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A special type of BlL-algebra
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ABSTRACT. In this paper, we introduce a special case of BL-algebras. We study this structure
by stating and proving some theorems which give the relationship between this structure and
other algebraic structures. Finally we introduce a special filter and study it in detail.

2010 Mathematics Subject Classification. Primary 03B47; Secondary 03G25, 06D35, 06D99.
Key words and phrases. (special) BL-algebra, SBL-algebra, (Implicative, Positive
implicative, Fantastic, Obstinate, Boolean, Normal, Primary, Quasi primary) Filter, Godel
algebra, MV- algebra.

1. Introduction

BL-algebra is the algebraic structure for Héjek basic logic (BL-Logic) [8], arising
from the continuous triangular norms (¢f-norm), familiar in the framework of fuzzy
set theory. The language of propositional Hajek basic logic [8] contains the binary
connectives o, = and the constant 0.

Axiom of BL-logic are:

Al) (p=v)= (¥ =w)=(p=w)).
A2) (pot)) = o.
A3) (pot)) = (o).
Ad) (po(p=1)) = (Yo (¢=> so))
Aba) (p = (b= w)) = ((po w).
ABb) ((por)) = w) = (p = (w = W))
A6) (¢ = ¢) = w) = (L= ¢) = w) = w).
A7) 0 = w.

B L-algebras rise as Lindenbaum algebras from certain logical axioms in a similar
manner that Boolean algebras or MV -algebras do from Classical logic or Lukasiewicz
logic, respectively. MV -algebras are BL-algebras while the converse, in general, is
not true. Indeed, BL-algebras with involutory complement are MV -algebras.

Moreover, Boolean algebras are MV -algebras and MV -algebras with idempotent
product are Boolean algebras (for details, see e.g. [16]). Filter theory play an im-
portant role in studying these logical algebras. From logical point of view, various
filters correspond to various sets of provable formula. Hajek introduced the concepts
of filters and prime filters in BL-algebras. Using prime filters of BL-algebras, Hajek
proved the completeness of Basic Logic BL. Turunen studied some properties of the
prime filters of BL-algebras in [15]. Haveshki et al. in [9] continued the algebraic
analysis of BL-algebras and introduced (positive) implicative and fantastic filters of
BL-algebras. Borumand Saeid and Motamed defined the notions of normal filters
and obstinate filters in [1] and [2], respectively.
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In continuing our study in BL-algebra, we define an algebraic structure which is
weaker than BL-algebra and is a good step for better understanding this algebraic
structure.

The structure of the paper is as follows: In section 2, we recall some definitions
and facts about BL-algebras that we use in the sequel. In section 3, we introduce
special kind of BL-algebras and we investigate some of its properties. This part of
paper contains characterizations for dense elements of a special BL-algebra A* and
we prove that a BL-algebra A is special iff —a = 0, for ever 0 # a. In section 4, we
introduce special filter of BL-algebras and prove some theorems which determine the
relationship between these notion and another types of filters in B L-algebra.

2. Preliminaries

Definition 2.1. [8/ A BL-algebra (A,A,V,*,—,0,1) with four binary operations
A, V, %, — and two constants 0,1 such that:

(BL1) (A,A,V,0,1) is a bounded lattice,

(BL2) (A, *,1) is a commutative monoid,

(BL3) % and — form an adjoint pair i.e, ¢ < a — b if and only if ax c < b,

(BL4) aNb=ax(a—b),

(BL5) (a — b)V (b—a) =1, for all a,b,c € A.

A BL-algebra is A called a Godel algebra if axa = a, for all a € A. A BL- algebra
A is called an MV-algebra if —=(—x) = x or equivalently (x - y) —y = (y — x) — =z,
for all z,y € A, where -z =x — 0.

Lemma 2.1. [9] In each BL-algebra A, the following relations hold for all x,y,z € A:
(1) zx(z —y) <y,

(2) z < (y — (z*y)),

(3)z<y iff t-y=1,
(4)x—(y—2)=y—(v—2),
(5)Ifx<y,theny—z<x—zandz—x<z—y,
(6)y<(y—z)—az,
(Ny—z<(z—y) —(z— ),
(8)z—y<(y—2)—(x—2),
(9)zVy=I[x—y) =y lly—z)—a,

(10) x <y implies x x z < y * z,

(1)1 —z=z,z—-z=1,c<y—zx,z—1=1,
(12) x -z =0,

(13) xxy =0 iff x < -y and x <y implies -y < —x,
(14) xVy =1 implieszxy =x Ay,

(15) (& = y) = (z — 2) = (£ A y) — %

(16) (z —y) —»y) my=x =y,

(17) 5=y < (w52) — (y+2),

(18) xx (y — 2) <y — (T *2),

(19) (y = 2)* (z — 9) < (z — 2),

(20) x < ——x, 71=0,-0=1, -~ =2, <o —z
(21) ~ (a4 ) = - %,

(22) x = ~—x * (—x — x),

(23) if ~—x < ——x — x, then -—x = x,

(24) x — ~y=y— -~ =--x—-y=(r*y),

(25) xvy =[x —y) =y Ay —z) — ]
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Definition 2.2. [7] In each BL-algebra A, the order of an element © € A, denoted
by ord(z), is n(ord(x) = n), if there exist a smallest positive integer n such that
" =zx---xx =0 and is co(ord(z) = ), if no such n exist ™ = 0.

Definition 2.3. [8] A filter of a BL-algebra A is a nonempty subset F of A such
that for all a,b € A, we have:

(1) a,b € F implies axb € F,

(2) a € F and a <b imply that b € F.

Definition 2.4. [17] A proper filter M of a BL-algebra A is called mazimal (or
ultrafilter) if it is not properly contained in any other proper filter of A.

Definition 2.5. [7] Let A be a BL-algebra and F be a filter of A. F is called a prime
filter if vV y € F impliesx € F ory € F.

Theorem 2.1. [7] Let A be a BL-algebra and F be a filter of A. F is a prime filter
iffc ~yeFory—xel, foralz,ye A

For any BL- algebra A, The reduct L(A) = (A, A, V,0,1) is a bounded distributive
lattice. For any BL-algebra A, B(A) denotes the Boolean algebra of all complemented
elements in L(A) (hence B(A) = B(L(A4))).

An element a of A is said to be dense iff ~a = 0. We denote by D;(A) the set of
the dense elements of A [13].

We define dense elements of a filter F' of A by Dy(F) ={x € F: -z =0} [12].

Definition 2.6. [12] The intersection of all mazximal filter of a BL-algebra A is called
the radical of A and it is denoted by Rad(A) and Rad(A) = {a € A : =(a™) < a, for
any n € N*}.

Theorem 2.2. [8] Let F be a filter of a BL-algebra A. Define:
c=rpy iff t—yeF and y—z € F.

Then =F is a congruence relation on A and congruence classes is denoted by [z] or
The set of all congruence classes is denoted by A/F, i.e., A/F := {[z]|lx € A},
where [z] = {y € Alz =F y}.
Define o, —, 1, on A/F, as follows:

[z] o [y] = [z *y],
(2] = [y] = [z — y],
[Z] Myl = [z Ay,
[z] U [yl = [z V yl,

Therefore (A/F,N,U, e, —,[1],[0]) is a BL-algebra which is called quotient BL-algebra
with respect to F'.

Definition 2.7. ([1],/2],[9],[15]) A nonempty subset F' of A is called:

e A Boolean filter of A if F is a filter of A and xV (—x) € F,

o An implicative filter of Aif 1l € F andx — (y — z) € F andx — y € F imply
that x — z € F,

o A positive implicative filter of Aif 1€ F andz — (y — 2) > y) € F andxz € F
mmply y € F,

o A fantastic filter of A if 1 € F and 2z — (y — x) € F and z € F imply
(z—y)—y) —zeF,

o A normal filter of A if F is a filter of A and z — ((y > ) » x) € F and z € F
imply that (x - y) -y € F,
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o An obstinate filter of A if F is a filter of A and x,y & F imply x — y € F and
y—x€F,
forall x,y,z € A.

Definition 2.8. [13] A proper filter F' of a BL-algebra A is called:
(I) primary iff, for all a,b € A, =(a*b) € F implies that there exists n € N* such

that —a™ € F or =b™ € F.
(II) quasi-primary iff, for all a,b € A, —~(a xb) € F implies that there exist u € A

and n € N* such that uV —u € B(A),~(a" *xu) € F and —(b" x —u) € F.

Definition 2.9. [13] (I) A residuated lattice A is simple iff ord(a) < oo, for every

1#a€A.
(II) A residuated is said to be local iff it has exactly one mazimal filter.

3. Special BL-algebra
from now on (A, A,V,*,—,0,1) is a BL-algebra unless otherwise specified.

Definition 3.1. A BL-algebra A is called special if it satisfies the following condition:
(A7) for all0# a,b e A,=(a — b) = (b — a).
Denoting a special BL-algebra A by A*.

By the following example we show the relationship between special B L-algebra and
other algebraic structures.

Example 3.1. (a) Let A ={0,a,b,c,1}. Define on A the following operations:

x| 0| a| b| c| 1
0(0j0]0O|0]|O
a|0|lal|lc|c|a
b|O0|c|b|lcl|b
c|O0|c|lclc]|ec
1{0|a|b|c|1
— |1 0| a| b| c| 1
0 1|11 1]1
a |01 ]b|b]|1
b Ola|l|all
c |01 ]1]1]|1
1 O|lal|b|lc]|l

We have =(a — b) = =(b — a), for all 0 # a,b € A, then A is a special BL-algebra.
(b) Let A={0,a,b,c,d,1}. Define on A the following operations:

— | 1| a| b| c| d| O
1 llal|lb|lc|d|O
a 1| 1]al|c|c]|d
b 1|1 |1]c|c]|ec
c 1|a|b|1|a]|b
d 1|1 |al|l]|1]a
0 11 ]1]11]1
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It is clear that A is a BL-algebra. The condition ~(x — y) = —(y — x), for all
0 # z,y € A dose not hold, since d = =(a — b) # —(b — a) = 0, hence A is not a
special BL-algebra.

(¢) Let A={0,a,b,1}. Define on A the following operations:

— | 0| a| b| 1
0 1111
a |01 ]1]1
b |0 |b|1]1
1 0|lal|b]|1l
x| 1] al|l b| c
0(0]0]0]O0
a|0|a|ala
b|O0O|a|alb
110|al|b]|1

We can see that A is special BL-algebra, but A is not a Godel algebra, since b*> = a #
b.

Proposition 3.1. For a BL-algebra A the following conditions are equivalent:

(i) A is a special BL-algebra,

(i) ma =0, for any 0 # a € A.

Proof. (i) = (ii) Let A be a special BL-algebra. Then we have =(a — b) = —=(b — a),
for all 0 # a,b € A. Consider b = 1, therefore we have =(a — 1) = =(1 — a) for all
0# a € A. It is clear that —a =0, for all 0 # a € A.

(73) = (i) Let ma = 0, for every 0 # a € A. Then there exist 0 # ¢,d € A such that
—(a —b)=-c=0and ~(b —a) =-d=0, for all 0 # a,b € A, sinceif a — b =0,
we conclude that a xb < b < a — b =0, thus a — —-b = 1, then a < -b = 0,
therefore @ = 0, which is a contradiction. Hence —~(a — b) = —(b — a) = 0, for every
0+#a,be A O
Remark 3.1. In every special BL-algebra we can see F' is a filter of A* iff is a filter
of A.

Remark 3.2. If A is a non trivial MV -algebra, then ——a = a, for all a € A. Hence
Dy(A) = {1}. Therefore ma # 0, for all 1 # a € A, then A is not a special BL-
algebra. If A is special BL-algebra, then ——a =1, for all 0 # a € A. Therefore A is

not an MV -algebra.
Corollary 3.1. Let A be a BL-algebra. Then A/Dg(A) is not a special BL-algebra.

Proof. We show that A/D,(A) is an MV-algebra, suppose that A/Ds(A) is not an
MV -algebra, then there exists © € A such that ——(x/Ds(4)) # z/Ds(A). We
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have /D4 (A) < ——(xz/Ds(A)). Hence ——(x/Ds(A)) £ x/Ds(A), implies that
—=(x/Ds(A)) — x/Ds(A) # 1/Ds(A), implies =~z — = & D4(A). Therefore we
conclude that —(——z — z) # 0. Which is a contradiction. Since A is a BL-algebra,
then (A/D;(A)) is an MV-algebra. Then (A/D;(A)) is not special BL-algebra. O

Remark 3.3. Let A be a special BL-algebra. Then we have A/F is a special BL-
algebra, for all filter F' of A. Therefore A/D4(A) is special BL-algebra.

Proposition 3.2. In any special BL-algebra A*, the following properties hold:

(1) ==(=—a — a) =1, for all a € A*,

(2) axb#£0, for all 0 # a,b € A* such that a # —b and b # —a,

(8) The unique mazimal filter of A* is D(A*) = {a € A* : ord(a) = oo}, so
D(A®) = Rad(4") = A"\ {0},

(4) Ds(F) = Ds(A*)NF = A*\{0} N F = F, for all filter F of A*,

(5) A*/Rad(F) and A*/Ds(A*) and A*/Rad(A*) are MV -algebra, for all filter F

of A*.
Proof. (1) We have a < ——a, for all a € A*, then

((j[, — —|—\a,) = 1 —t —\(a, — —\—\a) = O
— —\(—\—\a — a) =0
— —\—|(—|—|a — a) = ]_

(2),(3) and (4) are clear.
(5) By Proposition 3.7 [13] and (3) we have A*/D;(A*), A*/Rad(A*) and A*/Rad(F)
are MV -algebra for all filter F' of A* O

In the following we show that the converse of above proposition is not correct.

Example 3.2. (a) Let A = {0,a,b,1}, where 0 < a < b < 1. Define on A the
following operation:

x| 0] a| b| 1
0[(0]0]0]|O0
a|0]|0]|ala
b10|al|b|b
1]10(a]|b]|1
-] 0| a| b| 1
0 1111
a a| 1l |11
b |0 |a|l]1
1 Ola|b]|1

Then A is a BL-algebra. It is clear that =—(——a — a) =1, for all a € A. But it is
not a special BL-algebra, since a = =(b — a) # —(a — b) =0.

(b) Consider above BL-algebra, we can see that the unique mazximal filter of A is
{1,b} = D(A) = {a € A: ord(a) = oo} but it is not a special BL-algebra.

(¢) Let A={0,a,b,1}. Define on A the following operations:
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x| 0] a| b| 1
0/010101]0O0
al0|0]|0]a
b0 |0|al|b
1]10a]|b]|1
-] 0| a| b| 1
0O |11 |11
a | b|1|1]1
b al|b |11
1 |0|a]|b]|1

It is clear that for all filter of A, Ds(F) = F, but it is not a special BL-algebra.

(d) Let A =1{0,a,b,c,d,1}. Define on A the following operations:

x| 0] al|l b| c| d| 1
0Oo/0l0]0]O0O]O0O]|O
al0]0]al0]0]a
bl 0|a|b|0|al|b
c|0|10]0]c|c|ec
d|0|0]lalc|c|d
1|0|a|b|lc|d]|1l
— |1 0| al| b| c| d| 1
0 11 ]1]11]1
a |d|1|1|d]1]1
b c|ldl|1l]|c|d]|1l
c |b|b|b|1|1]1
d|al|b|b|ld]1]1
1 Ola|b|lc|d]|1l

It is clear that A/Rad(F) and A/Ds(F) and A/Rad(A) are MV -algebra, for all filter
F of A but it is not a special BL-algebra.
Theorem 3.1. In any BL-algebra A, the following conditions are equivalent:
(1) A is special BL-algebra,
(2) a — ——b=b— —a, for all0 £ a,b e A,
(3) ~—a — —=b = —~=b — —-a, for all a,b € A\ {0, 1},
(4) ord(a) = 0o and ord(—a) =1, for all0 #a € A,
Proof. (1)=(2) By Proposition 3.2 and Lemma 2.1, for all a,b € A*, we have
1= —\—|(—|—\b — b) S _|_\(((L — _|_|Cl,) — ((Z — b)),
S —|—|((a e —|—\b) — —|—\(a, — b))’
_\((Cl — ﬂ—\b) * —\(a, — b))7
(a — ﬁﬁb) — ﬁﬁ(a — b)
Hence (a — ——b) < =—(a — b).
Thus by Lemma 2.1. (6), (5) and (4) have
—|—\<a — b) S —|—|(a — —|—|b)’
= ~—((ax ),

=(a * —b),

= a — —|—\b
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Then we have =—(a — b) = (a — ——b).
Hence
a — —|—\b = —|—|(a — b)7
= —|—|(b — a)’
= b — 1.
(2)=(1) Let A be a BL-algebra and a — ——b = b — ——a, for all a,b € A. We
have
—\(a — b) = —|—\—\(a — b)7
= —\(—\—\a — —\ﬂb)’
= —|—|(CL * —|b)’
= —|(a — —\—|b),
= —|(b — —|—\a)7
= ﬁﬁ(b * ﬁa,)’
= —|(—|—\b — —\—|a,)7
= —(b—a).
Hence A is special BL-algebra.
(3)=(1) Let A be a BL-algebra and =—a — ——=b = —=b — ——a, for all 0 # a,b €
A. We have
ﬁ(a — b) = ﬁﬁﬁ(a - b)
= —|(—|—\a — —|—|b)
= —|(—|—\b — —\—\a)
= -(b—a).
Hence A is a special BL-algebra.
(1)=(3) In every BL-algebra A, we have -—(a — b) = =—a — ——b. Then:

——aq — b = _\_‘(G, — b)

~(b— a)

—|—\b — Q.

(1)=(4) It is clear.
(4)=() If ord(—a) = 1, for all 0 # a € A. Then we have —a = 0, for all 0 # a € A.
Hence by Proposition 3.1 we can conclude that A is a special BL-algebra. O

We recall that a SBL-algebra is a BL-algebra that satisfy x A -z = 0.

Proposition 3.3. (1) If A is a special BL-algebra, then A is a SBL-algebra.

(2) If A is a linear SBL-algebra, then A is a special BL-algebra.

In the following example we show that the converse of part (1) of above proposition
is not correct.

Example 3.3. Let A ={0,a,b,1}. Define on A the following operations:
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x| 0] a| | 1
0[0]0]0]|O0
a|0]|la|0]|a
b0 ]O0]|b]|b
1]10a]|b]|1
-] 0| a| b| 1
0 1111
a bl 1]b]1
b ala |11
1 Ola|b]|1

It is clear that A is a SBL-algebra, but it is not a special BL-algebra.
Proposition 3.4. A*/F is not MV -algebra, for all proper filter F' of A*.

Proof. Suppose that there exists a proper filter F' of A* such that A*/F is an MV-
algebra. By definition of an MV -algebra we get that %ﬁz = %, for all x € A*.

Therefore (——x — z) € F and (x — ——z) € F. Then z € F and 1 € F, for all
x € A*, since —a = 0, for all a € A*. Thus A* = F, which is a contradiction. O

Proposition 3.5. Let A be an MV -algebra. Then A/F is a special BL-algebra iff F
is a mazimal filter of A.

Proof. A/F is special BL-algebra iff ——a € F, for all 0 # a € A iff @ € F, for all
0#£a€ Aiff F=A\{0} =M. O

By the following example we study the relationship between special BL-algebra
and simple BL-algebra.

Example 3.4. Consider BL-algebra A = {0,a,b,1} in Exzample 3.2, part (c) it is
clear that A is simple but it is not a special BL-algebra.

Let A be a special BL-algebra. Then by Theorem 3.1, part (4) we have ord(a) = oo,

for all 0 # a € A. Hence A is not a simple BL-algebra.
Consider BL-algebra A = {0,a,b, ¢, 1} in Example 3.1 (a) it is clear that A is a special
BL-algebra but it is not a simple BL-algebra.

Proposition 3.6. Fvery special BL-algebra is a local BL-algebra.

Proof. Let A be a special BL-algebra. By Theorem 3.1, part (4) we have ord(a) = oo,
for all 0 # a € A, then A has exactly one maximal filter which is D(A) = {a € A :

ord(a) = co}. O

But by the following example we show that every local BL-algebra is not a special
BL-algebra.

Example 3.5. Let A ={0,a,b,¢,d,1}. Define on A the following operations:
al bl c| d| 1

*

=0T |O
olo|lololo|lolo
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— | 0| a| b| c|] d| 1
0 1 1111 1
a |01 |b|b|d]|l
b |0|lal|l|al|d]]1l
c |01 ]1]|]1|d]1
d |d|1]1|1|1]1
1 Ola|b|lc|d]1l

It is clear that A is a local BL-algebra but it is not a special BL-algebra.

4. Filter theory in A*

Theorem 4.1. Let F be a filter of A*. Then F is a positive implicative filter of A*
if and only if F' is a Boolean filter of A* if and only if F' is an obstinate filter of A*
if and only if F is a maximal filter of A* if and only if FF = A*\{0}.

Example 4.1. Let A ={0,a,b,c,1}. Define on A the following operations:

— |1 0|l al b| c| 1
0 1|11 1]1
a |01 ]1|1]1
b Ojlc|1|c|1
c |O0O|b|b]|1]|1
1 Ola|b|c|l
x| 0] a| b| c| 1
0(0jO0O]0O|O0O]|O
a|0|lalal|lala
b|O0|a|blalbd
c|O0|lal|lal]c]|ec
1/0]al|b|c|1

Then A is a special BL-algebra and F = {1,b} # A\{0} is an implicative filter of A*,
but it is not a maximal filter of A*.

Proposition 4.1. If F is mazimal (positive, implicative, obstinate, normal, fantas-
tic) filter of A*, then A*/F is a Boolean algebra.

Corollary 4.1. Any proper filter in special BL-algebra A is primary and quasi-
primary filter.

Proposition 4.2. Let A/P be a special BL-algebra. Then P is a primary filter of
A.

Proof. Assume that A/P is a special BL-algebra and —(z xy) = (y — —x) € P,
for some z,y € A. Then y/P — —2/P = (y — —x)/P = 1/P, so y/P < —z/P.
Assume that —(2™) ¢ P, for all n € N. Then —(z™)/P # 1/P, hence (z")/P #
0/P. Since A/P is a special BL-algebra —z/P = 0/P. Therefore also (y™)/P <
(mx)™/P = 0/P, for some m € N. Whence (y™)/P =1/P,ie. —(y™) € P. Thus P
is primary. O
Remark 4.1. Consider BL-algebra in Example 3.2 (a), it is clear that F' = {1,b} is
a primary filter, but A/F is not special BL-algebra because -—a =a & F.



18 N. MOHTASHAMNIA AND A. BORUMAND SAEID

In the following example we show the relationship between F and A/F.

Example 4.2. (a) Let A={0,a,b,c,1}. Define on A the following operations:

— | 1| 0| al| b| ¢
1 1|0|al|b]c
0 1|1 (1 |1]1
a 1|01 |1]1
b 1|10 c|1]c
c 1{0[b|b]|1
x| 11 0] al| b ¢
1|10 |al|bd]|ec
00|01 0]0]O0
ala|0]|a|ala
b1 b]0|al|bdb|a
clc|O0|la|ala

It is clear that A is a special BL-algebra. We get that F = {1} is a proper filter of
A* but it is not a prime filter because bV ¢ =1¢€ F but b,c ¢ F.

(b) Consider BL-algebra A = {0,a,b,1} in Ezample 8.2 part (a), it is clear that
F = {1,b}, is prime, primary, normal and mazimal, but A/F is not special BL-

algebra.

(¢) Consider BL-algebra A ={0,a,b,c,d, 1} in Example 3.2, part (d) it is clear that
F ={1,c,d}, is positive implicative and Boolean, but A/F is not special BL-algebra.
(d) Consider BL-algebra A = {0,a,b,c,d,1} in Ezample 3.2, part (b) it is clear that
F ={1,c}, is fantastic filter of A, but A/F is not a special BL-algebra.

Proposition 4.3. Let F' be a proper obstinate filter of A and —x ¢ F, for all 0 #
x € A. Then A/F is a special BL-algebra.

Proof. If —xz ¢ F, for all 0 # z € A and F' is an obstinate filter, we can get that
——x € F, then ~x/F = 0/F, hence A/F is a special BL-algebra. O

Definition 4.1. A proper filter F' of a BL-algebra A is called special filter iff —=(a —
b) = —(b— a), for all a,b € F.

Example 4.3. Consider BL-algebra A = {0,a,b,1} in Example 3.2 (a). It is clear
that ' = {1,b} is a special filter of A.

Proposition 4.4. F is a special filter of A iff Ds(F)={z € F: -2 =0} =F.

Proof. 1t is clear that Ds(F) C F. If a € F, then =(a — 1) = (1 — a), thus ma = 0.

Therefore a € Dg(F).
Conversely, if F = Ds(F), then —a = =b = 0, for all a,b € F. In the other hand

we have a < b — a, then =(b < a) = —a = 0. Hence ~(a — b) = =(b — a) = 0, for all
a,b € F. Therefore I is a special filter of A. O

Proposition 4.5. For all proper filter F of A, Ds(F) = F iff A is a special BL-
algebra.

Proof. If D4(F) = F, for all filter F' of A, hence A is a special BL-algebra.
Conversely, if A is a special BL-algebra, then we have —-a = 0, for all 0 # a € A.

Therefore Ds(A) = F, for all filter F' of A. O
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Proposition 4.6. Let F be a filter of A. Then F is special iff {[z] € A/F : ==[z] =
[} = {1}

Proof. Let F be a special filter of A, then by Proposition 4.4, we have F = D, (F)
and let [z] € A/F such that —=—[z] = [1]. Then we have [-—x] = =—[z] = [1]. Hence
-z € F, s0 x € Dy(F). By hypothesis we get that « € F, therefore [z] = [1]. Hence
{[a] € A/F : =[] = [1]} = {1}.

Conversely, let © € Dy(F). Then ——x € F, thus =—[z] = [-—z] = [1]. Hence
[z] € {[z] € A/F : ==[z] = [1]} = {1}. Thus by hypothesis [z] = [1]. So z € F.
Therefore Dy (F) C F. Let « € F by Lemma 2.1, we have < ——x. So ——z € F and
then z € Ds(F'). Therefore FF C D, (F') and we conclude that F' = D,(F'), hence F is
special filter of A. O

We determine the relationship between the special filter and the other types of
filters in BL-algebra.

Proposition 4.7. If F' is a mazximal filter of A, then F' is special filter.

Proof. Tt is clear that F' C D4(F) C A, since F' is a maximal filter of A we get that
F = D,(F). Therefore F is special. O

Corollary 4.2. If A be special BL-algebra, then Rad(A/Dgs(F)) = Rad(F)/F, for
all filter F' of A.

Proof. By Proposition 3.8 [12], we have Rad(A/Dg(F)) = Rad(F)/Dg(F), then we
conclude that Rad(A/Ds(F')) = Rad(F)/F. O

By the following example we show that F' be special filter of A, but A/F is not
special BL-algebra.

Example 4.4. Consider BL-algebra A = {0,a,b,1} in Example 3.2 part (a), it is
clear that F = {1,b}, is special filter, but A/F is not special BL-algebra.

In the following example we show that extension property dose not hold for special
filters.

Example 4.5. Consider BL-algebra A = {0,a,b,c,1} in Example 3.2, part (a). It
is clear that G = {1,b} and F = {1}, are filter such that F C G. Therefore F' can
not extended to G, since F is special but G is not a special filter.

5. Conclusion

In this paper, we introduced a special case of BL-algebras and named it A*. We
presented a characterization and many important properties of A*. Moreover, we
gave some example for A* and showed the relationship between special BL-algebra
and other algebraic structures. In addition we proved that the unique maximal fil-
ter of A* is D(A*). In any A* we had A*/Rad(A*), A*/Rad(F) and A*/Ds(A*)
are MV -algebra, for all filter F' of A* but A*/F is not MV-algebra, for all proper
filter ' of A*. Also we studied some types of filters in A* and proved some theo-
rems that determined relationship between this notion and other types of filters of A*.
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20 N. MOHTASHAMNIA AND A. BORUMAND SAEID

References

1. A. Borumand Saeid and S. Motamed, Normal filter in BL-algebra, World Applied Sci. J. 7
(Special Issue Appl. Math.) (2009), 70-76.

2. A. Borumand Saeid and S. Motamed, Obstinate filters in B L-algebras, submitted.

3. A. Borumand Saeid and S. Motamed, Some results in BL-algebras, Math. Logic Quarterly 55,
no. 6 (2009), 649-658.

4. D. Busneag and D. Piciu, BL-algebra of fractions relative to an A -closed system, Analele
Stiintifice ale Universitatis Ovidius Constanta, Seria Matematica XI, no. 1 (2009), 39-48.

5. D. Busneag and D. Piciu, On the lattice of a deductive systems of BL-algebra, Central Eur. J.
Math. 1 (2003), 221-238.

6. R. Cignoli, F. Esteva, L. Godo and A. Torrens, Basic fuzzy logic is the logic of continuous t-norm
and their residua, Soft Computing 4 (2000), 106-112.

7. A. Di Nola, G. Georgescu and A. Iorgulescu, Pseudo BL-algebra: Part I, Mult. Val. Logic 8, no.
5-6 (2002), 673-714.

8. P. Hajek, Metamathematics of Fuzzy Logic, Kluwer Academic Publishers, Dordrecht, 1998.

9. M. Haveshki, A. Borumand Saeid and E. Eslami, Some type of filter in BL-algebras, Soft com-
puting 10 (2006), 657-664.

10. A. Torgulescu, Classes of BC K-algebra-part 111, Preprint series of the Instituta of Mathematics
of the Romanian Academy, preprint no. 3/2004 (2004), 1-37.

11. M. Kondo and W. A. Dudck, Filter theory of BL-algebras, Soft Computing 12 (2007), 419-423.

12. S. Motamed, L. Torkzadeh, A. Borumand Saeid and N. Mohtashmania, Radical of filters in
BL-algebras, Math. Log. Quart. 57, no. 2 (2011), 166-179.

13. C. Muresan, Dense Elements and Classes of Residuated Lattices, Bull. Math. Soc. Sci. Math.
Roumanie Tome 53(101), no. 1 (2010), 11-24.

14. E. Turunen, BL-algebras of basic fuzzy logic, Mathware and soft computing 6 (1999), 49-61.

15. E. Turunen, Boolean deductive systems of BL-algebras, Arch Math. Logic 40 (2001), 467-473.

16. E. Turunen, Mathematics behind fuzzy logic, Physica-Verlag, (1999).

17. E. Turunen and S. Sessa, Local BL-algebra, International J. Multiple- Valued Logic 6 (2001),
229-249.

(N. Mohtashamnia and A. Borumand Saeid) DEPARTMENT OF MATHEMATICS, SHAHID BAHONAR
UNIVERSITY OF KERMAN, KERMAN, IRAN
E-mail address: nmohtashamniya@yahoo.com, arsham@mail.uk.ac.ir



