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ABSTRACT. We prove a Hadamard type inequality for the product of two convex functions in
the framework of Orlicz spaces.
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According to the Hermite-Hadamard inequality (see [8], p. 50) every convex func-
tion u : [a,b] — R satisfies an upper estimate of the form

1 b u(a) + u(b)
m . u(t)dtﬁf (1)

The aim of the present paper is to prove an analogue of this result for a larger class

of integrable functions. The starting point is the following simple remark due to

Amrahov [3]: assuming u, v : [a,b] — R are two nonnegative functions such that both
2 2 are convex, then

u® and v
: / (e de < VO “2(’?)2%2(@) TR0

(2)

This follows easily from the Cauchy-Schwarz inequality and the Hermite-Hadamard
inequality (used in this order). What we need is the fact that the square of a nonneg-
ative convex function is convex too. This is covered by the following straightforward
result:

b—a

Lemma 0.1. Assume u : D — R is a convex function (defined on a convex subset
of a linear space) and ® is a convex and increasing function defined on an interval
including w(D). Then ® ou is a convex function.

Clearly, inequality (2) works also in the case where uv is a convex function. What
makes Amrahov’s remark interesting is the fact that the product of two convex func-
tions is not necessary a convex function (e.g., the functions u(t) = t? and v(t) = (1—t)?
are both convex for ¢ € [0, 1] but their product is not a convex function on [0, 1]).

Holder’s inequality allows us to extend Amrahov’s remark as follows:

Theorem 0.1. Assume p € (1,00) is a given real number and ¢ = p/(p — 1) is the
conjugate exponent of p. Assume u, v : [a,b] = R are two nonnegative functions such
that both u? and v? are conver. Then

bia/abu(t)v(t) dt < (W)l/p (W)l/q.
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The aim of the present paper is to extend Theorem 0.1 in the context of Orlicz
spaces.

We start by recalling some basic facts about Orlicz spaces. For more details we
refer to the books by D. R. Adams & L. L. Hedberg [2], R. Adams [1], J. Musielak
[7] and M. M. Rao & Z. D. Ren [9] and the papers by Ph. Clément et al. [4], M.
Garcid-Huidobro et al. [5] and J. P. Gossez [6].

Assume ¢ : [0,00) — R* is an increasing and continuous function satisfying ¢(0) =
0. We associate to it the functions

/tas(s) ds, / bt

We observe that ® is a Young function, that is, ®(0) = 0, ® is convex, and
Jim (t) = 4o00.

Furthermore, ®(¢) = 0 if and only if ¢ = 0 and

ilgb O(t)/t =0, zILH;O O(t)/t = 4o0.
Thus & is actually an N-function. The function ®*, represents the complementary
function of ®, and satisfies

O*(t) = sup{st — ®(s); s > 0}, forallt > 0.

We also observe that ®* is also a N-function and Young’s inequality holds true

st < B(s) + D*(t), for all s, >0.
Example 0.1. 1) Let p,q € (1,00) be given real numbers with %}—i— % = 1. Then
D(t) = % and ®*(t) = % are complementary N —functions.

2) The functions ®(t) = et —t—1 and ®*(t) = (1+t) log(1+t)—t are complementary
N -functions.

Assume a and b are two real numbers satisfying 0 < a < b < oo. The Orlicz
space Lg(a,b) associated to the N-function ® (see [2, 1]) is the space of measurable
functions u : (a,b) — R such that

b b
ully = sup {/ wo dz; / (@) (g]) da < 1} < o0

Then (Lg(a,b),| - ||s) is & Banach space whose norm is equivalent to the Luzemburg

norm
b
lulle :=inf{k>o; / q>(“(,j)) dxél}.

For Orlicz spaces, Holder’s inequality reads as follows:

b
/ wodr < 2||ul|Ly |V Lgx for all u € Ly(a,b) and v € Lo+ (a,b),
a
or
b
/ wvdzr < C'ulle ||v] o for all u € Lg(a,b) and v € Lg«(a,b), (3)

where C' is a positive constant. See [9, Inequality 4, p. 79].
For an easier manipulation of Orlicz-Sobolev spaces we define

PI0! to(1)

+
t>0 O(t) and ¢ t>g O(t)
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Assume
1<¢ <ot <o0. (4)
Then it is easy to show that

b —
||u||$+ < / D(u(t)) dt < ||u||$ , forall u € Lg(a,b) with ||ulle <1, (5)
a
and
— b +
[lul|o g/ D(u(t)) dt < |lul|y , forallu € Lo(a,b) with |ulle >1.  (6)

Example 0.2. We point out certain examples of functions ¢ : [0, 00] — RT which are
increasing, continuous and satisfy ¢(0) = 0. For more details the reader can consult
[4, Examples 1-3, p. 243].

1) Let ¢(t) = tP~! with p € (1,00). It is easy to check that ®(t) = % and in this
case we have

¢~ =¢" =p,
and
Lo(a,b) = LP(a,b),

where LP(a,b) stands for the classical Lebesgue space. Moreover, using inequalities
(5) and (6) we find that

b
Jully = [ fute) a.
In this particular case we will denote || - ||o by || - ||zr-
2) Consider
B(t) =log(1+t")tP~1,  for all t € [0,00),
with p, v > 1. In this case it can be proved that
9" =p, ¢T=ptr.
3) Let
tp—1
o(t) = Tog 1)’
with p > 2. In this case we have

o~ =p—1, ¢T=p.

We are in a position to state our main result:

ift >0, ¢(0)=0,

Theorem 0.2. Assume ¢ : [0,00] — R is an increasing continuous function such
that ¢(0) = 0 and © and ®* are complementary N-functions asociated to ¢. Assume
that inequalities (4) are fulfilled. Let a, b € [0,00) be two real numbers such that a < b
and let u, v : [a,b] — RT be two convex functions. If

D(u(a)) + Bu)) < 7)
and

2 (0(a)) + 2 (0(8) < 7, (9
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then
1
b—a

b
/ u(t)o(t) dt < C(b— a)/oD+0/67HT)-1

b

<<I><u<a>> ;@(u(b»)”d’* (@*(v(a)) - @*@(b)))vwr

where C' is the constant given in inequality 3.

Proof. Since ® and ®* are complementary N—functions it follows that they are in-
creasing, continuous and convex on [0,00). Thus, by Lemma 0.1 it follows that ® o u
and ®* o v are convex functions. Then inequality (1) assures that

bia/a (2ou)(t) dt < (%“)(a);(@ou)(b)’

and .
1 (®* ov)(a) + (®* o v)(b)
P < .
b_a/a( o v)(t) dt < :
The above inequalities combined with assumptions (7) and (8) yield ||ulle < 1 and
|lv]|le~ < 1. That fact and inequality 5 imply

1 + _ D(u(a)) + P(u(d))
— || <
g < b)), Q
e 1 @ (0(a) + &*(0(0)
(6" *(v(a)) + v
el < : . (10)
Relations (9) and (10) combined with inequality (3) lead to the conclusion of Theorem
0.2. (I
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