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Solution of first iterative differential equations

MoNicA LAURAN

ABSTRACT. In this paper we shall establish an existence result for a first order differential
equation in C7,. The main tool used in our study is the nonexpansive operator technique and
Browder-Ghode-Kirk’s fixed point theorem.
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1. Introduction

Several works deal with first iterative initial value problems, see [1], [3], [4], [6-9],
[11-14]. The general form of these equations is

y'(t) = fa,y(y(h))- (L.1)

Starting from this equations in [11] we prove an existence result from the following
equations

y'(x) = flz,y(x), y(Ar)) (1.2)
with initial condition
y(zo) = o,
where zg, yo € [a,b] and f € C([a,b] x [a,b] X [a,b]).
Our main aim in this paper is to use the technique of nonexpansive operators
introduced in [3] for more general iterative first order differential equations of type

y'(z) = f(z,y(x),y(\z), y(A2)) (1.3)
and
y'(x) = f(2,y(@), y(My(@)), y(A2y(z)) (1.4)
respectively.

2. Preliminaries

We introduce the definitions and a fixed point theorem for nonexpansive mappings
which will play an important role in this paper, see [2].

Let (X, d) be a metric space. A mapping 7" : X — X is said to be an a—contraction
if there exists a € [0,1) such that

d(Tz,Ty) < ad(z,y), Va,y € X.
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In the case when o = 1, the mapping T is said to be nonexpansive. Let K be a
nonempty subset of a real normed linear space E and T : K — K be a map. In this
setting, T' is nonexpansive if

[Tz = Tyl| < |z =y, Yo,y € K.

Although the nonexpansive mappings are generalizations of a- contractions, they
do not inherit properties of contractive mappings. One of the most important fixed
point theorems for nonexpansive mappings, due to Browder, Ghode and Kirk, see e.g.
[3], states as follows.

Theorem 2.1. ([3]) Let K be a nonempty closed convex and bounded subset of an
uniformly Banach space E. Then any nonexpansive mapping T : K — K has at least
a fized point.

Remark 2.2. The fixed points of T' can be approximated by Krasnoselskij sequence,
defined as follows.

Let K be a convex subset of a normed linear space ' and let T : K — K be a
self-mapping. Given an zy € K and a real numbers A € [0, 1], the sequence z;, defined
by the formula

Tpy1 = (L= Nap + ATz, n=0,1,2,....

is usually called Krasnoselskij iteration or Krasnoselskij-Mann iteration.
For zy € K the sequence z,, defined by

Tpnt1 =1 =) zp+ A - Txp,n=0,1,2... (2.1)

where (\,)n C [0,1] is a sequence of real numbers satisfying some appropriate con-
dition, is called Mann iteration. Edelstein [7] proved that strict convexity of E is
sufficient for the Krasnoselskij iteration to converge to a fixed point of 7. The ques-
tion of whether or not strict convexity can be removed has been answered in the
affirmative by Ishikawa [10] by the following result.

Theorem 2.3. ([10]) Let K be a subset of a Banach E and let T : K — K be a
nonezrpansive mapping. For arbitrary xo € K, consider the Mann iteration process
Xy given by (2.1) under the following assumptions:

(a) x, € K for all positive integers n;

(b) 0 <\, <b< 1 for all positive integers n;

(c) 0" o An = 00. If z,, is bounded, then x, — Tz, — 0 as n — cc.

The following corollaries of Theorem 2.3 will be particularly important for the
application part of our paper.

Corollary 2.4. ([5]) Let K be a convex and compact subset of a Banach space E and
let T : K — K be a nonexpansive mapping. If the Mann iteration process x,, satisfies
assumptions (a)-(c) in Theorem 2.3, then x,, converges strongly to a fized point of T.

Proof. See Theorem 6.17 in Chidume [5]. O

Corollary 2.5. ([5]) Let K be a closed bounded convex subset of a real normed space E
andT : K — K be a nonexpansive mapping. If I =T maps closed bounded subsets of E
into closed subsets of E and x,, is the Mann iteration, with A\, satisfying assumptions
(a)-(c) in Theorem 2.3, then x,, converges strongly to a fized point of T in K.

Proof. See Corollary 6.19 in Chidume [5]. O



FIRST ITERATIVE DIFFERENTIAL EQUATIONS 47
3. Main results

Starting from equation (2) we study the following problem:

y(z0) = yo
where xg, yo € [a,b], A1, A2 € (0,1) and f € C([a, ] x[a, b] X [a, b] x[a, b]). This problem
extends equation (2). We formulate the first result for the existence of solutions to
initial value problem (3.1).
For z € [a,b] denote
Cy =max{z —a,b— z},
and
(*) CL= {y € C([a’b]v [a>b]) : ‘y(tl) - y(t2)| <L- |t1 - t2| Vi1, ta € [CL, b]}’
where L > 0 is given.

Theorem 3.1. Assume that the following conditions are satisfied for initial value
problem (3.1)

(i) £ € C([a,b]  [a,8] x [a,b] X [a,b]);

(i) there exists Ly > 0 such that

|f(s,u1,v1,w1) — f(8,u2,ve,wa)| < Ly(Juy — va| + [v1 — va| + Jwy — wol)

for any s,u;, v, w; € [a,b], i =1,2;
(i4i) if L is the Lipschitz constant involved in (*), then

M = max {|f(s,u,v,w)|: (s,u,v,w) € [a,b]} < L;

(iv) one of the following conditions holds:
a) M - Cyy < Cyy;
b) zo =0, M(b—a) <b—uyo, f(s,u,v,w) >0, Vs,u,v,w € [a,b];
c)xog=b, M(b—a)<yo—a,f(s,u,v,w) >0, Vs,u,v,w € [a,b];
(’U) 3L1 . Cmo S 1.
Then the problem (3.1) has at least one solution in Cr,, which can be approximated
by the Krasnoselskij iteration

yn+1(t) = (1 - M)yn(t) + 1Yo +N/ f(sayn(s)vyn(Als)ayn(AQS))dsa te [aa b]a n > ]-a

where p € (0,1) and y1 € Cy, is arbitrary.

Proof. As a consequence of Arzela-Ascoli or from [4, Lemma 1], C, is a nonempty

convex and compact subset of the Banach space (Cla, b], ||-||) where ||z|| = sup |z(t)].
t€la,b]

Consider the integral operator F' : C, — Cla, b] defined by

(Fy) (t) = Yo + /f(57y<s>7y<)\15)7y(/\23))d57 te [a7b]'

Any fixed point of the equation y = Fy is a solution of initial value problem (3.1).
We prove that Cy, is an invariant set with respect to F, i.e., we have F(Cr) C Cr.
If condition (a) holds, then for any y € Cr, and t € [a, b] we have

[(Fy)()] < lyol +

t
/ f(s,y(s),y(Mis), y(A2s))ds| < |yo| + M - [wo — 1] <,
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v

t
/ F(s (), y(is), yas))ds
> ‘y0|_M'CzpoZ|y0|_CyOZa"

|(Fy) ()]

1yo| — > |yo| = M - [zo — ]

So, F'y € [a,b] for any y € Cy,.
Now, for any t1,ts € [a,b] we have

[(Fy)(t1) = (Fy)(t2)]

IN

/t " F(s,(5), y(hns), y(has))ds

M-ty —to] < L-[t; —to].

A

Thus, F, € Cp, for any y € Cr. In a similar way we treat the cases (b) and (c).
Therefore F' : C;, — Cy, (i.e. F is a self-mapping of Cy,).
We prove that F' is nonexpansive operator. Let y, z € C;, and ¢ € [a,b]. Then

[(Fy)(t) — (F2)(t)] < / f(&y(S),y()uS),y(AzS))—f(s,Z(S),Z(/\ls),Z(/\zs))‘dS

< / Li(ly(s) = 2(s)| + ly(Aas) = 2(Aas)| + [y(Aas) — 2(Aes)|)ds

0

3-Ly-Coy - [ly ==
Now, by taking the norm, we get
[1Fy = Fzl| < 3Ly - Cay - [ly — 2l

A

which in view of condition (v), proves that F' is nonexpansive operator hence contin-
uous.

It now remains to apply the Browder-Ghode-Kirk’s fixed point theorem and obtain
the first part of the conclusion and Corollary 2.4 or 2.5 to get the second one. O

Now we are applying the same technique for an extra-iterative differential equation
which extends problem (3.1), namely

y'(z) = f(z,y(x), y(My(2)), y(Aay(2))) (3.2)
with initial condition
y(zo0) = Yo, (3.3)
where g, y0 € [a,b], A1, X2 € (0,1) and f € C([a,b] x [a,b] X [a,b] x [a,b]) are given.
We formulate the second result on the existence of solutions to initial value problem
(3.2)+(3.3) in Cy..

Theorem 3.2. Assume that
(i) f € C(la,b] X [a,b] x [a,b] x [a,b]);
(i) there exists Ly > 0 such that
(%) |f(s,u1,v1,w1) — f(8,u2,v2,w2)| < L(|uy — uz| + [v1 — v2| + |wy — wal),
fO'I‘ any s, U;, Vi, Wi € [CL,b], i= 1727
(iii) if L is the Lipschitz constant involved in (*), then
M = max {1 (s, u,v,w)] : (5,1, 0,) € [a,b]} < L
(iv) one of the following conditions holds:
a) M - Cyy < Cyy;
b) To = a, M(b_a) < b—y07f(57U7an) 20, VS,U;,’U,'LU € [a7b]7
¢)xog=b, M(b—a)<yg—a,f(s,u,v,w) >0, Vs, u,vw € [a,b];
(v) L1 - [L+ L(A1 4+ Xo)] - Ca < 1.



FIRST ITERATIVE DIFFERENTIAL EQUATIONS 49

Then the initial value problem (3.2)+(3.3) has at least one solution in Cr,, which
can be approrimated by the Krasnoselskij iteration

Ynt1(t) = (1 — p)yn(t) + pyo + u/f(& Yn(8), Yn(Myn(8)); yn(A2yn(s)))ds,

o
€ [a,b], n>1, where i € [a,b] and y1 € Cr, are arbitrary.

Proof. We define the integral operator F' : C;, — Cla, b, by

(Fy)(t):yo+/ f(s,9(5),y(My(s)), y(A2y(s)))ds, t € [a,b].

In the same way as Theorem 3.1 we prove that Cy, is an invariant set with respect to
F, which means F(Cr) C Cr,. We deduce

(Fy)®O] < lyol + / F(s:9(8),y(My(s)), y(A2y(s)))ds| < [yol + M - [t — zo] < b,
(Fy)(@®)] > |yo| — / f(s,y(s), y(My(s)), y(Aay(s)))ds| > yol — M - |t — o
2 |y0‘ Czo Z Yo — Cyg Z Q.

Thus, Fy € [a,b] for any y € Cy,. For any t1,t2 € [a, b] we have:

[(F'y)(t1) — (Fy)(t2)]

IN

/ F(5,9(5), yOay(9)), y(rap(5)))ds

< M- |t1—t2|§L |t1—t2‘.

So, Fiy € Cy, for any y € Cy,. In a similar way we treat the cases (b) and (c).
We consider y,z € Cr, and t € [a,b] in order to prove that F is nonexpansive
operator.

(Fo)(®) -~ (F2)(0)
< 7G5 509, 506D — 60,5000, 06 s

IN

/ La(ly(s) = 2(s)| + ly(Aay(s)) — 2(Arz(s) + [y(A2y(s)) — 2(A22(s)) )ds

IN

L / (Iy(s) = z(8)[ + [Aal - L - y(s) — z(s)] + [Aa| - L - [y(s) — 2(s)|)ds

0

< L[+ LA+ )] [t —xol - ly — 2l < [T+ LA+ A2)] - Coy - ly — 2]
Now, by taking the maximum in the last inequality, we get
[Fy — Fzl| < Ly-[L+ LA+ A2)] - Cay - ly = 2l

which in view of condition (v), proves that F' is nonexpansive operator hence contin-

uous.
Applying the Browder-Ghode-Kirk or Schauder’s fixed point theorems we obtain
the first part of conclusion and Corollary 2.4 or 2.5 to get the second part of conclusion.
O
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4. An example
We conclude the paper by presenting an example to illustrate the generality of our

results.

Example 4.1. Consider the following initial value problem associated to an extra-
iterative differential equation:

V' (z) = =3+ y(@) +y(3y(@)) + y(3y(x) i1
y(g) =
where z € [0,1],y € C'([0,1],[0,1]), A1 = A2 = 3. We are interested to study the
solutions y € C'(]0, 1], [0, 1]) belonging to the set
C1={y € C([0,1],[0,1]) : [y(tr) — y(t2)] < [t2 —tal},

for any t;,t € [0,1] which, in view of our notations, means that L = 1. We have

1 1
a=0,b=12¢9 = 3 hence Cp, = max {zxg —a,b —zo} = 3
The function f(z,u,v,w) = —3+u+v+w is Lipschitzian in the sense of (**) with re-

spect to u, v and w, with Lipschitz constant L; = 1. This shows that Ly [1 + L (A1 + A2)]:
Cy, = 1, so the condition (v) in Theorem 3.2 is satisfied. Note also that y(z) =1, x €
[0,1] is a solution to initial value problem (4.1). By Theorem 3.2 initial value problem
(4.1) has at least a solution in C; that can be approximated by Krasnoselskji iteration

t

s (0 = (1= 0 0) + s+ [ |34 0(5) 42 G (o)) | st € 01 > 1.

Zo

where p € (0,1) and y; € C; are arbitrary.

Particular case
If f = f(t,u,v), we find the differential equation studied in [11].
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