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The Voronovskaja type theorem for an extension of
Kantorovich operators
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ABSTRACT. Recently, D. Barbosu, O. T. Pop and D. Miclaug defined a class of linear and pos-
itive operators depending on a certain function ¢. These operators generalize the well known
Széasz-Mirakjan-Kantorovich operators. In the present paper we establish a Voronovskaja the-

orem, the uniform convergence and the order of approximation using the modulus of continuity

for the same operators.
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1. Introduction

Let N be the set of positive integers and No = N U {0}.

In this section we recall some results from [13], which we shall use in the present
paper. Let I, J be real intervals with the property I NJ # 0. For any n,k € N, n # 0
consider the functions ¢, : J — R, with the property that ¢, () > 0, for any

x € J and the linear positive functionals A,  : E(I) — R.
For any n € N define the operator L,, : E(I) — F(J), by

(Lnf)(@) = np(@) Ani(f),
k=0

(1)

where E(I) is a linear space of real-valued functions defined on I, for which the
operators (1) are convergent and F'(J) is a subset of the set of real-valued functions

defined on J.
Remark 1.1. The operators (L, )nen are linear and positive on E(I N J).
For n € N and i € Ny define 7}, ; by

(T3 iLa)(x) = ' (Latl) (@) = 0° D~ on o) Anp(¥5), © € TN J.
k=0

In what follows s € Ny is even and we assume that the next two conditions:
e there exists the smallest s, asq2 € [0, +00], so that

i TLn)(@)

n—oo ni

forany x € INJ and j € {s,s + 2},

= Bj(.’l,') eR,

Qg2 <Oés+2
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e I NJ is an interval
hold.

Theorem 1.1. ([13]) Let f € E(I) be a function. If x € INJ and f is s times
differentiable in a neighborhood of x, then

n—oo

o
lim n®~% ((Lnf)(m) - Z fnli' )(T;iLn)(SC)) =0. (5)
=0

Assume that f is s times differentiable on I and there exists an interval K C I N J,
such that, there exists n(s) € N and the constants k; € R depending on K, so that for
n >n(s) and z € K, the following

(57 L) (2)

< kj, (6)

hold, for j € {s,s+ 2}.
Then, the convergence expressed by (5) is uniform on K and

S ) (g
w= (L)) =3 T

n
=0

1 1
< = (s).
=~ 8' (ks + ks+2)w1 <f ) n2+asa5+2> )

for any x € K, n > n(s), where wi(f;0) denotes the modulus of continuity [1], of the
functions f.

In [12], C. Mortici defined the sequence of operators
¢Sy + C*([0, +o00]) — C>([0, +o0]),
given by

1L ™), (K
Sn = -1, 8
(#8000 = oy - S s (®)
for any x € [0, 400 and any n € N, where ¢ : R —]0, +00[ is an analytic function.
These are called the ¢-Szdsz-Mirakjan operators, because in the case when ¢(y) =
e¥, they reduced to the classical Mirakjan-Favard-Szdsz operators [5], [11] and [16].

Remark 1.2. Similar generalizations of this type are the operators defined and studied
by Jakimouvski and Leviatan [6] or the operators defined by Baskakov in 1957 (see, e.g.,
the book [2], subsection 5.3.11, page 344, where they are attributed to Mastroianni).

Remark 1.3. The classical Mirakjan-Favard-Szdsz operators S, : Ca([0,+00[) —
C(]0, +o0]) are defined by

(sunw) = e > L ()

k=0

for any x € [0, 400 and any n € N, where

C5([0, +00]) := {f € C([0,400]) : lim

Tr—00

f(x)
_|_

5 exists and is fz'm'te} .
x

In the following we shall use the classical definition of Mirakjan-Favard-Szdsz opera-
tors, i.e. f € Cy([0,+00]).
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2. The ¢-Szasz-Mirakjan-Kantorovich operators

Let ¢ : R —]0, +o0[ be an analytic function.
In [3], D. Barbosu, O.T. Pop and D. Micldug defined the operators

0K, : C3([0, +00]) — C([0,+00]),

given by .
() f
(ernfo) = =S S P [ s )
k=0 ’ %

for z € [0, +oo[ and any n € N.

The sequence (9K, )nen is called p-Szész-Mirakjan-Kantorovich operators, because
in the case when ¢(y) = ¥, they reduce to the classical Szdsz-Mirakjan-Kantorovich
operators [4], [7], [15].

The following two results are established in [3].

Lemma 2.1. The @-Szdsz-Mirakjan-Kantorovich operators satisfy
i) (pKneo)(z) =1,

y _ W) 1

i) (pKner)(x) = (p((?(x))ﬁ n’ )

_ o) 5 290(n) 1
i) (pKnez)(z) = =205 n p(nx) | 302’

for any x € [0,+00[ and any n € N.

If the function ¢ verifies

=1

) I ()
= lim
v=oe p(y) v o(y)
then the following convergence theorem holds:

; (10)

Theorem 2.1. For any function f € Co([0,+o0[) the following
Tim (oK @) = (@) (11)

holds, uniformly on any compact interval [a,b] C [0, 4+o00[ and any = € [a,b].
3. Main results

We recall from [14], that the calculation of test functions by ¢-Szdsz-Mirakjan
operators is given by the following identities:

(¢Sneo)(z) =1,

() = £ (n)
(pSner)(z) = o(nz) )
_@(2)(7”)%2 l‘p(l)(nx)x
(pSnea)(@) = =2 o) (12)
_ ) 5 3¢0a) | 1 W)
(‘PSnBS)(x)— go(nx) n cp(nx) n2 (p(nl’) ’

pW(na) 4 69V (na) 5 TP nx) 5 1 oM (na)
x x x x.
p(nx) n p(nz) n? p(nz) n? p(nr)

(pSnea)(x) =
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Lemma 3.1. The @-Szdsz-Mirakjan-Kantorovich operators satisfy

(3) @) ) 1
) 5y 9 ¢ D) o T V) L

(pKpes3)(x) = o(na) 2n p(nx) 2n? ¢(nz) dn

W) 4 8W(ma) 5 159 () 5 6 ¢Dna) 1
T x x , T ,

p(nx) n o(nx) n? o(nx) n3  o(nx) Snt
(14)

(pKpes)(x) =

for any x € [0,400[ and any n € N.
Proof. Because the function ¢ is analytic, it follows

(k)
Yy £ k!(o) v =o(y)

k=0

and next, by differentiation we get

— ok
S (y Z(k 2

k=1 ( ’ k=2

(3) k—S (4) _ ©(0) 4
=> — ™ (y) ;;1 A

k=3
For the test functions e;(z) = 27, j € {0,1,2, 3,4}, the following identities
k+

@(k)

—
PT‘

k+1

n

N 2% + 1 3k2 + 3k + 1
[ ot / I e
k
1

3=

/" L 4k3+6k2+4k+1 / _ 5k* 4 10K® + 10k? + 5k + 1
4n4 5nd
k

L n(pSaen)(@) +

POna) 4 9 o), T Wna) | 1
o(nz) 2n  o(nx) 2n2  p(nx) 4n3’
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k+1

T

(pKnes)( Z <p

A(t)dt
nx
k=0

:‘F\:‘

_n idk)(o)(n )i § 5k* + 10k> + 10k> + 5k +1 _

o(nx) — k! 5nd
a1 (1 0Snea)@) + 20%(08e0)(0) 4 2028 e0)(0) 4 i) + E22500) )
) 4 8O o 15D (mm) 5 6 W) 1
o(nx) n ¢(nz) n? o(nx) n3 o(nz) 5n*’
0
Lemma 3.2. For any x € [0,400[ and any n € N, the following
(T oK) () =1, (15)
) _ e (n) 1
(T 1K) () =n << e - 1) T+ 2n> (16)
e ((€20) eV |
LWy N 1
3 (e 1) 5
. (W) P (nx) P (nx) oW (nx) o4
Tt = (e~ iy + 5 ~ ey +1)
(18)

2 (¢O0)  pPr) | pWna) |\ g
n( o) o) T o) 1)

1 (0@ (na) ) o, 1 (oW (nzx) 1
— (1 — 14 2 — | 6 -1 —
T ( > o) o) )T ot ) e

hold.
Proof. Taking relation (2), Lemma 2.1 and Lemma 3.1 into account, we get

(T, 0pKn)(z) = (pKneo)(z) = 1,
(T, 10Kn) () = n(pK,.)(z) = n ((pKner)(r) — 2(pKneo)(x))
B W (nx) 1
‘"(( () 1) +2n>
(Tn Q@Kn)( =n (@an )( )

)
— 12 ((pKnea)(@) = 20(pKner) () + 22(9Kneo) (x))
e (w () o, 2¢W(e) 1 W) 5 @, x)

p(nz) noplnz) 302 p(nx)
(R )R ) )
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(Ty 40 Kn) (x) = n*(pKnthy)(x) = n* ((9Kpes)(x) — da(pKpes)(x)
+63% (9K pes) () — 42° (9K per)(x) + 2* (9K peo) (x))

i ((€00) O a) | D) eWna) |

B <( p(nx) ! p(nz) 0 o(nx) - o(nx) 1>

2 (40 ) o))

n\ enz)  o(nw) o(nx)

+% (15“’;)727;";) - 14@;1()752)) + 2> 22 + % (6% - 1) x4 57114) :

In the following, we assume that ~y,d exist, so that 0 < v <1, < 2,7 < d and
the analytic function ¢ satisfies the conditions (10) and verifies

N Bl B
im0 (G0 =2 1) =) e
() ) D) N
n1—>oo (4 p(nz) ) o(nx) +6 o(nx) 1) = Bs() (20)
and
() O | o) D) N
A, <¢<nz> R R (7 e 17 “)‘64( @D

for any x € [0, 4o00[, where 33, B3, B4 are functions, B2, 33, B4 : [0, +00[— R.

Lemma 3.3. For any x € [0,400[, the following identities

lim (T;70<pKn)(x) =1, (22)
(T oK) (@)
Jim =228 ) o 4 e(a) (23)
(T 40Ky (@)
Jim SR ) ot 4 2(2) -+ 30(6) o (24)
hold and there exists ng € N, so that
(T 0pKn)(x) =1 = ko, (25)
T oK,
Mémg(Kylf—kb—kl:kz, (26)
n<—"
(T 1K) ()
‘*7147_6 < my(K) - b+ 2ms(K) - 0> 4 30> + 1 = ky, (27)

for any x € K =10,b], b >0, n € N, n>ng and ma(K) = sup |S2(x)|,
zeK

m3(K) = sup |B3(z)|, ma(K) = sup |Ba(z)|, where e(y) = {1’ v=1

z€K z€K 0, 0<y<1
1, 6=2
and n(d) = {O 5 <2

Proof. The identities (22)-(24) follow from Lemma 3.2, while (25)-(27) yield from
(22)-(24) by taking the definition of the limit into account. O
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Now we assume that I = J = [0, +oo[, E(I) = Ca([0,+o0[), F(J) = C([0, +0|),
n o®(0)

o(nz) k!

any = € [0,+o0[, any n,k € Ny, n # 0 and the functionals A4, x : C2(]0,+o0[) — R

then the function ¢, i : [0, +00[— R be defined by ¢, x(x) = (nz)k, for

be defined by A, x(f) = f(t)dt for any n,k € Ng, n # 0. In this case we get the

”%:‘i
=

p-Szasz-Mirakjan-Kantorovich operators.

Theorem 3.1. Let f € Cy([0,400[) be a function. If x € [0,400[ and f is s times
differentiable in a neighborhood of x, then

lim (0K, f)(@) = f(x), (28)

for s =0;

im 7 ((era o) - 50— (£ 1) L) 50@)) o)

n—oo

L (o) o+ ) 2) 1O,

for s =2.
If f is s times differentiable on [0, +oo[, then the convergence from (28) and (29)
is uniform on any compact interval K = [0,b] C [0, +oo[. Moreover, we get

(0K f)(@) — F@)] < (1+ ko) (f; (30)

1
foranyx € K andn € N, n > nyg.

Proof. One applies Theorem 1.1, with ag = 0, as = 2 — v and oy = 4 — §, Lemma
3.2 and Lemma 3.3. 0

Remark 3.1. In the case when o(y) = €Y, for any y € [0,400[, we get the well-
known results of the classical Szdsz-Mirakjan-Kantorovich operators. For this case
vy=1,6=2, Ba(x) = B5(x) = Ba(x) =0, for any x € [0, +o0] and ko =1, ko = b+1,
ky = 3b% + 1, see [10].

We give an example for p-Szdsz-Mirakjan-Kantorovich type operators.
Application 3.1. If p(x) = (z + 1)e”, then
P (@) = (2 +k+1)e?,

for any k € Ny and any « € [0, +o0o[. In this case, we get

k+1

n k+1
(P )0 = (o s 2o g ) / oyt (31)

for any f € C3([0,4+o0[), any = € [0, 4+o00[ and any n € N.

Remark 3.2. For these @-Szdsz-Mirakjan-Kantorovich type operators, the conclu-
sions of the Theorem 3.1 hold.



36 D. MICLAUS, O.T. POP AND D. BARBOSU
References

[1] O. Agratini, Approzimation by linear operators (Romanian), Presa Universitard Clujeans, Cluj-
Napoca 2000.

[2] F. Altomare and M. Campiti, Korovkin-type Approzimation Theory and its Applications, de
Gruyter Series in Mathematics, 17, Walter de Gruyter & Co., Berlin, New York 1994.

[3] D. Barbosu, O.T. Pop and D. Micldus, The Kantorovich form of some extensions for the Szédsz-
Mirakjan operators, (to appear in Rev. Anal. Num. Théor. Approx.).

[4] P.L. Butzer, On the extensions of Bernstein polynomials to the infinite interval, Proc. Amer.
Math. Soc. 5 (1954), 547-553.

[5] J. Favard, Sur les multiplicateurs d’interpolation, J. Math. Pures Appl. 23 (1944), no. 9, 219-
247.

[6] A. Jakimovski and D. Leviatan, Generalized Szdsz operators for the approximation in the infinite
interval, Mathematica (Cluj) 34 (1969), 97-103.

[7] L.V. Kantorovich, Sur certain développements suivant les polynémes de la forme de S. Bernstein,
C. R. Acad. URSS I, II (1930), 563-568, 595-600.

[8] A. Kristély, V. R&dulescu and C. Varga, Variational Principles in Mathematical Physics, Ge-
ometry and Economics: Qualitative Analysis of Nonlinear Equations and Unilateral Problems,
Encyclopedia of Mathematics and its Applications 136, Cambridge University Press, Cambridge
2010.

[9] G.G. Lorentz, Approzimation of Functions, Holt, Rinehart and Winston, New York 1966.

[10] D. Micldus, The Voronovskaja type theorem for the Szdsz-Mirakjan-Kantorovich operators,
Journal of Science and Arts 2 (2010), no. 13, 257-260.

[11] G.M. Mirakjan, Approximation of continuous functions with the aid of polynomials (Russian),
Dokl. Acad. Nauk. SSSR 31 (1941), 201-205.

[12] C. Mortici, An extension of the Szdsz-Mirakjan operators, An. St. Univ. Ovidius Constanta 17
(2009), no. 1, 137-144.

[13] O.T. Pop, About some linear and positive operators defined by infinite sum, Dem. Math.
XXXIX (2006), no. 2, 377-388.

[14] O.T. Pop, D. Birbosu and D. Micldug, The Voronovskaja type theorem for an extension of
Szész-Mirakjan operators, (to appear in Demonstratio Mathematica).

[15] D.D. Stancu, Gh. Coman, O. Agratini and R. Trambitag, Numerical Analysis and Theory of
Approzimation (Romanian) I, Presa Universitard Clujeand, Cluj-Napoca 2001.

[16] O. Szdsz, Generalization of S. N. Bernstein’s polynomials to the infinite interval, J. Research,

National Bureau of Standards 45 (1950), 239-245.

(Dan Micldus, Dan Birbosu) DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, NORTH
UNIVERSITY OF BAIA MARE, 76 VICTORIEI STREET, BAIA MARE, 430122, ROMANIA
E-mail address: danmiclausrz@yahoo.com, barbosudan@yahoo.com

(Ovidiu T. Pop) NATIONAL COLLEGE ”MIHAI EMINESCU”, 5 MIHAI EMINESCU STREET, SATU MARE,
440014, ROMANIA
E-mail address: ovidiutiberiu@yahoo.com



