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On a Mann type implicit iteration process for strictly
pseudocontraction semigroups
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ABSTRACT. The purpose of this paper is to study the strong and weak convergence of an
implicity iteration process for strictly pseudocontractive semigroups in general Banach spaces.
The results presented in this paper extend and improve recent results of some people. Zhang
[Acta Mathematica Sinica, English Series, 26 337-344 (2010)], Zhang [Appl. Math. Mech.
-Engl. Ed., 30, 145-152 (2009)], Zhou [Nonlinear Anal., 68, 2977-2983 (2008)], Chen, et al.
[J. Math. Anal., 314, 701-709 (2006)], Osilike [J. Math. Appl., 294, 73-81 (2004)] and Xu
and Oir [Numer. Funct. Anal. Optim., 22, 767-773 (2001)].
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1. Introduction

Let E be a real Banach, E* is the dual space of E, C' is a nonempty closed convex
subset of . J: E — 27" is the normalized duality mapping defined by

J(@) ={f € E*: (a, [) = [lz| .| Il <] = 1£1} = € E.

Let T : C — C be a mapping. We use F(T) to denote the set of fixed points of T
that is, F(T) :={x € C : x =Tz}

Definition 1.1. One-parameter family {T(t) : t > 0} of mappings from C into itself
is said to be a strictly pseudo-contraction semigroup on C, if the following conditions
are satisfied: (i) T(0)x = x for each x € C;

(i) T(t + s)x =T )T (s)x for any t,s € Ry and xz € C;

(i) for each x € E, the mapping T'(.)x from Ry into C is continuous;

1
(iv) there exists a bounded function X : [0,00) — |0, 2) such that for any given
x,y € C there ezists j(x —y) € J(x — y) such that

(T(t)x = T(t)y, i@ —y)lle —yI* = MO = T(O)]z — [T =T @)y,

for each t > 0.

Throughout this paper, we denote F(T) := tgoF(T(t)) and X := tiI;g{A(t)}, we also

assume that A > 0.
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Definition 1.2. (v) A mapping T : C — C is said to be a pseudo-contraction, if for
any x,y € C, there exists j(x —y) € J(x —y) such that
(Tz Ty, j(x —y)) < ||lz —y|>. (1)
(vi) T : C — C is said to be strongly pseudocontractive, if there exists k € (0,1)
such that
(Tz =Ty, j(x —y)) < klz -yl (2)
for each xz,y € C' and for some j(x —y) € J(z —y).
(vii) T : C — C is said to be strictly pseudocontractive in the terminology of
Browder and Petryshyn [2, 14], if there exists A > 0 such that
(Tz Ty, j(x —y)) < |lz —ylI> = M - T)x — (I - Ty, 3)
for every x,y € C and for some j(x —y) € J(xz —y).
It is easy to see that every strictly pseudocontractive map is L— Lipschitzian and
continuous. Indeed, from (3) we have

M@ —y) = (Tz = Ty)|* < |l(z —y) — (Tz = Ty)||iz - y)|
on ther other hand
ATz =Tyl = llz = yll] < Mz —y) = (Tz =Ty
therefore, we get
ATz =Tyl = llz —yll] < llz =yl
ie.,
14+ A

ITe =Tyl < Lllz —yl, L=-——. (4)

Since (4), if {T'(t) : t > 0} be a strictly pseudocontractive semigroup on C' then for

each t > 0, we get
[Tz =T )yl < L@t)[lx -yl
for all z,y € C. In the sequel, we denote M := sup{L(t)} < co.
>0

Lemma 1.1. (Deimling [3]). Let E be a real Banach space, C' be a nonempty closed
convex subset of E and T : C — C be a continuous strongly pseudocontractive map-
ping. Then T has a unique fized point in C'.

Let E be a real Banach space, C be a nonempty closed convex subset of E and
{T'(t) : t > 0} be a strictly pseudocontractive semigroup. For every u € C,t € (0, 00)
and s € (0,1), we define a mapping U, : C — C by

Us=su+(1—-s)Tt)z, xeC.
It is easy to see that U, is a continuous strongly pseudocontractive mpping. By using
Lemma 1.1, there exists a unique fixed point z5 € C' of U such that

xs =su+ (1 —8)T(t)xs. (5)

Let {T'(t) : t > 0} be a strictly pseudocontractive semigroup, let {a,} be a real
sequence in (0,1), and {t,} be a real sequence in (0,+00). By virtue of 5, we can
define an implicit iterative sequence {z,} by

{ZEO S C, (6)

Tp = p&p-_1 + (1 —ap)T(ty)x,, n>1.
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It should be pointed out that the following implicit iteration process:

{xo € C, (7)

Tp = QpTp—1 + (]- - an)Tn(Eny n>1

was firstly introduced by Xu and Ori [11] for a finite family of nonexpansive mappings
{T:}XY in a Hilbert space framework, where T,, = T}, moa n- In 2004, Osilike [6]
extended the above sequence (7) from the class of nonexpansive mappings to more
general class of strictly pseudocontractive mappings. In 2006, Chen, el al. [2] extended
the results of Osilike [6] to more general Banach spaces. In 2008, Zhou [14] further
extended the results of Chen, el al. [2] from strictly pseudocontractive mapping to
Lipschitzian pseudocontractions, and from ¢— uniformly smooth Banach space to
uniformly convex Banach spaces with a Frchet differentiable norm.

Recently, Zhang [12] extended and improve recent results of Zhou [14], Chen, el al.
[2], Osilike [6], Xu and Ori [11]. He proved the following results.

Theorem 1.1. (Zhang [12]). Let E be a reflexive Banach space satisfying the Opial
condition. Let C be a nonempty closed convexr subset of E and {T'(t) : t > 0} be a
strictly pseudocontractive semigroup with a strictly pseudocontractive function A(t) :

1
[0,00) — | O, 2) such that F(t) # 0. Let {an,} be a sequence in (0,1) and {t,} be a
sequence in (0,00) satisfying the following conditions:

(a) lim t, = lim — =0.
n—oo n—oo t,

t
(b) lim n) = K, where K is a positive constant.
n—oo (

n
Then the sequence {x,} defined by (6) converges weakly to a common fized point
of strictly pseudocontractive semigroup {T(t) : t > 0}.

Theorem 1.2. (Zhang [13]). Let E be a reflexive Banach space satisfying the Opial
condition. Let C be a nonempty closed convexr subset of E and {T'(t) : t > 0} be a
strictly pseudocontractive semigroup with a strictly pseudocontractive function A(t) :

1
[0,00) — (0, 2) such that F(t) # 0. Let {an} be a sequence in (0,1) and {t,} be a

sequence in (0,00) satisfying the following conditions:
(a) limsup o, < 1;

n—oo

(b) sup||T(s+tn)x —T(tn)z|| — 0, for allt € Ry, where D ={x € E : ||z| <~} and
z€D

7 = sup|lznf;
n>1

At
(c) lim Altn) = K, where K is a positive constant.
n—oo a,”

Then the sequence {x,} defined by (6) converges weakly to a common fized point
of strictly pseudocontractive semigroup {T'(t) : t > 0}.

In this paper, motivated by the above results, we prove several another weak and
strong convergence results for the iterative scheme (6) for a strictly pseudocontractive
semigroup in a Banach space.

In the sequel, we will need the following definition and result.

Definition 1.3. A Banach space E is said to satisfy Opial’s condition if whenever
{zn} is a sequence in E which converges weakly to z, as n — oo, then

limsup ||z, — z|| <limsup|lz, —yl|, Vy€ E,y#a. (8)

n—oo n—oo
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It is well known that Hilbert space and [P(1 < p < oo) space satisfy Opial’s
conditions.

Lemma 1.2. If J : E — 28" is a normalized duality mapping, then for all x,y € E,

z+yl® < |z|® +2(y, iz +y), Vilx+y) € J(z+y).

Lemma 1.3. (Zhou [14]). Let E be a real reflexive Banach space with the Opial
condition. Let C' be a nonempty closed convex subset of E and T : C — C be a
continuous pseudocontractive mapping. Then T is demiclosed at zero, i.e., for any
sequence {xn,} C E, if &, =y and ||(I — T)zy| — 0, then (I —T)y = 0.

2. Main results

2.1. Weakly convergence theorems.

Theorem 2.1. Let E be a reflexive Banach space satisfying the Opial condition.
Let C be a nonempty closed convex subset of E and {T(t) : t > 0} be a strictly
pseudocontractive semigroup with a strictly pseudocontractive function A(t) : [0, 00) —

1
(0, 2) and suppose that F := tQOFio:(T(t)) # 0. Let {a,} and {t,} be sequences of

real numbers satisfying {a,} C (0,1),t, > 0, lim ¢, = lim Gn _ . Suppose that
n—oo

n—oo n

for any bounded subset D C C,

lim sup||T'(s)z — z|| = 0. (9)
s—04eD

Then the sequence {x,} defined by (6) converges weakly to the element of F'.

Proof. Claim 1. For each p € F then the limit lim |x, — p|| exists.
n—oo

l2n = plI* = {anzn1 + (1 = an)T(tn)zn — p,j(n —p))
= (1 —an)(T(tn)xn — p,j(@n — p)) + anl@n-1 —p,j(@n — p))
< (1= an)lzn = pl* + anllzn-1 = pll- 120 = pll-
So
lzn = plI* < l|lzn—1]l-lzn — pII. (10)

If ||z, — p|| = 0, the result is apparent. Next let ||, — p|| > 0; it follows from (10)
that

|zn —pll < 201 —pl

which implies that the limit lim ||z, —p|| exists, and so the sequence {z,,} is bounded.
n—0o0

This implies that {T'(¢,,)z,} is bounded.
Claim 2. For each t > 0,

lim [|T(t)zn — x| = 0. (11)
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In fact, we have

[n =T ()2l

) Vnz]:l IT((k + D)tn)a, — T(ktn)mnH—i—HT (L’;] tn> 0 — T(t)n

m T (t)m — 2l +|IT (t - m tn> o — x] M

< [t(jnﬂwnl — T(tn)xn| + max{||T(s)zn, —z,]| : 0 < s < tn}} M,

n

for all n € N. From the condition lim % = 0 and (20), we get

n—0o0 Uy

lim ||T(t)z, — x| = 0.

Claim 3. {z,} converges weakly to a common fixed point of semigroup {7'(¢) : ¢ > 0}.
Indeed, since E is reflexive and C is closed and convex and {z,} is bounded, there
exists a subsequence {x,;} C {z,} such that x,; — = € C. We prove that x € F.
From (11), for any ¢ > 0 we have
HT(t)xnj — Tn, || — 0 as j — oc.

By virtue of Lemma 1.3, T'(¢t)z = z. Therefore x € F(T). We next prove {z,}
converges weakly to x. Suppose that there exists a subsequence {z,,} C {z,} such
that x,, — ¢ and g # x. By the same method described above we can also prove that
q € F. Further, both limits

lim ||z, —z|, Um |x, —q|
n—oo n—oo
exists. We have

lim ||z, — 2| =limsup [|z,, — 2| < limsup [|z,, —q||
J— J—

n—oo
— lim [, - gl = limsup |z, — g
n—0o0 i—00
<limsup ||z, — z|| = lm |z, — |
i—00 n— oo
This contradiction shows that ¢ = x, hence x,, — x. Theorem 2.1 is proved. (I

Theorem 2.2. Let E be a reflexive Banach space satisfying the Opial condition.
Let C be a nonempty closed convex subset of E and {T(t) : t > 0} be a strictly
pseudocontractive semigroup with a strictly pseudocontractive function A(t) : [0, 00) —

1
(O, 2) and suppose that F := tQOFix(T(t)) # 0. Let {a,} and {t,} be sequences of
real numbers satisfying {a, C_(O,b] c (0,1),t, > 0,liminf¢, = 0,limsupt, > 0,

n—oo

and lim (t,4+1 — tn) = 0. Suppose that for any bounded subset D C C,
lim sup||T'(s)z — x| = 0. (12)
$s—02cD

Then the sequence {x,} defined by (6) converges weakly to the element of F.

Proof. Tt can be proved as in Theorem 2.1, that for each p € F then the limit
lim ||z, — p|| exists. Next, we show that
n—oo

lim ||z, — T(tn)zn| = 0. (13)

n—oo
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Indeed, From (3) we have for all z,y € C, there exists j(z — y) € J(z — y) such that

<(I - T(tn))x - (I - T(tn))y> > )‘(tn)”(l - T(tn))m - (I - T(tn))yH2
>N = T(ta))z — (=Tl (14)

On the other hand, From equation (6) we have

- aia:n + (1 - 1) Ttz (15)

n

It follows from (15) that

Ty — Tyl = (1 — O}ﬂ) (X — T(tn)Tn)
(0 = Tnr, j (@0 —p) = (1 - O}) (0 — T(ta)tms j(in — p))
_ 1 ;:‘” (@n = T(t2)Tm, § (2n — p)). (16)

From Lemma 1.2 and (14) and (16), we have for all p € F(T') there exists j(z, —p) €
J(xy — p) such that

|zn — 2l = 201 — P+ 20 — 201 |?

< w1 = plI* + 2{xn — Ty—1, j(@0 — p))

1— o, .
= ||lzp_1 — plI> — 2———{zn = T(tn)on = (p = Tp), j(n — p))
1— o,

< Jlwn-1 = pl* = 2X 20 — T(tn)za . (17)

n

From 0 < a,, < b < 1 and (17) we obtain

2/\1_b

lzn — T(tn)anQ < @n—1 —p”2 —[|zn —p||2. (18)

Passing to the upper limit on both sides of inequality (18), we get

2

limsup ||z, — T(t,)zn | = 0.

n—oo

Thus,
lim ||, — T(tn)zn| = 0.

n—oo
Now we shall show that {z,} converges weakly to a common fixed point of semi-
group {T'(¢) : t > 0}. Indeed, since {z,} is bounded, we assume that a subsequence
{xn, } of {x,,} converges weakly to x € C. Put u; := x,,,3; := ayp, and s; :=t,,, for
j € N. Without loss of generality, as in [7], we let

T8 )
lim s; = lim M _

J—00 Jj—00 S]

0. (19)
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Now, we prove that « = T'(t)z for a fixed ¢ > 0. Indeed,

2]
luj = T@u;l| < > IT((k+ 1)s;)u; — Tks;)u;|
k=0

e([2]o)--mon

g[jkWﬁ@mjlw

J
t
Tlt— 12 ss ) s — s
(5] o)
1T (s)u; — ujl

Sj

for all j € N. From (19) and (12), we get

+ M

< Mt +Morgnsagj{HT(8)Uj — uyll}

lim [l — T(¢)u; ]| = 0.
J—00

By virtue of Lemma 1.3, T'(¢t)x = x. Therefore x € F. We next prove {z,,} converges
weakly to x. Suppose that there exists a subsequence {z,,} C {x,} such that ,,, — ¢
and g # x. By the same method argument as given in the proof of Theorem 2.1 we
can show that {z,} converges weakly to z. Theorem 2.2 is complete. ([

2.2. Song convergence theorems.

Theorem 2.3. Let E be a real Banach space. Let C' be a nonempty compact conver
subset of E. Let {T(t) : t > 0} be a strictly pseudocontractive semigroup on C and
suppose that F := tQOFix(T(t)) # 0. Let {an} and {t,} be sequences of real numbers

satisfying {a,} € (0,0] C (0,1),t, > 0 and lim t, = lim G _ 0.Suppose that for

n—oo t,

any bounded subset D C C,

lim sup||T'(s)z — x| = 0. (20)
s—04eD

Then the sequence {x,} defined by (6) converges strongly to the element of F.

Proof. Since C' is a compact convex subset of E and {z,} is bounded by Theorem

2.1 (Claim 1), then there exists a subsequence {x,;} C {z,} such that z,, — x € C.
Fix ¢t > 0, by the continuity of the mapping T'(t) and the norm ||.||, together with

lim ||z, — T(t)y,| = 0 by Theorem 2.2, we have

Pl .

lz = T(@®)xll = I [lzn, = T(E)zn,]| = 0.

Therefore x € Fix(T(t)), hence x € F.
Because lim ||z, — p|| exists for all p € F', thus we obtain that

n—oo

lim ||z, —z| = lim ||z,, — | =0.
j—o0

The proof is complete. O
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