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Divisors of order &k
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ABSTRACT. The aim of this paper is to present the notion of divisor of order k and to study
some properties about the arithmetical functions which use divisors of order k. We also
investigate the maximal order and the minimal order of these arithmetical functions.
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1. Introduction

Many important relations involving arithmetic functions can be developed by
introducing new classes of divisors. We start by enumerating several types of divisors
found in some papers on the number theory.

The notion of block-factor was used for the first time by R. Vaidyanathaswamy in
[22]. He introduced this notion in the following way: a divisor d of n is a block-factor

when (d, %) = 1. Several years later, E. Cohen [2] introduced the current terminology

for a block-factor, namely, the unitary divisor. In 1966, M. V. Subbarao and L. J.
Warren [16] introduced the unitary perfect numbers satisfying o*(n) = 2n, where
o*(n) denotes the sum of the unitary divisors on n. Let 7%(n) denote the number
of unitary divisors of n, which is, in fact, the number of the squarefree divisors of n.
Several characterization of these arithmetical function are given below.

The following relation was introduced by F. Mertens, in [5]:

;T*(n) = %2) <log:c+2’y— - 2&;?) + Sy(z), (1)

where Se(z) = O (m% logx), C is the zeta function of Riemann and -~y is Euler’s
constant.

But in [3] A. A. Gioia and A. M. Vaidya showed that Sz(z) = O (x%)

In 1973, R. Sitaramachandrarao and D. Suryanarayana [14] found the following

result:
2,2

S ot(n) = 17;;(33) +0 (z log? x) : 2)

nsx
where ((3) is Apéry’s constant.

The notion of exponential divisor was introduced by M. V. Subbarao in [15] in the
following way: d is said to be an exponential divisor (or e-divisor) of n = pi*..pl > 1,
if d = pgl...pﬁ", where b;|a; for any 1 < ¢ < r. A series of results related to the
exponential divisors are given in many sources, such as: [4,8,13,18].
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N. Minculete and L. Téth in [8] presented some properties of the arithmetical
functions which use exponential unitary divisors or e-unitary divisors. A divisor d of
n = p{*..p > 1is called e-unitary divisor if d = pll’1 ...p%, where b; is an unitary

a
divisor of a;, so <bi, b—l =1,forany 1 <i<r.
i
In [6] N. Minculete introduced a new class of divisors, namely, a divisor d of n,
d n
so that y(d) = y(n) and (, -
Y(n) d
semiproper divisor or an e-semiproper divisor of n, where v(n) = pips...p,, for
n=pi*...p¢ >1and y(1) = 1.

) = 1. This divisor was called an exponential

2. Main results

We generalize the class of the unitary divisors and the class of the exponential
semiproper divisors as in [7].
Let n be a positive integer and k£ > 0 another integer. If

__ a1, a a Q41 a
n=7p;'py’.. B 9 N el

where aj,as,...a, < k+ 1, and ay41,0yy2,-..,a, > k + 1, then we define the
arithmetical function 7 : N* — C such that (1) =1 and

w(n) = pIps? .. P (PusiPura - pr)",
where N* = {1,2,3,...} and C is the set of the complex numbers. It is easy to see
that the arithmetical function v is a multiplicative function.

d
A divisor d of n, so that y4(d) = vx(n) and (7 n) = 1, will be called a
Ye(n) d
divisor of order k of n.
For example, we consider the number n = 26 . 3% as y,(n) = 22 - 32, then the

divisors of order 2 of n are the following:
2%.3% 22.3% 20.32 20.3%

Let 7()(n) denote the number of the divisors of order k of n, and o¢(®)(n) denote
the sum of the divisors of order k of n. We observe that 1 is a divisors of order k of
itself, so that ¢*)(1) = 7*)(1) = 1. For n > 1 and k > 1, the smallest divisor of order
k of n is y,(n) and the greatest divisor of order k of n is n. In the above example,
the divisors of order 2 of n = 26 . 3% are the following: vo(n) - 1, y2(n) - 32, y2(n) - 24
and ~2(n) - 2% - 32. This suggest the following: any divisor of order k of n is written

———. Therefore, the number of the
Yk(n)

> and the sum of the divisors of order k of n is

as d = vyi(n) - d’, where d’ is a unitary divisor of
divisors of order k of n is 7* (
k()

Yi(n) - o* (n , so we have the following relations:
Yk(n)

O =7 <%7(1n)> 70 = () o <7k7zn)> ' ¥

We observe that if the integer d = p?l ...pY is a divisor of order k of n = p{* ... p% >

1, then b; € {k,a;}, for any 1 <i <.
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According to the previous statements, we have

1, for a<k+1
(k) (na) )
T )_{ 2, for a>k+1, (4)

so, p® is the only divisor of order k£ of p®, when a < k, and the divisors of order k of
p® (a >k + 1) are p* and p®, which means that

() (ay p*, for a<k+1
ooy = { T 5)

Note that for k£ = 0 the notion of the divisor of order 0 is identical with the notion of
the unitary divisor, and for £ = 1 the notion of the divisor of order 1 is identical with
the notion of the exponential semiproper divisor. Similar to the unitary analogue of
Euler’s totient (see e.g. [8], [12]), we define the multiplicative function ¢*) : N* — C,
so that ) (1) = 1 and

(k) (. a _ pa’ fOT a<k+1

¥ (p) {pa_pk7 fOTaZkJ—‘rl. (6)
We observe that ¢ (n) = ¢*(n), where ¢* is the unitary analogue of Euler’s
arithmetical function, and o (n) = ¢(©)*(n), where the multiplicative function

@(©)s : N* — C, is defined as ¢(®)*(1) = 1 and

(e)s(pay — 'z fO'I" a=1
dw)={ WL ™
which refers to the exponential semiproper divisors, see [6].

It is easy to see that the arithmetical functions 7(¥) and o(*) are multiplicative and

we have
T

M) =2', ¥ (n) =pi . ple T 5 +p), (8)
i=u+1

Ay oy Pu+1

where n = p{*...pgup, Yt .. pir, with a; <k for any i € {1,...,u} and a; > k+1
for any i € {u+1,...7}, and ¢ = r — u, so t is the number of the exponents in the
prime factorization of n which are > k + 1.

If n is squarefree and k > 1, then 7(¥)(n) = 1 and o(®) (n) = n.

Similar to the exponential unitary convolution and to the e-semiproper convolution,
we introduce the convolution of order k of two arithmetical functions f,g : N — C,
as the arithmetical function f ) g, which is defined by (f *) g)(1) = 1 and

(f *@my 9)(n) = F(I* .. p2)g(PY" - .. ps) >

but17#Cut1
but1,cut1€{k,ayu+1} (9)
ba b, u r
S fpa P g ),

brF#cr
br,cr€{k,ar}

Ay +1

if n = pi* ... plep, . P8, with a; < k for any @ € {1,...,u} and a; > k + 1 for
any i € {fu+1,...7}

The convolution of order k is commutative, associative and has the identity element
™), where z®) (1) = 1 and

—kyay ) L for a<k+1
" (p){O, for a>k+1. (10)
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We observe that

_ 1, for neQ
k) () — ) k+1
i (n) { 0, otherwise, (11)

where Qy, denotes the set of k-free integers (positive integers whose prime factors are
all of multiplicity < k), so fi{®) is the characteristic function of Qg1 .

In [1], T.M. Apostol resumed the Gegenbauer’s result, which proved that the num-
ber of k- free integers < x is given by the asymptotic estimation

Zu TU—FO(zﬁ), for any k > 1. (12)

n<z

Remark 2.1. In [1], T. M. Apostol defined an arithmetical function u, the Mdbius
function of order k, as follows:

pe(l) =1,
pr(n) =0 if pF*in for some prime p,

pe(n) = (=" ifn=pk ... ph [ p", 0<ai <k,
i>u
ur(n) =1 otherwise.
It is easy to see that T*) (n) = |ux(n)|.
Furthermore, a function f has an inverse with respect to the convolution of order
kiff f(1) #0and f(p{*...p%(py'' ... p2")¥) # 0, for any distinct primes py,...,p;.
The inverse with respect to the convolution of order k of the constant 1 function is
denoted by p*) (1) ptk) = ﬁ(k)). This multiplicative arithmetic function is given
by ,u(k)(l) =1 and for a prime number p and a > 1, we have
() (ay 1, for a<k+1
p (") { -1, for a>k+1. (13)
Hence, we obtain the identity
p*) * (k) ) = k) (k) (14)
Therefore, the arithmetical function p(*) is another Mébius type function. If we have
the arithmetical functions F' and f such that F' = f %) 1, then f = F *, k).

An asymptotic formula for x*) can be obtained from the the following general
result of L. Téth given by the following:

Theorem 2.1. ([19], p.2). Let f be a complex valued multiplicative function such
that |f(n)| <1, for every n > 1, and f( ) =1, for every prime p. Then

Zf z+0<z2logx)

n<z

) =TI (1 s - f(pa—w)
P a=2

is the mean value of f i.e. m(f) =limy .o Y i<a<n f(R).

where

Applying this theorem for the multiplicative function f = u®), we deduced the
following:

Theorem 2.2. ([7], Theorem 2.1). For k > 1, we have
Z p*(n) = Az + O (:z:% logx> , (15)

n<z
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where )
A=TI(1- ) (10
» p
is the mean value of u*).

In [11], we meet the regular convolutions of Narkiewicz-type, namely: denote by A
the set of arithmetical functions f : N — C; let A(n) be a subset of the set D(n) of
positive divisors of n for each natural number n. The A-convolution of the functions
f,9 € A is given by

n
(Fragin)= Y fldg(%).
deA(n)
An A-convolution is called reqular if

(a) A is a commutative ring with unity § (where 6(1) = 1 and é(n) = 0 for all
n > 1) with respect to ordinary addition and to x4,

(b) the A-convolution of multiplicative functions is multiplicative,

(c) the function I, defined by I(n) = 1 for all natural numbers n, has an inverse
pa with respect to x4 and pa(p®) € {—1,0} for every prime power p®(a > 1).

We observe that the convolution of order k is a special case of these only for k = 0.
In [9], [10] and [17] we found several elementary methods in number theory which will
suggest some further results.

We present the following result of L. Téth and E. Wirsing:

Theorem 2.3. ([21], p.3). Let f be a nonnegative real-valued multiplicative function.

1
Suppose that for all primes p we have p(p) := sup f(p®) < T and that for all
a>0 I
2 P

1
primes p there is an exponent e, = p°1) such that f(pe) > 1+ —. Then
p

i sup L~ T (1- 1)

n—00 loglogn

k)

For the maximal order of the function o(*), we have

Theorem 2.4. N
. o\®)(n) 6
1 — 7 = Y 1
ngnoosupnloglogn w2 (17)

where v is Fuler’s constant.

a®)(n)

Proof. In Theorem 2.3 we choose f(n) = , which is a multiplicative function,

and for e, = k + 1, we have

(k) (ph+1 1
g
%:1+—.
p p
But
(k) (pa k4 po
” n 11 1
Sup#:wp¥<1+,+7+...: . 8o p(p) < —7.
a>0 P a0 P L 1=y G

Consequently, relation (17) holds. O
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o ®)(n)

is —e”loglogn.
T

So, the maximal order of

n
L. Té6th in ([20], p. 2) proved the following general result:

Theorem 2.5. Let f be a complex valued multiplicative arithmetic function, such that
0) f(p) = FP) = ... = F'Y) = 1, f(p) = f(p*Y) = s, for every prime p,
where [, s > 2 are fixed integers, and
b) there exist constants C,m > 0, such that |f(p®)| < Ca™ for every prime p and
every a > 1 + 2.
Then, fort € C,
i)

)-C5TN(It) -V (t), for Ret > 1,

ey

— 1
where the Dirichlet series V(t) = ;::1 UT(:Z) is absolutely convergent for Ret > T2
and

v(p) =v(p?) =...=v(P'T) =0 and
i s—1 i il
o) =17 () = )
Jj=0
fora>1+2,
Z f(n)=Crx+ x%Pf’s,z(log x) + O(z"179),
n<x
f > 0, where P o i lynomial of d P _ 2ol
or every € , where Pfs_o is a polynomial of degree s , Usy = 5T (25— 1)1
and
o f0) — F )
Of = H (1 + Z p—a .
D a=l
Theorem 2.6.
2T = g gy AT (z77). (18)
for every € > 0, where A is a constant, and the Dirichlet series of %) (n) is
®) (n ¢tk +1
Z T = _ SOk +1) for Ret> 1. (19)

C2t(k+1)) ’

Proof. In Theorem 2.5, for the arithmetic function f(n) = 7%(n), take I = k + 1 and
s = 2, because 7#) (p) = ... 7HF) (pF) = 1, 7R (pFt+1) = 7(B) (pF+2) = 2 and for every
a > k+ 3, we have

TP (p")| =2 < Ca™
where C' and m are two constants. Therefore, the conditions from Téth’s theorem
are satisfied, so it follows the relation

Z ) (n) = Cfl‘ + mﬁpﬁo(log x) + O(xulk-f-l“rﬁ).

n<x



DIVISORS OF ORDER k 263

But Cf := H (1 + i —f(pa) — f(pa1)> , SO
a=l

a
» p

e T(k) a _T(k) a—1
o =TT (1e 30 TS T (1 ) - S

p a=k+1 p

1
Pt and Py g is a constant, which
is denoted by A. Therefore, the proof of relation (18) is complete.

As in Theorem 2.5, let v(p) = ... = v(pF*2) = 0 and, for a > k + 3,

1 . _j il -
o) = 17 () (O = ) = ) < 10
Jj=0
o 7,(lc) (pafkfl) + 7,(lc) (pafk72).
Using relation (4), we obtain v(p®) = 0, for k+3 < a < 2k + 1, v(p?**2) = —1 and
v(p®) =0, for a > 2k + 3.
Therefore, we obtain v(p?**2) = —1, and v(p®) = 0 for any a # 2k + 2.

By several calculations, we obtain that us 41 =

But the Dirichlet series V(t) = Z @ is absolutely convergent for Ret > T3
n=1 " +
1 1 1
and is equal to (1 - ) = , 80 V(t) = —————, thus,
) Hm PO ) T kT 1)) (k1)
relation (19) is true. O

We mention that a number n is a perfect number of order k if we have
o™ (n) = 2n.

If m is a squarefree number and n is a perfect number of order k, so that (m,n) =1,
then mn is a perfect number of order k, because

c®(m-n)=c®(m)-c®™(n) =m-2n=2mn.

An example of a perfect number of order k is the number n = 2F+1. 3k+1,
There is an infinity of perfect numbers of order k.

Remark 2.2. The number n is a perfect number of order k if and only if 1

Vi (1)

unitary perfect number.
In [12] is given the following result:

Theorem 2.7. Let g be an arithmetical function. Assume that

(i) g is integral valued and g(n) > 1 for every n > 1,

(ii) g(n) > n for every sufficiently large n(n > ngp),

(iii) either g(p) = p + 1 for every sufficiently large prime p(p > po), or g is multi-
plicative and g(p) = p for every sufficiently large prime p(p > po).

Then

lim g PO loglogn . . ¢(g(n))loglogg(n) _ .

oo n n—0o 9(n) -

Theorem 2.8.

(k)
lim inf p(077(n)) loglogn =e 7, (20)

n—00 n

where vy is Euler’s constant and o(n) is Euler’s totient.




264 N. MINCULETE

Proof. Since n < ¢®)(n) for any n > 1, ¢®) is multiplicative and o(® (p) = p+ 1 or
O'(k)(p) = p, when k > 1, we apply Theorem 2.7 and we deduce the statement. O

In [12] is given another result, namely:

Theorem 2.9. Let h(n) be an arithmetical function such that n < h(n) < o(n) for
every sufficiently large n(n > ng). Then

h

lim nf 2070
n—o0 n

Theorem 2.10.
lim inf =1 21
gy &)

where o(n) is the sum of the divisors of n.

Proof. Since n < 0(®)(n) < o(n) for any n > 1, we apply Theorem 2.9 and we deduce
the statement. O

Theorem 2.11. For everyn > 1 and k > 1 the following inequality holds:

r(n) < V() < T sy (22

7(K) (n)’
*)
Proof. For n =1 we have 7(1) =1 = /1y(1) =1 = ;TEB
For
n=pi'ps?.. .pZ“pZ”_fll copr > 1
where a1, a9,...,a, < k+1and ayy1,ayt2,...,a, > k+1, we deduce the inequality
ay41tk ar+k r qu —+ p’?
i S v Y M | SR v H (J 5 I | =
j=u+1
1 ay, a (39 - a; k U(k) (n)
= G uP1 P2 P H (p;" +pj) = 78 (n)”
Jj=u+1
ay41+k ar+k
But, we have the equality pi'p5*...p5"p,of -..pr > = \/nyk(n). Therefore, we
obtain the inequality
o (n)

nyg(n) < T(T(n)’

for any n > 1. The left side of the inequality (22) should be treated separately, be-
cause for n = 4 the inequality is not true.

If n = p* # 4, then first show that

Vi k(p®) > T(p°).

For a > k + 1, we have p# > a + 1, which is true, because p%k >272 >a+1.
For a < k+1 and k > 1, we have p* > a + 1, which is true, because p® > 2% > a+1
for every a > 1. For a < k, we have p® > a+1 and inequality is true. We remark that
we need to check separately inequality (22) for natural numbers of type n = 4p®. If
we have k = 1 and a = 1, then implies the inequality 7(4p) = 6 < /4p - 2p = 2v/2p,
which is true, because p > 3. In the case k > 2 and a < k or a > k + 1, we obtain
7(4p®) = 3(a+ 1) < /4p® - dpF = 4p#. This inequality is true, because p > 3 and
accordance with the above.
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Using the fact that the arithmetic functions 7 and 5 are multiplicative, it follows

that
Vnyk(n) > 7(n) forany n > 1, n#4 and k > 1.
Thus, the proof is completed. (I

Acknowledgments. We thank the reviewers for suggestions leading to the im-
provement of the first version of this paper.
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