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On a general sequence of Durrmeyer operators

AsHA RAM GAIROLA AND GIRISH DOBHAL

ABSTRACT. In this paper we establish direct and inverse theorems in simultaneous approx-
imation using weighted Ditzian-Totik modulus of smoothness for a generalized sequence of
Bernstein-Durrmeyer polynomials. The particular case are Szész Durrmeyer and Baskakov
Durrmeyer operators.
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1. Introduction

With the aim of approximating Lebesgue integrable functions on [0, 1], Durrmeyer
[5] introduced an integral modification of the well known Bernstein polynomials and
were extensively studied by Derrienic [2]. Later in the year 1989 Heilmann [11] con-

sidered a general sequence of Durrmeyer operators defined on [0, 00) for n > ¢ and
x € [0,00) as

Vir(f, ) = / Ko (2, 6) ()t
0

where the kernel K, , is given by

(n - C) an,k(x) pn,k(t)ﬂ r=0,
k=0

Kn,r(xv t) = oo
(Tl - c)ﬁ(n, T, C) an—&-cr,k(-r) pn—w,k—&-r(ﬂ, r > 0.
k=0
(=2)* (k) T _nta
where r,n € R. pnr(x) = =0 (z) and B(n,r,c) = [] =25

The family of operators V,, .(f, ) is linear and positive. The special case ¢ = 1, and
r = 0 was considered very recently by Deo [3] wherein he studied the local asymp-
totic formula and an error estimation in simultaneous approximation for generalized
Durrmeyer operators, which were introduced by [11]. There was several misprints in
[3]. The authors in [7] corrected them and obtained local error estimates in simul-
taneous approximation by the operators V,,(f)(z). In this paper we extend the work
in [7] and obtain direct and inverse theorems in simultaneous approximation using
weighted Ditzian-Totik modulus of smoothness. In the end we mention some of the
particular cases of the main theorem.
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68 A.R. GAIROLA AND G. DOBHAL
2. Definitions and Notations

The K —functional ?2@* (f),t) and the corresponding Ditzian-Totik modulus of
smoothness wik (f) t)(cf. [4]) we shall use in our study are defined as:

Let f(s) € Cgl0, c0), the class of bounded and continuous functions on [0, 00), 0 <

A <1 p(x) = y/z(l + cx), then the Ditzian-Totik weighted modulus of smoothness
of second order is given by
—
Wi (F ) = sup sup AR FUO,

0<h<t z+2hp* (2) >0

where the second order forward difference of the function f(*) at a point z is given by

2 .
> (=127 () ) (2 + jh (@)
A2 D@ =14 i A
he () = if x,z+ 2he?(2) € [0, 0)
0, otherwise

and
Koo (f,82) = inf {|If) — gll + 2l g"[| + t*lg" |1}
geEW2 A

where the class Wy is given by {g : [[¢**¢"|| < 00,9’ € ACio(0,00)} and (z) =
v2(1 + cx) is an admissible weight function of Ditzian-Totik modulus of smoothness.
It is easy to see that ¢*(x) satisfies properties (I)-(III) p.8 [4]. Moreover, the following
equivalence is well known (p. 11, [4])

wi* (f(S)a t) ~ FZ,QO* (f(S)v tz)'

By N° we mean the set of non-negative integers and the constant M is not the same
at each occurrence. In the present chapter, we study the rate of convergence in simul-
taneous approximation for the operators V,, .(f, z) for functions in class Lg[0, 00).

3. Some Lemmas

The contents of this section are some auxiliary results and lemmas which will be
used in our main theorems.

Lemma 3.1. For the functions W, () given by

00 k m
Wm7n($> = Z (n Yor - .T) pn+cr7k(x)7

k=0
we have :
(a) Won(z)=1, Wln( )fx(nJrcrfl)
(b) (nJrcr)WmHn z) W, (@) + mW_1 n(2)}, wherem > 1,2 € [0, 00)

and *(z) = x(1 —|— cx)

(¢) Wamn(z) < Copon™ ™ (627 (x) +n7"), for allm € N°, where C,, is a constant
1

that depends on m and 6, (z) = ¢(x) + T

Proof. (a) and (b) follow from direct calculations and (c) follows in view of the relation

O ()P} s er () = (nfw — Z)Pnterk(x), the recurrence relation (b) together the
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equivalencies:

3

v

o(z) forx € (%,oo) =E¢

(o) L forx € [0, ﬂ =F

Following is a Lorentz type lemma :

Lemma 3.2. [10] There exist polynomials g; ; r(x) independent of n and k such that

ar . .
¢2T(‘T)an+cr,k(z) = ; (n+ er)i[k — (n+ er)al g j.p () poteri ().
i,5=0

Lemma 3.3. [1] Let 2 be monotone increasing on [0,c|. Then Q(t) = O(t), t — 0+,
if for some 0 < a < r and all h,t € [0, c|

Q(h) < M [t™ + (h/t)"Q(t)] .

Lemma 3.4. Suppose f is s times differentiable on [0,00) such that fG&=1(t) =
O(t®), for some a >0 ast — oo. Then for any r,s € R and n > a + cs, we have

DSVn,r(f, J}) = Vn,r+s(Dsf7 Z‘)

We make use of the Lemma 3.4 to define the operators V,, , s(f,z) as follows
Vn,r,s(f) 1‘) = Vn,7‘+s(f7 .13) = /Kn,r+s(t)f(t) dt.
0

Obviously, Vn(sy? (fx) =V ,rs(f (), z) and Vi.r,s are linear positive operators.

Lemma 3.5. For m € N°, if we define the m—th order moment for the operators
Vs 0y Tnm(2) = Virs ((E—2)™, )

then
n—c)B(n,r+s,c) . _ (n=c)B(n,r+s,c)(r+s+1)(14+2cx) ,
Tho(x) = %, Tpa(x) = ( {n—)c((r+s+1)}?gn—c(rl(s-l-Q)} )+ and there holds the

recurrence relation
(n —(m+r+s+ 2)C)Tn’m+1(l‘) +n(l —x)T) m(z)

— ((m +r+s+ 1)1+ 2cx))Tn,m(x) + 2m¢2(z)Tn7m_1(x) + cpz(a:)T,'L’m(x).

Proof. The values of T, o(x) and T, 1(x) follow from straight forward calculations.
Writing a, ;15 = (n—c)B(n, r+s, ¢) and using the relation ©*(z)p}, , ., (x) = (£

n—+cr
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x)pnﬂnk(w), we obtain
(@) (Taan (@) + M Tyms

9]
= Oy, ,r+s Z (P pn+cr k / Prn— c(rJrs k+7’+s (t) (t - x)ma dt
0

2

= On,rts Z Pn4cr, k 90 pn—c(r+s),k+r+s (t) (t - x)mv dt

+(n = (r+5)c)Thmi1(z )+(n—r—s—(n+20(r+s)) )T (2)

_Qnr+szpn+crk /{(p + (1 + 2cx)(t — x) + c(t — 2)? }><
k=0

XPn—c(r+s),k+r+s (t) (t - 37) 7dt
+(n—=(r+95)e)Thmi1(x)+ (n—r—s— (n+2c(r +))z)Tnm(x)

Now, integration by parts and rearrangements of the terms gives the recurrence rela-
tion. O

Corollary 3.1. From Lemma 3.5, and in view of oy rys = O(1), it follows that

Tolz) = O rts 2(n —c)p?(x) + (r+s+1)(r+s+2)(1 + 2cx)?
m2\F) = n—c(r+s+1) {n—clr+s+)}Hn—clr+s+1)}

This gives Ty, 2(z) < C62(z), where 6,(x) = p(z) + ﬁ

Our next result is a Bernstein type lemma which we shall use in inverse theorem.

Lemma 3.6. If f € Lp[0,00), fU=Y € ACi,.(0,00) and | € N then, there hold the
inequality:

Vo) < Mo~ (@) [ O

n,r,s

where M = M(l) is a constant that depends on r but is independent of f and n.

() v
Proof. By the assumption we can write f(t) = Z ! (x)(t 2" + Ry(f,t;2), where

t
Ri(f,t;x) = ﬁf(t — w)!= f) (u) du. Since, from Lemma 3.5 it follows that

Vs ((t — 2)”,x) are polynomials in & of degree v so that V,gfr),s((t —z)¥,z) =0
for v < r, it is sufficient to consider Vn(,lz,s (Rl(f, t;x), a:)



ON A GENERAL SEQUENCE OF DURRMEYER OPERATORS 71

. oM £ ()
Making use of f (t— ul 1f(l)( ) du| < <l lmH;'zo/zf I ((1+c317)>\l/2 + (1_‘_61)”/2) we get,
V) (f,2)]
AL £(s) oo ) )
< Mamrﬂ Z Z(n+cr)l|k—(n—|—cr)x|1 X
(-1 vt
0,0
9:54(2) /°° t—af
X %ncrs n—c(r+s rst dt
22(z) Prte(r+s),k (@) J Pr—c(r+s)k+r+s( )SDM( ) +
T -zl 1
+ /pn—C(T+S)7k+T+S(t) 2A/2 (1_|_Ct)>\l/2 dt
0
= I + I say.
We write M = sup ||g;;(z)| and make use of Holder’s inequalities for integration
and summation, the value Ofpn,c(rﬂ),kﬂﬂ(t) = m and Lemma 3.1, Lemma
3.5 to obtain following estimates
MIAOL (ke :
1 < n,r+s ( - ) n+c(r+s X
1 (l* 1) ¢2l+2)\( ) Qp ot 2+Z<l Z n+cr x P+ (r+ )’k(‘r)
’Ll.j])[) k=0
(n+ cr)'*d 7 5
—F———————— | QAn,r+s n t— LL‘ n—c(r+s s t)dt
ntok-1) + ];)p +c(r+s), k(T / p c(r+s),k+r+ (t)
A £(1l 1
HSDfH 1 i —i+152) 2 /241
< M n—i—cr’(n”énjx)n/énx
0 T 2, (@) ()
i,5>0
< Mo M (a)|e

where we have used the equivalence 6§, (z) ~ ﬁ for x € E,, and for « € ES, d,(x) ~

¢(x). Now it follows by direct calculations that [ p,_c(rts) ktris(t)(1+ ct)~"Mdt <
0

M (1 + cx)~!*. Therefore, we get

Nl - i |qul( )|
I, < ¢ oz Cnorts Z Z n+cr)i|k — (n+ er)zld 22 X
z 2i45<l k=0 90 (33)
i,5>0

%)
X pn+(' (r+s), /pn—c(r—&-s),k—i-r—i-s(t”t - 1'|l(]- + Ct)_l)\/z dt
0
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M O ,
s M 20(z) z>\|/‘2 On,rts Z Z n+er |k (n + cr)zl ppye(rts)k () X
¥ .73 2i45<l k=0
i,5>0
x (/p”C(T+S)7k+T+S (t> (t - x)Ql dt) </pnc(r+s)yk+r+s (t)(l + Ct)_l/\ dt)
0 0
1
H@Alf l)” © k. 2]' 2
< wztlel e 3 (£ (s -
< Mgy Ve 2 (e 2 (G ) it
1,720

" )
X (an r+s an—i-c (r+s), / t - LE pn c(r+s), k+r+s( ) dt)

k=0 5
< MM
Lemma 3.7. If f € Lg[0,00) and r € N then, there hold the inequalities :
ViR (f,0)] < Mn'26) ()0 ()| £]],
where M = M (r) is a constant that depends on r but is independent of f and n.

The proof of is similar to Lemma 3.6. O
4. Main Results

In this section we establish the direct and inverse theorems in simultaneous ap-
proximation by the operators V,, (f, ).

Theorem 4.1. If f € Lg[0,00), f&Y € AC15(0,00), 0 < A< 1,0 < o < 2 and

= \/x(1 + cx) then, we have
s s s N S
|v$2< )= fO@)] < M (fO 0725 @)
w(f(s) (n—c)f(n,r+s,c)(r+s+ 1)1+ 261’))
{n—clr+s+H)H{n—clr+s+2)}
Proof. Let us take g, o » = g € W ) such that

179 =gl + (28720) 11 < R (19, (7207 @) ) )

We introduce the auxiliary operators {A/nms defined by

+

- 1
Vnirs(F,2) = 5 [Vaurs (f,2) = FO @+ 2) + /@) @)
where z = V,, . s(t —z,z) = ("{;C)f((f_ﬁfl’)c}?‘({:rj,.lj_(sl:;)c}x), Cryr = Vars(liz) = (n—

c)B(n,r+s,¢)/{n—c(r+s+1)} and z € [0,00). The operators ?nms are linear and
preserve the linear functions. Further, Vn rs(l,z) =1, Vn rs(t—a,2) =0 and from
2 it follows that |Vnms(f3 —g,2)] < M||f* — g||. Therefore,

VS (f, ) — fO (@)
= Cn,r |:‘7n,r,s(fs -9, SU) + {g(l‘) - fs(‘r)}

+ ffnms(g,x) —g(x)} + (Cn,r _ 1)f( ( )+ f 9)(3j + Z) f(s)(x)
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Hence, in view of the limit C), , — 1 as n — oo, we get
VO (fow) = @) < M(A1F) = gl + Vor(:2) — 9(@)] + (£, 2)).

Using the smoothness of g, and in view of ‘A/nms(t —z,z) =0, we get

Ttz

+‘ /(:E+z—u)g"(u)du.

x

|‘7n,r,s(g7x) —g($)| < M

Vn,r,s (RQ(Q, t7 117)

¢
where Ry(g,t,2) = [(t — u)g” (u)du. Now following holds (see [4] p. 141.)

x

[t — x| 1 1
R t <
‘ 2(9, ,l‘)| iL'/\ (1 + Cx))\ + (1 + Ct))‘

t

/ 6w g () |

xT

1 1
2 11 2
< lemglite=2) <xk(1+cx)k+xk(1+ct)k>'

Also it can be verified (cf. [6])that V;, pys((14ct) ™™, 2) < C(1+cx) ™ and V,, 5 ((¢—
z)tz) < C(n_%é}z_)‘(x))z. Therefore, we get

ll**¢"” |l 2 lle**g” |l ”II (t —x)?
Vars(Rag, t )| < () nrs((t—x) x) I (W x)
lo**g” |l )
< ) Vs ((t — ), 2)
2N\ 1
+ HSOxA ||( nrs((t7x)47x))1/2(vn7r75((1+Ct)72)\,$)1/2
< Mg (n25LM a)) .

Since, z < C(n_%é}l_’\(m‘))Z for all values of z, therefore we obtain

Ttz

‘ / (@ + 2 —u)g" (wdu| < (n~ 3522 (@)) 1"

Collecting these estimates, we get
[Vars (9:2) = 9(2)] < Mlle®g"[|(n= 26,7 (@))" + (n” 26} ())
Therefore, we have
Vs (fo) = £ (@)
< M (I = gll+ ™"l (n 58,7 (@) + (88,7 @) 9"
+ W(f(s), z)

This in view of equivalence of Ky ,x(f,¢*) and wik (f,t) gives

V() = [O@] < MEgo (£, (020 (@)") +w(/@,2)
< M2 (f, (072007 @) +w (9, 2).
This completes the proof of the theorem. O

4

gl
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Corollary 4.1. Now, using Lemma 2.3 [14], it follows that wiA (f.t) =0(t*),0 < a2
implies that w(f(s),t) = O(to‘u*)‘)) foro<l-XA< % Therefore, wiA (f, t) =0O(t%)
implies |Vi3) (f, @) — f©) ()] = O(1°).

Theorem 4.2 (Inverse). Let f € Lp[0,00), 0 < A < 1,0 < a < 2 and p(z) =
V&(l+ cx). Then, there holds the implication:

Ve (f.2) = @) = 0 (3012 @) " = wBalfin) =0 ()",
Proof. We have
’Ziw(x)f(s)(l’)‘
< B2 (FO@) = V(12 | +] B3 s ) Ve (7))
hot (@) hot ()

2 2
/ / Vri/,r(f(S) —g,x—i—u—i—v)dudv

_heX @) _ het (=)
2 2

h«P ( ) hkp ( )
/ / Vil (g, + u+ v)dudv|.
hwz hso*(z)

Using Lemma 3.6, and Lemma 3.7, we obtain
(e
WEA(LR) < M (TR0 TM@)) (e (@) X

_ _(1— 2 p(s _
x (07 (125, V@) I gl + 0P )

2
M (n*%(s};A(g;))Jr (77,5(52_)‘@)) x

(179 = gl + (n4572@) 11

2
< M (Tf%(s,lf)‘(m))a + (M) wi; (f, n7%5i7A(x)).

Using Lemma 3.3 this implies w2, (f,t) = O(t?). O

/N

X

Remark 4.1. Analogous to Theorem 1, [6] we can obtain the corresponding theorem
for the range 0 < o < 1 while for s = 0 from Theorem 4.1 and Theorem 4.2 we obtain
following theorem for the range 0 < o < 2:

Theorem 4.3. Let f € Lp[0,00),p(z) = Va(l+cx),0 <A< 1and 0 < o < 2.
Then, there holds the implication (z) <:) (m) m the followmg statements:
(Z) ‘Vnr fa |_ ( _1/25711_A(x))0‘

(i) W (F,1) = < ).

Remark 4.2. We obtain following operators as the special cases of these operators:
For ¢ = 0,7 =0 and ¢,(x) = e ™, we get the Szdsz-Mirakyan-Durrmeyer operators
(see [8], [9], [13]).

Forc=1,r =0 and ¢,(x) = e ™, we obtain the Baskakov-Durrmeyer operators
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(see [15]).

For ¢ =0, and ¢, (x) = e~ ™, we get the Szdsz-Durrmeyer operators (see [13]).
Forc>1,r =0 and ¢,(z) = (14 cx)~"™/¢, we obtain general Baskakov-Durrmeyer
operators (see [11]).

Forc=—1,7r=0 and ¢p(z) = (1 — )", we obtain Bernstein-Durrmeyer operators
(see [5], [12]).
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