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Fixed point of p-contraction in metric spaces endowed with a
graph

FLORIN BOJOR

ABSTRACT. The purpose of this paper is to present some fixed point results for self-generalized
contractions in metric spaces. We obtain sufficient conditions for the existence of a fixed point
of the mapping 7' : X — X in the metric space X endowed with a graph G such that the set
V (G) of vertices of G coincides with X.
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1. Introduction

Let T be a selfmap of a metric space (X,d). Following Petrugel and Rus [5], we
say that T is a Picard operator (abbr., PO) if T has a unique fixed point 2* and
lim T"x = z* for all x € X and T is weakly Picard operator (abbr. WPO) if the

n—oo

sequence (T"x), . converges, for all z € X and the limit (which depends on z ) is a
fixed point of T

Let (X, d) be a metric space. Let A denotes the diagonal of the Cartesian product
X x X. Consider a directed graph G such that the set V (G) of its vertices coincides
with X, and the set F (G) of its edges contains all loops, i.e., E (G) D A. We assume
G has no parallel edges, so we can identify G with the pair (V (G), E (G)). Moreover,
we may treat G as a weighted graph (see [[4], p. 309]) by assigning to each edge the
distance between its vertices. By G~ we denote the conversion of a graph G, i.e.,
the graph obtained from G by reversing the direction of edges. Thus we have

E(G™) ={(z,9)|(y,2) € G},

The letter G denotes the undirected graph obtained from G by ignoring the di-
rection of edges. Actually, it will be more convenient for us to treat G as a directed
graph for which the set of its edges is symmetric. Under this convention,

E (G) —E(G)UE (G (1)

We call (V') E’) a subgraph of G if V! C V(G), E' C E(G) and for any edge
(z,y) € F', z,y € V'. Now we recall a few basic notions concerning connectivity of
graphs. All of them can be found, e.g., in [4]. If x and y are vertices in a graph G,
then a path in G from x to y of length N (N € N) is a sequence (:Ly)fio of N+1
vertices such that zo = z, ay = y and (x,,—1,2,) € E(G) for i = 1,..., N. A graph
G is connected if there is a path between any two vertices. G is weakly connected if
G is connected. If G is such that E (@) is symmetric and  is a vertex in G, then the
subgraph G, consisting of all edges and vertices which are contained in some path
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beginning at x is called the component of G containing x. In this case V (G,) = [z],
where [z], is the equivalence class of the following relation R defined on V' (G) by the
rule:

yRz if there is a path in G from y to z.

Clearly, G is connected.

Recently, two results have appeared, giving sufficient conditions for f to be a PO
if (X,d) is endowed with a graph. The first result in this direction was given by J.
Jakhymski [3] who also presented its applications to the Kelisky-Rivlin theorem on
iterates of the Bernstein operators on the space C [0, 1].

Definition 1.1 ([3], Def. 2.1). We say that a mapping f : X — X is a Banach
G-contraction or simply G-contraction if f preserves edges of G, i.e.,

v,y € X ((z,y) € E(G) = (f (), f(y) € E(G)) (2)
and f decreases weights of edges of G in the following way:
Ja € (0,1),Va,y € X ((z,y) € E(G) = d(f (), [ (y) < ad(z,y)) 3)

Theorem 1.1 ([3], Th 3.2). Let (X,d) be complete, and let the triple (X,d,G) have
the following property:

for any (zy),cy 0 X, if xn — @ and (Tn,Tny1) € E(G) for n € N then there is
a subsequence (xy,, ), cy with (xy,,x) € E(G) forn € N.

Let f: X — X be a G-contraction, and Xy = {z € X |(z, fx) € E(G)}. Then the
following statements hold.

1. cardFiz f = card {[z]s [z € X }.
Fix f # Qiff Xy # (.
[ has a unique fized point iff there exists xo € Xy such that Xy C [xo]s.
For anyx € Xy, f |[f,3]é is a PO.
If Xy # 0 and G is weakly connected, then f is a PO.
If X' :==U{[z]g |z € G} then f|x/ is a WPO.
If f CE(G), then f is a WPO.

SOk

Subsequently, Bega, Butt and Radojevié¢ extended Theorem 1.1 for set valued map-
pings.
Definition 1.2 ([1], Def. 2.6). Let F' : X ~ X be a set valued mapping with nonempty

closed and bounded values. The mapping F is said to be a G-contraction if there exists
a k€ (0,1) such that

D (Fx,Fy) < kd(z,y) for all z,y € E(G)
and if u € Fx and v € Fy are such that
d(u,v) < kd (x,y) + a, for each a >0
then (u,v) € E(G).

Theorem 1.2. Let (X,d) be a complete metric space and suppose that the triple
(X,d,G) has the property:

for any (v,),cy 0 X, if 2 — @ and (xn,Tny1) € E(G) for n € N then there is
a subsequence (T, ),y with (xy,,x) € E(G) forn € N.

Let F: X ~ X be a G-contraction and
Xy = {reX:(z,u) € E(G)forsomeu € F (x)}. Then the following statements
hold:

1. For any x € Xp, F ’[I]@ has a fized point.
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2. If Xp # 0 and G is weakly connected, then F has a fized point in X.
3. If X' :=U{[z]g : v € Xp}, then F'|x/ has a fized point.
4. If F C E(G) then F has a fized point.
5. Fix F # 0 if and only if Xr # 0.
We recall that:
Definition 1.3. A function ¢ : Ry — Ry satisfying
i. ¢ is monotone increasing, i.e., t1 < to implies ¢ (t1) < ¢ (t2);
ii. (" (t)),en converges to 0 for all t > 0;
is said to be a comparison function.
Definition 1.4. A function ¢ : Ry — Ry satisfying
i. ¢ is monotone increasing, i.e., t1 < to implies ¢ (t1) < ¢ (t2);

o0
ii. > " (t) converges for all t > 0;
n=0
is said to be a (c) — comparison function .
Remark 1.1. Any (c)-comparison function is a comparison function.

Remark 1.2. If ¢ : Ry — Ry is a comparison function then ¢ (t) < t, for all t > 0,
©(0) =0 and ¢ is right continuous at 0.

1.
Example 1.1. ¢ : Ry — R, o (t) = { t?t’ 1 t t€>[Oi 1] is a (c)-comparison function.
.
Example 1.2. ¢ : Ry — Ry, ¢ (t) = %th is a comparison function but not a (c)-

comparison function.
We refer to Rus [7] and Berinde [2] for a detailed study of ¢-contractions.

Definition 1.5. Let (X,d) a metric space. A mappingT : X — X is a @-contraction
if there exists a comparison function ¢ : Ry — Ry such that:

d(Tz,Ty) < p(d(x,y)), for allz,y € X.

Now we discuss some types of continuity of mappings. The first of them is well
known and often used in the metric fixed point theory.

Definition 1.6. A mapping T : X — X is called orbitally continuous if for all x € X
and any sequence (k) of positive integers, T*rx — y € X implies T (Tk":r) —Ty
as n — o0o.

neN

Definition 1.7. A mapping T : X — X is called orbitally G-continuous if given

r € X and a sequence (l‘n)neN7

xn, — x and (zn,Tpy1) € E(G) for n € Nimply Tz, — Tz

The aim of this paper is to study the existence of fixed points for
(G, p) — contraction in metric spaces endowed with a graph G by defining the (G, ¢)—
contraction.

2. Main Results

Throughout this section we assume that (X, d) is a metric space, and G is a directed
graph such that V (G) = X and E (G) 2 A. The set of all fixed points of a mapping
T is denoted by FixT.

By using the idea of Jakhymski [3], we will say that:
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Definition 2.1. Let (X, d) be a metric space and G a graph. The mappingT : X — X
is said to be a (G, ) — contraction if:

1. Va,y € X ((z,y) € E(G) = (Tz,Ty) € E(Q)).

2. there exists a comparison function ¢ : Ry — Ry such that:

d(Tz,Ty) < ¢ (d(2,y))
for all (z,y) € E(G).
Remark 2.1. If T'is a (G, ¢) — contraction, then T is both a (G_l, go) — contraction

and a (é, g@) — contraction. This is consequence of symmetry of d and 1.

Example 2.1. Any ¢ — contraction is a (Go, ) — contraction, where the graph Gg
is defined by E (Go) = X x X.

Example 2.2. Any G — contraction is a (G, @) — contraction, where the comparison
function is ¢ : Ry — Ry, ¢ (t) = at.

Definition 2.2. We say that sequences (zr),cy and (Yn),cn, elements of X, are
Cauchy equivalent if each of them is a Cauchy sequence and d (x,,y,) — 0.

The first main result of this section is a fixed point theorem for (G, ) — contraction
on an complete metric space endowed with a graph.

Theorem 2.1. Let (X,d) be a metric space endowed with o graph G and T : X — X
be an operator. We suppose that:
(i.) G is weakly connected;
(ii.) for any sequence (xn),cy C X with d (xy, Tpy1) — 0 there exists k, ng € N such
that (Tin, Thm) € E(G) for all m,n € N m,n > ng;
(ili.)e T is orbitally continuous
or
(iii.), T s orbitally G-continuous and there exists a subsequence (T™ xo),cy of (T"x0)
such that (T™ xo,x*) € E(G) for each k € N;
(iv.) there exists a comparison function ¢ : Ry — Ry such that T is a (G,p) —
contraction;
(v.) the metric d is complete.
Then T is a PO.

neN

Proof. Let xg € X be such that (zg,Txo) € E (G). Then, from the definition and an
easy induction we obtain

(T"2o, T" ) € E(G) and d (T"zo, T" ' 20) < ™ (d (z0, Txp)) for all n € N.
So lim d (T”xO,T"“xo) = 0 and by (ii.) there exists k,ng € N such that

(Tk”xo,Tkmxo) € E(G) for all myn € Nm,n > ng.

Since d (T*"zo, TF"+Yz4) — 0, for an arbitrary € > 0, we can choose N € N, N >
ng such that

d (Tk”:co,Tk("“)xO) <e—(e)for each n > N.
Since (T’mxo, T’“("H)xo) € E (G) we have for any n > N that
d <Tkn1'0, Tk(n+2)f£0> < d <T‘km.3607 Tk(n+1)l'()> + d (Tk(n+1)l‘0, Tk(n+2)170)

<e—p(e)+ ok (d (Tk"xo,Tk("“)xo)) <e.
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Now since (T’“”xo, Tk("”):ro) € E (G) we have for any n > N that
d <Tkn$0, Tk(n+3).’£0> < d (Tknif(h Tk(n+1)1'0) +d (Tk(n+1)l'0, Tk(n+3)$0)

<e—p(e) + " (d (Tk”:zro, Tk(”+2)xo)) <e.
By induction we have
d (Tk”xo,Tk(T”m)xo) <e¢g, forany m € Nand n > N.

Hence (Tk"xo)neN is a Cauchy sequence in (X, d). From (v.) we have T*"z¢ — x*,
as n — co. Because d (T”xo,T”+1xo) — 0, we get T"xg — =¥, as n — oo.
Let © € X be arbitrarily chosen. Then:
(1) If (xz,x0) € E(G), then (T"z,T™x0) € E(G), ¥Yn € N and thus d (T"z, T"x¢) <
o (d(z,29)), Vn € N. Letting n — oo we obtain that T"z — x*.
(2) If (x,x0) ¢ E(G), then, from (i.), there exists a path (xi)?io in G from z to z,

ie, zp =z and (zi—1,2;) € E (é) for i = 1,..., M. An easy induction shows
(T"z;—q,T"z;) € E (é) fori=1,...,M and

M
d(T"zo, T"z) < Z " (d(xi—1,24))
i=1

so d(T"z, T"y) — 0 and we obtain T"z — x*.

Now we will prove that z* € Fp. If (iii.), holds, then clearly z* € Fp. If we
suppose that (i7i.), takes place, then since (T"™*zq), .y — 2* and (T g, 2*) € E(G)
for all k¥ € N we obtain, from the orbitally G-continuity of T , that Tz — Tz*
as k — oo. Thus z* = Tz*. If we have Ty = y for some y € X, then from above, we
must have T"y — z*, so y = x*.

O
Remark 2.2. The Theorem 2.1 is a generalization of Theorem 3.3 from [6].

Now if we improve the properties of the operator T' then we can drop some of the
conditions of the graph G. From now on we will consider that the function ¢ is a
(¢) — comparison function.

In the following we will show that the convergence of successive approximations
for (G, ) — contraction is closely related to the connectivity of a graph. We say that
sequences (), oy and (Yn), ey, elements of X, are Cauchy equivalent if each of them
is a Cauchy sequence and d (2, y,) — 0.

Theorem 2.2. The following statements are equivalent:

(i) G is weakly connected;

(ii) for any (G, p)—contraction T : X — X, given x,y € X, the sequences (T™x)

and (T™y),,cn are Cauchy equivalent;

(iil) for any (G, ¢) — contraction T : X — X, card (FixT) < 1.
Proof. (i) = (ii): Let T'be a (G, ¢)—contraction and x,y € X. By hypothesis, [z]5 =
X,s0y € [r]s. Then there is a path (:vi)fio in G from z to y, i.e., zo = z, xy = y and
(xi—1,2;) € E (G) fori =1,...,N. An easy induction shows (T"z;_1,T"z;) € E (é)
fori=1,...,N and

neN

d(T"e, TMy) <Y ¢" (d (i1, 24))

=1
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so d(T"z, T"y) — 0.
In the same way, there is a path (zi)ij\io in G from x to Tz, ie., zg =x,2p = T
and (z;-1,2;) € F (é) for i =1,...,M. Then we have

M
d (T 2, T z) < Z ©" (d(zi-1,2))
i=1
Hence
oo M oo
Yo AT, T ) =3 N " (d(2im1,2)) < 00
n=0 i=1 n=0
and a standard argument shows (7"x), y is a Cauchy sequence, so is (T"y),,cy-

(#4) = (i11): Let T be a (G, p) — contraction and x,y € FixT. By (ii), (T"z)
and (T"y),,cy are Cauchy equivalent which yields z = y.

neN

(#i1) = (i): Suppose, on the contrary, G is not weakly connected, i.e., G is discon-
nected. So, there exists an xy € X such that the both sets [zo]s and X\ [x¢]s are
nonempty. Let yo € X\ [20]5 and define

Tx =xoifx € [vo]g and Tax =yoif x € X\ [z0]s

Clearly, Fiz T = {xo, yo}. We show T is a (G, ¢) —contraction. Let (z,y) € E (G).
Then [z]s = [yla, so either z,y € [z]s, or z,y € X\ [z]5s . Hence in both cases
Tx =Ty, so (Tz, Ty) € E(G) since E(G) 2 A, and d(Tz,Ty) =0 < ¢ (d(z,y)).
Thus T is a (G, ¢) — contraction having two fixed points which violates (4i7). O

As an immediate consequence of Theorem 2.2, we obtain the following

Corollary 2.1. Let (X, d) be a complete metric space and G a graph weakly connected.
For any (G, p) — contraction T : X — X, there is * € X such that lim T"z = z*
forallz e X.

The next example shows that one cannot improve Corollary 2.1 by adding that =*
is a fixed point of T

Example 2.3. Let X := [0, 1] be endowed with the Euclidean metric dg. Define the
graph G by
E(G) ={(z,y) € (0,1] x (0,1} [z = y } U {(0,0),(0,1)}
Set
sz% for x € (0,1], and T0 =

o~ =

It is easy to verify G is weakly connected and T is a (G,p) — contraction with
p(t) = i. Clearly, T"x — 0 for all z € X, but T has no fized points.

The proofs of our fixed point theorems depend on the following

Proposition 2.1. Assume that T : X — X is a (G, ) — contraction such that for
some xg € X, Txg € [x0]a. Let Gy, be the component of G containing xo. Then [ro]s
is T-invariant and T|[x0]é is a (ézwcp) — contraction. Moreover, if x,y € [xo]a ,

then (T"x), oy and (T"x), oy are Cauchy equivalent.

Proof. Let x € [xo]s. Then there is a path (xi)fio in G from zg to x, i.e., xxy =
and (x;—1,z;) € E (G) fori=1,..,N. But T is a (G, ¢) — contraction which yields
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(Txi—1,Tx;) € E (é) fori=1,...,N,ie., (Tx,-)?io is a path in G from Tzg to Tx.
Thus T'w € [Txo]s. Since, by hypothesis, Txo € [xo]s, ie., [T2o]a = [20]a , we infer
Tx € [xo]s . Thus [zo]s is T-invariant.

Now let (z,y) € E (émo) This means there is a path ((acl)iio in G from zy to
y such that xny_1 = z. Let (yi)i]\io be a path in G from z( to T'zo. Repeating the
argument from the first part of the proof, we infer (yo,y1,...ysr, T21, T2, .. Txy) is
a path in G from zy to Ty; in particular, (Tey—1,Tzy) €EE (C;’zo)7 ie, (Tx,Ty) €

E <C~¥$O) Moreover, since F (éxo) CFE (é) and T is a (é,cp) — contraction, we
infer T |[$0]é is a (élo, go) — contraction. Finally, in view of Theorem 2.2, the second

statement follows immediately from the first one since Gz is connected. ]

Theorem 2.3. Let (X,d) be complete, and let the triple (X,d, G) have the following
property:

for any (vy),cy 0 X, if 2 — @ and (xn,Tny1) € E(G) for n € N then there is
a subsequence (T, ),y with (zy,,x) € E(G) forn € N.

Let T : X — X be a (G,p) — contraction, and X7 = {z € X |(z,Tx) € E(G)}.
Then the following statements hold.
(1) cardFixz T = card {[z]a |r € X7 }.
(2) FixT # 0iff X7 # 0.
(3) T has a unique fized point iff there exists xo € Xy such that Xt C [x0] 4.
(4) For any x € Xp, T ’[I]é is a PO.
(5) If X7 # 0 and G is weakly connected, then T is a PO.
(6) If X" :=U{[z]z |z € G} then T |x: is a WPO.
(7) If T C E(Q), then T is a WPO.
Proof. We begin with points (4) and (5). Let € X;. Then Tz € [z]s , so by
Proposition 2.1, if y € [z]5 , then (T"x), .y and (T"y),y are Cauchy equivalent.
By completeness, (T"x),, .y converges to some z* € X. Clearly, also nlln;o Ty = z*.

Since (z,Tx) € E (G), then by induction we have that
(T"z, T""'z) € E(G), foralln € N. (4)

By hypothesis, there is a subsequence (Tkx) neN such that (Tk"amx*) € E(G) for
all n € N. Hence and by (4), we infer (:z:,Tz,TZ;L", ...,Tklz,x*) is a path in G (hence

also in G) from z to z*, i.e., z* € []5. Moreover, because T is a (G, ) — contraction
we have

d (Tk"+1m,Tz*) <e(d (Tk"z,x*)) <d (Tk"z,x*)
for all n € N. Hence, letting n tend to co we conclude z* = Tx*. Thus T |[w]é is a
PO. Moreover, if G is weakly connected, then [z]5 = X, so T is a PO.
Now (6) is an easy consequence of (4). To show (7) observe that T' C E (G) means
X7 = X. This yields X' = X, so T is a WPO in view of (6).
To prove (1), consider a mapping 7 defined by

7 (x) = [x]g forall x € FixT.

It suffices to show 7 is a bijection of Fix T onto Q = {[z]| € Xr}. Since E (G) 2 A,
we infer FixT C Xp which yields 7 (FizT) C €. On the other hand, if z € Xp ,

then by (4), lim T"x € [z]5 N Fix T which implies 7 ( lim T"ax) € [z]g. Thus 7 is
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a surjection of Fix T onto Q. Now, if 1,29 € FixT are such that 7 (z1) = 7 (z2),
ie., [x1]a = [#2]g , then z2 € [21]4, so by (4),
lim T"zy € [x1]g N FizT = {x1},

n—oo
ie., o = x7 since T"x9 = x9. Consequently, T is injective. Thus (1) is proved.
Finally, observe that (2) and (3) are simple consequences of (1).
(I

Corollary 2.2. Let (X,d) be complete and e-chainable for some € > 0, i.e., given
z,y € X, there is N € N and a sequence (xi)ﬁvzo such that

xo=z,oy =y and d(z;_1,2;) <efori=1,..,N.

Let T : X — X be a function and ¢ : Ry — Ry be a (¢) — comparison function such
that

Yo,y € X (d(z,y) <e=d(Tz,Ty) < ¢ (d(z,y))) (5)
Then T is a PO.

Proof. Consider the graph G with V (G) = X, and E (G) = { (z,y) € X x X| d(z,y) < ¢e}.
Then e-chainability of (X, d) means G is connected. If (z,y) € E (G), then

d(Tz,Ty) < ¢ (d(z,y)) <d(z,y) <e

so (Tz,Ty) € E (G), hence T is a (G, p) — contraction.
Let (zn),cy in X with z,, — x, then d (2, x) < ¢ for sufficiently large n, so there
is (2, ), ey such that (zx,,z) € E(G). Thus by Theorem 2.3, T" is PO. O

References

(1] 1. Bega, A.R. Butt and S. Radojevié¢, The contraction principle for set valued mappings on a
metric space with a graph, Comput. Math. Appl. 60 (2010), 1214-1219.

[2] V. Berinde, Iterative Approzimation of Fized Points, Springer, 2007.

[3] J. Jachymski, The contraction principle for mappings on a metric space with a graph, Proc.
Amer. Math. Soc. 1 (2008), no. 136, 1359-1373.

[4] R. Johnsonbaugh, Discrete Mathematics, Prentice-Hall, Inc., New Jersey, 1997.

[5] A. Petrusgel and I.A. Rus, Fixed point theorems in ordered L-spaces, Proc. Amer. Math. Soc.
134 (2006), 411-418.

[6] D. O'Regan and A. Petrusel, Fixed point theorems for generalized contractions in ordered metric
spaces, J. Math. Anal. Appl. 341 (2008), 1241-1252.

[7] I.A. Rus, Generalized Contractions and Applications, Cluj Univ. Press, 2001.

(Florin Bojor) DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE FACULTY OF SCIENCES
NORTH UNIVERSITY OF BAIA MARE VICTORIEI NR. 76, 430122 BA1A MARE ROMANIA
E-mail address: florin.bojor@yahoo.com



