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On R-I-open sets and Aj-sets in ideal topological spaces
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ABSTRACT. In this paper, properties of R-I-open sets and Aj-sets in ideal topological spaces
are discussed. The relationships between R-I-open sets, A7}-sets and the related sets in ideal
topological spaces are investigated. Moreover, decompositions of .A7-continuous functions are
established.
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1. Introduction

The notions of R-I-open sets and A}-sets in ideal topological spaces are introduced
by [11] and [5], respectively. In [11], the notion of J-I-open sets via R-I-open sets was
studied. In [5], decompositions of continuity via A}-sets in ideal topological spaces
have been established. The aim of this paper is to investigate properties of R-I-open
sets and Aj-sets in ideal topological spaces. The relationships between R-I-open
sets, Aj-sets and the related sets in ideal topological spaces are discussed. Also,
decompositions of Aj-continuous functions are provided.

In this paper, (X, 7) or (Y, o) denote a topological space with no separation prop-
erties assumed. CI(K) and Int(K) denote the closure and interior of K in (X, 7),
respectively for a subset K of a topological space (X, 7). An ideal I on a topological
space (X, 7) is a nonempty collection of subsets of X which satisfies

(1) Veland U CV implies U € I,
(2) VelandU €I implies VUU € I [10].

Also, (X, 7,1) is called an ideal topological space or simply an ideal space if I is
an ideal on (X, 7). For a topological space (X, 7) with an ideal I on X and if P(X)
is the set of all subsets of X, a set operator (.)* : P(X) — P(X), said to be a local
function [10] of N C X with respect to 7 and I is defined as follows:

N*(I,7)={z e X : KNN ¢ [ forevery K € 7(z)} where 7(z) ={K € 7: z € K}.

A Kuratowski closure operator Cl*(.) for a topology 7*(I,7), said to be the *-
topology, finer than 7, is defined by CI*(N) = NUN*(I,7) [9]. We simply write N*
for N*(I,7) and 7* for 7*(I, 7).

Definition 1.1. A subset K of an ideal topological space (X, T,1I) is said to be
(1) x-dense [2] if CI*(K) = X.
(2) R-I-open [11] if K = Int(Cl*(K)).
(8) R-I-closed [11] if its complement is R-I-open.

Lemma 1.1. ([8]) Let K be a subset of an ideal topological space (X, 7,I). If N is
an open set, then NNCI*(K) C CI*(NNK).
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Definition 1.2. ([3, 4]) A subset K of an ideal topological space (X, 7,I) is said to
be

(1) semi*-I-open if K C Cl(Int*(K)).

(2) semi*-I-closed if its complement is semi*-I-open.

2. Properties of R-I-open sets and Aj-sets

Theorem 2.1. For an ideal topological space (X, 7,I) and a subset K of X, the
following properties are equivalent:

(1) K is an R-I-closed set,

(2) K is semi*-I-open and closed.

Proof. (1) = (2) : Let K be an R-I-closed set in X. Then we have K = Cl(Int*(K)).
It follows that K is semi*-I-open and closed.

(2) = (1) : Suppose that K is a semi*-I-open set and a closed set in X. It follows
that K C Cl(Int*(K)). Since K is closed, then we have

Cl(Int*(K)) C Cl(K) = K C Cl(Int*(K)).
Thus, K = Cl(Int*(K)) and hence K is R-I-closed. O

Theorem 2.2. For an ideal topological space (X, 7,T) and a subset K of X, K is an
R-I-open set if and only if K is semi*-I-closed and open.

Proof. 1t follows from Theorem 4. O

Theorem 2.3. ([4]) A subset K of an ideal topological space (X, T,I) is semi*-I-open
if and only if there exists N € 7* such that N C K C CI(N).

Theorem 2.4. For an ideal topological space (X, 7,1) and a subset K of X, the
following properties are equivalent:

(1) K is an R-I-closed set,

(2) There exists a x-open set L such that K = CI(L).

Proof. (2) = (1) : Suppose that there exists a x-open set L such that K = CI(L).
Since L = Int*(L), then we have CI(L) = Cl(Int*(L)). It follows that

Cl(Int*(CI(L))) = Cl(Int*(Cl(Int*(L))))
= Cl(Int*(L)) = CU(L).

This implies
K = CI(L) = Cl(Int*(CI(L)))
= Cl(Int*(K)).
Thus, K = Cl(Int*(K)) and hence K is an R-I-closed set in X.

(1) = (2) : Suppose that K is an R-I-closed set in X. We have K = Cl(Int*(K)).
We take L = Int*(K). It follows that L is a x-open set and K = CI(L). O

Theorem 2.5. For an ideal topological space (X,7,I) and a subset K of X, K is
semi*-I-open if K = LN M where L is an R-I-closed set and Int(M) is a x-dense
set.

Proof. Suppose that K = L N M where L is an R-I-closed set and Int(M) is a x-
dense set. By Teorem 7, there exists a %x-open set N such that L = CI(N). We
take O = N N Int(M). It follows that O is x-open and O C K. Moreover, we have
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Cl(O) = CI(N N Int(M)) and CI(N N Int(M)) C CI(N). Since Int(M) is *-dense,
then we have

N = NN ClI(Int(M)) € CI*(N N Int(M))

C CI(N N Int(M)).

It follows that CI(N) C CI(N N Int(M)). Furthermore, we have

CI(O) = CI(N N Int(M))
C CU(N) = L ¢ CI(N N Int(M))
= Cl1(0).

Thus, O C K C L = CI(O). Hence, by Theorem 6, K is a semi*-IT-open set in X. O

Definition 2.1. ([4]) The semi*-I-closure of a subset K of an ideal topological space
(X,7,I), denoted by s3CIU(K), is defined by the intersection of all semi*-I-closed sets
of X containing K.

Theorem 2.6. ([4]) For a subset K of an ideal topological space (X, 7,1I), siCI(K) =
K U Int(Cl*(K)).

Definition 2.2. Let (X, 7,1I) be an ideal topological space and K C X. K is called

(1) generalized semi*-I-closed (gsi-closed) in (X, 7,I) if sCI(K) C O whenever
K C O and O is an open set in (X, 7,1).

(2) generalized semi*-I-open (gsi-open) in (X,7,I) if X\K is a gsi-closed set in
(X,7,1I).

Theorem 2.7. For a subset M of an ideal topological space (X, 1,1), M is gs}-open
if and only if T C s3Int(M) whenever T C M and T is a closed set in (X,7,I),
where sTInt(M) = M N Cl(Int*(M)).

Proof. (=) : Suppose that M is a gsj-open set in X. Let T C M and T be a
closed set in (X, 7,I). It follows that X\M is a gs}-closed set and X\M C X\T
where X\T' is an open set. Since X\M is gsj-closed, then s;CI(X\M) C X\T,
where sTCU(X\M) = (X\M) U Int(ClI*(X\M)). Since (X\M) U Int(Cl*(X\M)) =
(X\M)UX\Cl(Int*(M)) = X\(MNCI(Int*(M))), then (X\M)UInt(Cl*(X\M)) =
X\(M N Cl(Int*(M))) = X\siInt(M). It follows that sTCI(X\M) = X\sjInt(M).
Thus, T C X\s7CU(X\M) = sjInt(M) and hence T C sjInt(M).

(<) : The converse is similar. O

Theorem 2.8. Let (X, 7,1) be an ideal topological space and N C X. The following
properties are equivalent:

(1) N is an R-I-open set,

(2) N is open and gs;-closed.

Proof. (1) = (2) : Let N be an R-I-open set in X. Then we have N = Int(CI*(N)).
It follows that N is open and semi*-I-closed in X. Thus, sjCI(N) C K whenever
N C K and K is an open set in (X, 7,I). Hence, N is a gs}-closed set in X.

(2) = (1) : Let N be open and gsj-closed in X. We have N C Int(Cl*(N)).
Since N is gs}-closed and open, then we have sjCI(N) C N. Since sjCI(N) =
N U Int(CI*(N)), then siCI(N) = N U Int(CI*(N)) C N. Thus, Int(Cl*(N)) C N
and N C Int(Cl*(N)). Hence, N = Int(Cl*(N)) and N is an R-I-open set in X. [

Definition 2.3. A subset K of an ideal topological space (X, 7,1I) is said to be

(1) an Aj-set [5] if K = LN M, where L is an open set and M = Cl(Int*(M)).

(2) a locally closed set [1] if K = LN M where L is an open set and M is a closed
set in X.
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Remark 2.1. Let (X, 7,I) be an ideal topological space. Any open set and any R-
I-closed set in X is an Aj-set in X. The reverse of this implication is not true in
general as shown in the following example.

Example 2.1. Let X = {a,b,¢,d}, 7 ={X,a,{a},{b,c},{a,b,c}} and
I ={@,{a},{d},{a,d}}. Then the set K = {b,c,d} is an Aj}-set but it is not open.
The set L = {a,b, c} is an Aj-set but it is not R-I-closed.

Remark 2.2. Let (X, 7, 1) be an ideal topological space. Any Aj-set is a locally closed
set in X. The reverse implication is not true in general as shown in the following
example.

Example 2.2. Let X = {a,b,c,d}, 7 ={X,a,{a},{b,c},{a,b,c}} and
I = {2,{a},{d},{a,d}}. Then the set K = {d} is locally closed but it is not an
Aj-set.

Theorem 2.9. Let (X, 7,1) be an ideal topological space, N C X and K C X. If N
is a semi*-I1-open set and K is an open set, then N N K is semi*-I-open.

Proof. Suppose that N is a semi*-I-open set and K is an open set in X. It follows
that

NNK CCl(Int*(N))N K

C Cl(Int*(N)N K) = Cl(Int*(N N K)).

Thus, NN K C Cl(Int*(N N K)) and hence, N N K is a semi*-I-open set in X. O

Lemma 2.1. ([1]) For a subset A of a topological space (X, 1), A is locally closed if
and only if A=UNCI(A) for an open set U.

Definition 2.4. ([6]) 4 subset K of an ideal topological space (X, 7,1I) is said to be
(1) Bi-open if K C Cl(Int*(CI(K))).
(2) By-closed if X\K is B7-open.

Theorem 2.10. Let (X, 7,1) be an ideal topological space and K C X. The following
properties are equivalent:

(1) K is an Aj-set,

(2) K is semi*-I-open and locally closed,

(3) K is a B5-open set and a locally closed set.

Proof. (1) = (2) : Suppose that K is an Aj-set in X. It follows that K = LN M
where L is an open set and M = Cl(Int*(M)). Then K is locally closed. Since M is
a semi*-I-open set, then by Theorem 19, K is a semi*-/-open set in X.

(2) = (3) : It follows from the fact that any semi*-I-open set is 5}-open.

(3) = (1) : Let K be a fSj-open set and a locally closed set in X. We have
K C Cl(Int*(CIl(K))). Since K is a locally closed set in X, then there exists an open
set L such that K = LN CI(K). It follows that

K = LNCUK)
C LN Cl(Int*(CU(K)))
CLNCIK)=K
and then K = LN Cl(Int*(Cl(K))). We take M = Cl(Int*(CIl(K))).
Then Cl(Int*(M)) = M. Thus, K is an Aj-set in X. O

Theorem 2.11. Let (X, 7,1) be an ideal topological space. If every subset of (X, ,1I)
is an Aj-set, then (X, 7,1) is a discrete ideal topological space with respect to T*.
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Proof. Suppose that every subset of (X, 7,1) is an Aj-set. It follows from Theorem
22 that {z} is semi*-IT-open and locally closed for any x € X. We have {z} C
Cl(Int*({z})). Thus, we have Int*({z}) = {x}. Hence, (X,7,I) is a discrete ideal
topological space with respect to 7*. (I

3. Decompositions of Aj-continuous functions

Definition 3.1. A function f: (X,7,I) — (Y, 0) is said to be

(1) Aj-continuous [5] if f~1(T) is an A%-set in X for each open set T inY .

(2) LC-continuous [7] if f~1(T) is a locally closed set in X for each open set T in
Y.

Remark 3.1. For a function f : (X,7,I) — (Y,0), the following diagram holds.
The reverses of these implications are not true in general as shown in the following
example.

LC-continuous

T

continuous = Aj-continuous

Example 3.1. Let X = {a,b,c,d}, 1 ={X,2,{a},{b,c},{a,b,c}} and

I ={@,{a},{d},{a,d}}. The function f : (X,7,I) = (X,7), defined by f(a) = a,
f) =0, f(c) =0, f(d) = c is Aj-continous but it is not continuous. The function
g (X,7,I) = (X,7), defined by g(a) = b, g(b) = ¢, g(c) = ¢, g(d) = a is LC-
continous but it is not Aj-continous.

Definition 3.2. A function f: (X, 7,I) — (Y,0) is said to be

(1) semi*-I-continuous [5] if f=*(T) is a semi*-I-open in X for each open set T
mY.

(2) Bi-continuous if f~1(T) is a B}-open set in X for each open set T in'Y.

Theorem 3.1. The following properties are equivalent for a function f: (X, 7,I) —
(Y,0):

(1) f is Aj-continuous,

(2) f is semi*-I-continuous and LC-continuous,

(3) f is By-continuous and LC-continuous.

Proof. 1t follows from Theorem 22. O
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