by nPpax, we must prove that

ij Di ¢ + f( (; ZPM(%))) > [ (M (x3u)) .
=1

For this purpose, we take w; := ”Jn;p?i >0 fori=1,...n and wy, = nPT: > 0.
J J
Observe that Wy,41 = T%j + Z?Zl Pi—Pi _ q.

np;
The left side of this inequality can be developed as follows, using Jensen’s inequal-

ity:
ijn P f (i) + 7f < <; ZPM(%)))
= Y wif (@) + waiaf (Sﬂ_l (;n ZPM(%)))

i=1

> f (sﬁl (Z wiep () +wn+1% ZPW@i)))

= [ (M) (x;u)).

The equality case is a simple consequence of Jensen-Steffennsen inequality. O

We are in position to establish bounds for 7 (f, p,x) under the Jensen-Steffensen
conditions:

Theorem 3.2. We considerx1 > xo > ... > xp in I, p1,p2, ..., Dn and q1,qo, ..., @y Te€CL
numbers such that

0 < P, <1, forallke{1,2,.n—1}, P,=1, (2)
0 < Qr<l, forallke{l,2,. n—1}, Qn,=1,
where Py, = Zle p; and Qi = Zle g, k=1,....,n. We denote
- : Py 1_Pk} ~ {Pk 1_Pk}
m: ml and M = max — .
{Qk 1—Qk k=L.n-1 (Qr 1 —Qk
A) —convex on I, then there holds the relation:
T (f,q,%) <T (f,p,x) < MT (f,q,%). (3)

Proof. We prove only the first inequality (the second one has a similar approach).
Let m be a nonnegative real constant such that

m >0, P, —mQy >0, (1—P)—m(1—Qx) >0
forall k =1,...,n — 1. We have
(1=Py)—m(1—-Qr)=1—m— (P, —mQx) >0
Then, obviously,

l—msz—kaZO.
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It follows that it has to be 1 —m = Y | (p; — mg;) > 0. Clearly, under our

assumptions we have
) Py 1- P
m < min
k=1..n—1 Qk 1-— Qk

The inequality we intend to prove is

mT (f,q,x) <7 (f,p,x). (4)

This means

f ((,0_1 (ipi@ (.’El >> Z - qu -'I/'l) + mf (‘P_l <zn: qip (x1)>> :

Via Lemma 2.1 we conclude that there is an integer k, 2 < k < n such that

Ty > (Z qw(m)) > . (5)
i=1

We apply the Jensen-Steffensen inequality for the monotonically decreasing (n + 1)-
tuple y = (1, ..., Yn+1)
x;, fori=1,..,k—1

yi=9 ¢ (i aip (i), fori=k
Ti_q, fori=k+1,..,n+1

—mg;, fori=1,..k—1
m, fori =%k
Pi—1—

mq;_1, fori=k+1,..,n+1

It is clear that w satisfies the conditions JS:

and

W, — Pi—mQ@Q;>0forj=1,.,k—1
7o Pi_1 —mQj_1+m>0forj=k, ..,n
Woir = > (pi—mg)+m=1,
i=1
o 1-P)—-mQQ—-Q;)+mforj=1,..k—1
Wn+1 WJ o { (]. 7Pj_1) 7m(]. — Qj—l) for ] = k,..,n Z 0

A simple computation leads us to the conclusion that the inequality (4) is true, as
claimed:

Z —mq;) f(z;) +mf <801 <Z qip (%’)))

i=1

> f (s@‘l (Z (pi —mai) ¢ (x:) +m > qiep (%)))
i=1 i=1
= f (sol (me(%))) :
i=1
This completes the proof of the right side inequality. O

We may easily observe that 7 (f, p,x) does not change if we simultaneously per-
mute the components of p and x. We can put the condition x; > x5 > ... > z, to
the hypothesis without loss of generality, since this will not restrict the values, only
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will put them in a different order. The second inequality of the following theorem is a
particular case of the Theorem 3.1, namely for a probability vector p = (p1,p2, ..., Pn)-

Theorem 3.3. We consider p = (p1,p2, ..., pn) such that p; >0, Y1 p; = 1. Then
we have
’n‘pmlnT (f7 u7 X) S 7- (f7 p7 X) S npmaXT (f? u7 X) bl
where
Pmin = Min{p1,p2, ..., Pn} and Pmax = max {p1,P2, ..., Pn} -
We assume that each value pmin and pmax s attained by only one weight and that f is
strictly (MM,A) —convex. Then we have equality if and only if x1 = x2 = ... = xy,.

Proof. The first inequality:
Since p; > 0, i = 1,..,n, we have pp, > 0. Let j € {1,2,..,n} be an index such
that Pmin = Pj-

Then we may notice that np; + >, (p; — pj) = 1. Then
sz T _npj f7u X Z xz) +np_]f(M[ap] (X; u))
i=1

> f (sal (ijsO(:vi) +Z(m —m)s@(&))) = f (M) (x;p)) -
i=1 =1

The proof of the second inequality is completely similar to that of Theorem 3.1 and,
hence, the details are omitted.

The equality case:

Since pmin # Pmax, if [ is strictly (MM, A) —convex then we have equality if and
only if 7 (f,u,x) = 0. This yields 1 = z2 = ... = z,,, thus the proof is completed. O

For ¢ (z) = logz and f(z) = z the left side of the inequality of this theorem
coincides with Furuichi’s inequality and the right side of it has been proved recently
by J.M. Aldaz [1].

The following corollary is useful in practice.

Corollary 3.1. Fori=1,...,n, we consider p; >0 with Y ;_, p; = 1.
i) If f is a convex function then

NPmin (rlz Zf (ws) = f <7{L Z%))
sz xz (sz fz ) < NPmax <:L Zf (xz) —f <711 foz))

ii) If f is a (GA) -convex function then

)

Z :L’l <H$pl> < NPmax (;Zf(l‘z) —f <szl/n>> .

=1

1) If f is a log-convex function then

I CO R Ry RN A L | T CO I
f(% Dict CCi) T pii) T f( ST 1551) .

N
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Proof. Directly from the Theorem 3.3 we obtain i) and ii).
iii) For the convex mapping log f we can apply i). |

Remark 3.1. We take another probability vector q = (q1,4q2,...,qn) with ¢; > 0,
E?:l q; = 1. Applying one more time the Theorem 3.3 we see that the expression
T (f,p,x) can be estimated by lower and upper bounds as follows

Pmin 7 (£ q,x) < npminT (f, 1, %)

T (f.p.%)
< T (fru,x) < 22T (f,q,%)

lel’l

IN

The following theorem is improving the precision of the double inequality
Pmin Pmax
TT(f,q7X)ST(f;p;X)SfT(f;an)- (6)

Theorem 3.4. For i = 1,...,n, we consider x; € I, p; > 0 with 2?21 p; = 1 and
¢ >0 with Y. | ¢ = 1. Then

win {247 (7,00 < 7m0 < s {247 (1,00 (7)
1=1..n Qi 1=1..n 4

If f is strictly (M[@]’ A) —convex then both sides of the inequality are equalities if
and only if t1 = a9 = ... =xy orp; =q; foralli=1,...,n.

Proof. The first inequality:

Let m be a positive real constant such that p; — mg; > 0 for all i = 1,...,n. Then
0<m<ming—y. , {%} <1

From p; —mg; > 0 for all i = 1,...,n follows that 1 —m = >_""_ | (p; — mg;) > 0.

If min;,—; ,, {2’—} =1 then p; = ¢; for all i = 1,...,n and the first inequality of (7)
obviously is an equality.

Hence, it remains to consider the case when min;—;_,, {’;—} < 1. Then 0 <m < 1.

The inequality we intend to prove is
mT (f,a,x) <7 (f,p,x). (8)

Since 3" ; (p; — mg;) + m = 1, a simple computation leads us to the conclusion
that (8) holds:

> (i = mai) £ (@) + mf (M (x;q))

i=1

n n
f (%0_1 (Z (pi = mq;) ¢ (zi) +m Z ai¥ (%)))
i=1 i=1

= [ (M) (x;p)).-
The second inequality:
Let M be a positive real constant such that M¢q; —p; > 0 for all i = 1, ...,n. Then

M > maximyo {2} > 1.
From Mgq; —p; > 0for all i =1,...,n follows that M —1=3"" | (Mg —p;) > 0.
If max;—1. ., {Z—} =1 then p; = ¢; for all i = 1,...,n and the second inequality of

v

(7) is an equality.
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We consider the case when max;—1 ,, {%} > 1. Then M > 1.
We intend to prove that

T (f,p,x) < MT (f,q,%). (9)
Since Y7, % + ﬁ =1, a simple computation bring us to the conclusion that
(9) is true:
~ Mgq; — p; 1
; Tf(zz) + M‘f (M[t,a] (x5 p))
B n Mql _ pl 1 n
> f (ﬁﬂ ! <Z T@(%) + MZPW(%’)))
i=1 i=1
= (M (xq)).

FEquality case:
We consider that f is strictly (M (0] A) —convex. Then all terms of the inequality
are equal if and only if

T(f,p,x)=T (f,a,x)=0

(this yields z1 = 29 = ... = ;) or
n 4ot - )
min { — p = max { — o,
1=1l..n q; 1=1..n q;
(that is if p; = ¢; for all i = 1,...,n). O

The Theorem 3.4 is an improvement of a result due to S. S. Dragomir (see [3,
Theorem 1)).

Remark 3.2. We can see the first assertion of Theorem 8.3 as a corollary of the
Theorem 3.4 if we consider the particular case q = (1 L l) .

n'n’""n

When we combine the relations (6) and (7) we obtain

{217 rax

Pmin T (f; a, X) S I_nlIl

Gmax i=L.n | ¢
< T(fp.x)
Pi Pmax
< _IllaX — T(f,q,X)S T(faqax)'
i=1l.n | @q; Gmin

Moreover, every two probability vectors p and q are satisfying the conditions (2).
Therefore, one has the relation 3 valid in this case. Since

min {pl} <m and max {pz} > M
i=l.n | g; i=1l.n ( @q;

(see J. Bari¢, A. Matkovi¢ [2, Lemma 1] for proof), we conclude that the bounds we
obtain via Theorem 3.2 are tighter than those obtained with Theorem 3.4.

3.2. The integral case. For p a Steffensen-Popoviciu measure on [a,b] and f :
[a,b] — R a (M],), A) —convex function then we have

—1 # b ; b N N
f<¢ (u([a,bn/a ""“”)d”(x))) < oy L @@,
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(See C.P. Niculescu and L.-E. Persson [6, Chapter 4] for more results concerning
the Steffensen-Popoviciu measures.) We consider p : [a,b] — R such that p (z) dz is
an absolutely continuous measure and

O</abp(a:)da:, Og/atp(x)d:zrg/abp(x)dx (SP)

for all ¢ € [a,b]. Then p (z) dx is a Steffensen-Popoviciu measure and f verifies

b () (2) d b
! (wl (W)) = fbp(lm)dx/a f(z)p(z)de. (10)

Let’s define
Ju f (@) p (@) dx ( . (fl’w)p(x)dx))
T(f,p)i="2r """ f Ja ¥ AT EAR) P .
D T\ @

Theorem 3.5. If p(z)dz is an absolutely continuous Steffensen-Popoviciu measure
that verifies the conditions ( SP), then if Psyp < 00 we have

0<7 (f,p) < Poup (b—a)7 (f,id),
for every f :[a,b] = R a (M), A) —convez function, where
t
1 < P(z)dr
Pap =+ sup { PO,
fa p(z)dz tselab] t—s
(the integral analogue of Theorem 3.1).

Proof. The first inequality follows from (10).
We will prove the second inequality. We denote

M = Pgyp (b—a) > 0.
The inequality we intend to prove is
T (f,p) < MT (f,id).
If M —1 = 0 then we have an equality. We consider the case M —1 > 0 and define
I p)
b—a fab p(z)dz '

t _ t—s_fstp(x)da:
/sq(a:)das—Mb_a f:p(x)dxzo'

q(z) =M

Then

It is obvious that

g(x)de = M—-1>0,

0,

/
/t Mt—aif;p(x)dx>

b—a f;p(x)dx_

—
o
L=}
—
&
QU
S
|
Q\H_
W
—
&
U
5
IV
o
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This means that ¢ (x) dz is a Steffensen-Popoviciu measure that verifies the conditions
( SP). Since f is convex we have

Lo sl (E525) <

‘We must prove that

Lt@, 1L f@p@de 1 ( _1<ffs0(w)p(w)dw>>
T © 5

7—+7f
b—a M f:p(x) dx M [, p(x)dx

(i)

Indeed, using (10), we get

Ali‘/(lbf(x)q(x)dm—&- %f (‘P_l (W))
b

(e (e nee)

f <<P1 (Al/[/absﬁ(:v)Q(x)der Z\ZW))

e (Ee)

Using this technique, the reader can easily prove the integral analogues of all the-
orems we have state in Section 3 for the discrete case. We succinctly state below the
results but we are omitting their proofs.

v

v

O

Theorem 3.6. Let p(z)dz and q(x)dx be two absolutely continuous, Popoviciu-
Steffensen measures that verifies

/abp(x)dx = 1, 0</atp(x)dx</abp(x)d$7

b ¢ b
/q(m)dm = 1, 0</q(x)dac</q(x)dx,
for all t € (a,b). We denote

m = inf {
te(a,b)

M = sup
te(a,b)

Then



ABOUT THE PRECISION IN JENSEN-STEFFENSEN INEQUALITY 83

(the integral analogue of Theorem 3.2).

Theorem 3.7. Let p(x)dx be a absolutely continuous measure, where p : [a,b] —
(0,00) is increasing, such that f:p(w) dx =1 and define

b b
T (f.p) ::/ f(x)p(x)dxf<sol (/ w(z)p(x)dx»

We denote
t t
d d
Dint = inf M; S 7é te, Psup = Sup M; S 7é to.
t,s€a,b] t—s t,s€[a,b] t—s
Then
id id
(b —a) pinsT (f, b_ a> ST (f,p) < (b—a)psupT (fa b—a)

for every f : la,b] — R a (M), A) —convez function (the integral analogue of Theo-
rem 3.3).

Remark 3.3. Let p(x)dx and ¢ (x) dz be two absolutely continuous measures, where
p,q : [a,b] — (0,00) are increasing such that f:p(x) dr = 1 and f;q(x) dr = 1.
Applying one more time the Theorem 3.7 , we see that the expression T (f,p) can be
estimated by lower and upper bounds as follows

Pinf id
ET(JC’ q) < (b—a)puT (f, b—a)
< T(f.p)
< (b—a) psupT (f,b’_da> < i?—“fﬂﬁq)-

These bounds are improved by the following result:

Theorem 3.8. Let p (z) dx and q (z) dz be two absolutely continuous measures, where
D,q : [a,b] — (0,00) are increasing such that ffp(a:) dr =1 and f:q (z)dx = 1. Then
the following inequalities hold

inf {W;s#}ﬂﬁq)

t,5€[a,b] fst q (z)dz
[Ip(x)dz
T up {5 T
< T(f,p) < t,sseu[sb] {f:q(x) 38 # t} (f.q),

for every f :[a,b] = R a (M[sa]v A) —convez function (the integral analogue of Theo-
rem 3.4).

Remark 3.4. Under the assumption of Theorem 3.8 we have

t t
d - d
m > inf M;s#t and M < sup w;s#t .
t€lad] | [0 q(2)da tselad) | [, q(z)dx

Indeed, these are true since

“ fstp(x)dx's fatp(x)da: o {:p(m)dxs }
p{ ’#}me = EAS

t,5€[a,b] fst q(z)dz
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and
t b t
d d d
wp | Lep@de U Jor@de o Jp@de
tiselab] | [, q(z)d [ p(x)de — teclat] | [Fq(x)dx

for allt,s € (a,b).
We conclude that the bounds we obtain via Theorem 3.6 are tighter than those
obtained with Theorem 3.8.
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