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ABSTRACT. In this paper, we establish the sharp maximal function estimates for the Toeplitz
type operators associated to some integral operator with general kernel and the Lipschitz
functions. As an application, we obtain the boundedness of the Toeplitz type operators on
the Lebesgue, Morrey and Triebel-Lizorkin space. The operator includes the Littlewood-Paley
operator, Marcinkiewicz operator and Bochner-Riesz operator.
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1. Introduction and Preliminaries

As the development of the singular integral operators (see [6][22][23]), their commu-
tators have been well studied. In [3][20][21], the authors prove that the commutators
generated by the singular integral operators and BMO functions are bounded on
LP(R") for 1 < p < oo. Chanillo (see [2]) proves a similar result when singular
integral operators are replaced by the fractional integral operators. In [7][17], the
boundedness for the commutators generated by the singular integral operators and
Lipschitz functions on Triebel-Lizorkin and LP(R™)(1 < p < o0) spaces are obtained.
In [1], some singular integral operators with general kernel are introduced, and the
boundedness for the operators and their commutators generated by BMO and Lip-
schitz functions are obtained (see [1][10]). In [8][9], some Toeplitz type operators
related to the singular integral operators and strongly singular integral operators are
introduced, and the boundedness for the operators generated by BM O and Lipschitz
functions are obtained. In this paper, we will study the Toeplitz type operators gen-
erated by some integral operators with general kernel and the Lipschitz functions. As
an application, we obtain the boundedness of the operators on the Lebesgue, Mor-
rey and Triebel-Lizorkin space. The operator includes Littlewood-Paley operator,
Marcinkiewicz operator and Bochner-Riesz operator.

First, let us introduce some notations. Throughout this paper, @ will denote a
cube of R™ with sides parallel to the axes. For any locally integrable function f, the
sharp maximal function of f is defined by

# T) = su L —
MH(f)(w) = sup o /Q F) — foldy.
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where, and in what follows, fo = |Q|™" [, f(2)dz. It is well-known that (see [6][22])
M*(f Nsupmf—/ fly) — c|dy.
() s ing 2 [ 1)~
Let

Mf)@) = Z‘;€|Q|/'f )|y

For 1) > 0, let M, (f)(z) = M(|f|")"/" ().
ForO<n<land1l<r< oo, set

1 1/r
Mvrfa:sup(/fy’"dy) .
n.r () (@) s | [g=rain Ql )]
The A, weight is defined by (see [6])

A, = {w € Ll (") sup (|Q / (x)dx) (@/{Qw(m)l/(pl)dx>p_l < oo},

1 < p< oo, and

Ay ={we L’ (R"): Mw)(z) <Cw(z),a.c.}.

For > 0 and p > 1, let Ff*f"’(R”) be the homogeneous Triebel-Lizorkin space
(see [17]).
For 3 > 0, the Lipschitz space Lipg(R™) is the space of functions f such that

loc

|[f(z) = F(y)l
. e Q . S A <
Hf”LlIJB nggn |m—y|ﬁ o0
Ay

Definition 1.1. Let ¢ be a positive, increasing function on RT and there exists a
constant D > 0 such that

©(2t) < De(t) for t>0.
Let f be a locally integrable function on R™. Set, for 1 < p < oo,

1 1/p
fllLre = sup 7/ f)Pdy ;
[1fl]zr-e zcRn, d>0 \ ¢(d) Q(x,d)| )l

where Q(xz,d) = {y € R" : |x — y| < d}. The generalized Morrey space is defined by
LP#(R™) = {f € Lipe(R") : || f|Lre < 00}

If p(d) = d°, § > 0, then LP*(R") = LP°(R"), which is the classical Morrey
spaces (see [18][19]). If ¢(d) = 1, then LP?(R™) = LP(R™), which is the Lebesgue
spaces (see [4]).

As the Morrey space may be considered as an extension of the Lebesgue space, it
is natural and important to study the boundedness of the operator on the Morrey
spaces (see [4][5][11][16]).

In this paper, we will study some integral operators as following (see [1]).

Definition 1.2. Let Fy(z,y) be defined on R™ x R™ x [0,4+00) and b be a locally

integrable function on R™, set

F(f)() = / Fy(z, ) f(y)dy

n
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for every bounded and compactly supported function f. And F; satisfies: there is a
sequence of positive constant numbers {C;} such that for any j > 1,

/2 o ‘(HFt(‘T?y) — Fy(z, 2)|| + || Fi(y, ) — Fi(z,2)||)dz < C,

and

1/q
</ ([|Fe(z,y) — Fe(z, 2)|| + || Fe(y, ) — Fi(2, fﬂ)ll)qdy>
27 |z—y|<|z—y|<29 |z —y|

< G|z =y,
where 1 < ¢ <2 and 1/¢+1/¢ = 1.
Let H be the Banach space H = {h : ||h|| < co}. For each fized x € R™, we view
Fi(f)(x) as the mapping from [0,+00) to H. Set

T(f)(@) = [[F(f) ()],
which T is bounded on L*(R™). The Toeplitz type operator related to T is defined by

T°(f) = [IF (I,

where
m

F{(f) = Z FP M FR2(f),
k=1
moreover, F"M(f) are Fy(f) or 1 (the identity operator), T*2(f) = ||FF2(f)|| are
the bounded linear operators on LP(R™) for 1 <p < oo and k =1,...,m, Mp(f) = bf.

Note that the commutator [b, T|(f) = bT(f) — T(bf) is a particular operator of
the Toeplitz type operators T°. The Toeplitz type operators T° are the non-trivial
generalizations of the commutator. It is well known that commutators are of great
interest in harmonic analysis and have been widely studied by many authors (see
[20][21]). The main purpose of this paper is to prove the sharp maximal inequalities
for the Toeplitz type operators T%. As the application, we obtain the the LP-norm
inequality and Triebel-Lizorkin spaces boundedness for the Toeplitz type operators
TP,

2. Theorems

We shall prove the following theorems.

Theorem 2.1. Let T be the integral operator as Definition 1.2, the sequence {C;} €

M0<pB<1l ¢ <s<ooandbe Lipg(R"). If g € L“(R")(1 < u < c0) and

Fl(g) = 0, then there exists a constant C > 0 such that, for any f € C§°(R"™) and

T € R",

M#(TY(0))(@) < CllbllLips Y Mp.s(T*(1)(@).
k=1

Theorem 2.2. Let T be the integral operator as Definition 1.2, the sequence {27°C;} €
o<pB<1l ¢ <s<ooandbe Lipg(R"). If g € L*(R")(1 < u < o) and

Fl(g) = 0, then there exists a constant C > 0 such that, for any f € C°(R"™) and

z € R",

2o W/Q [T°(f)(@) = Co| da < Cllbl|ip, Y M(TH2(£))(3).

Q3% k=1
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Theorem 2.3. Let T be the integral operator as Definition 1.2, the sequence {jC;} €
10<pB <1, ¢ <s<ooandbe BMO(R"). If g € L“R")(1 < u < ) and
Fl(g) = 0, then there exists a constant C > 0 such that, for any f € C°(R"™) and
ie R,
M#(TP(f))(&) < C|lbllsmo Y M(T*?())(&).
k=1

Theorem 2.4. Let T be the integral operator as Definition 1.2, the sequence {C;} €
', 0 < B <min(l,n/q), ¢ <p<n/B, 1/r=1/p—F/n and b € Lipg(R™). If
g € L*(R™")(1 <u < o) and F}(g) =0, then T® is bounded from LP(R™) to L"(R").

Theorem 2.5. Let T be the integral operator as Definition 1.2, the sequence {C;} €

I, 0 < B < min(l,n/¢), ¢ <p <n/B, 0 <D < 2" and b € Lipg(R"). If
g € L*R")(1 < u < 00) and F}(g) = 0, then T® is bounded from LP'?(R™) to

L™%(R™).

Theorem 2.6. Let T be the integral operator as Definition 1.2, the sequence {QjﬁCj} €
I',0< B <min(l,n/q), ¢ <p<n/Bandb € Lipg(R"). If g € L*(R")(1 < u < 0)

and F}(g) =0, then T® is bounded from LP(R") to Ff’m(R”).

Theorem 2.7. Let T be the integral operator as Definition 1.2, the sequence {jC;} €
I, ¢ <p<n/Bandb € BMO(R"). If g € L“(R")(1 < u < 00) and F}(g) = 0,
then T® is bounded on LP(R").

Theorem 2.8. Let T be the integral operator as Definition 1.2, the sequence {jC;} €
I, ¢ <p<n/B,0<D<2" and b€ BMO(R"). If g € L*(R")(1 < u < 00) and
F}(g) =0, then T is bounded on LP*¥(R").

3. Proofs of Theorems

To prove the theorems, we need the following lemmas.

Lemma 3.1. (see [1]) Let T be the integral operator as Definition 1.2. Then T is
bounded on LP(R™) for 1 < p < co.

Lemma 3.2. (see [17]) For 0 < <1 and 1 < p < 0o, we have

1
SQUBPW/Q|f(x)_fQ|d$

1711 =
Lp

~
~

1
supinfi/ |f(x) — c|dzx
Q> © Q1AM Q

Lemma 3.3. (see [6]) Let 0 < p < 00 and w € Ui<r<oodr. Then, for any smooth
function f for which the left-hand side is finite,

Lr

M(f)(@)Pw(z)de <C | M#(f)(z) w(z)d.
R R

Lemma 3.4. (see [2]) Suppose that0 <n<n,1<s<p<n/nandl/q=1/p—n/n.
Then
1My (F)llze < ClI S zr-

Lemma 3.5. Letl <p < oo, 0< D < 2™ Then, for any smooth function f for
which the left-hand side is finite,

IM(f)lloe < ClIM# ()|
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Proof. For any cube Q = Q(zo,d) in R", we know M(xq) € Ai for any cube
Q = Q(z,d) by [6]. Noticing that M(xq) <1 and M(xg)(z) < d"/(|z — zo| — d)™ if
x € Q°, by Lemma 3.3, we have, for f € LP>?(R"),

ez = [ s@ratis
< | M()@)"M(xo)(w)ds < C - M7 (f)(@)[PM(xq)(x)dx
= M#(f)(z)P M ( x)dx x)PM x)dx
(/ (x) +Z/H1Q\2k (1)@ M(xQ)(@) )
# p T # )P |Q‘ T
< (/ M d +I;)/2k+1Q\2kQM (f)( ) ‘2k+1Q|d )
# P T # )P —kn
< (/M d +]€ZO/2WM ()(@)2 dy>
< ClM*(f )HLWZ? o2 d)
k=0
< ClM*(N)|[}00 Y (27" D) e(d)
k=0
< OIMF(F)pep(d),
thus
1/p
( /M pdx) ( /M# de>
and
IM()llzre < ClIMF(f)]] e
This finishes the proof. (I

Lemma 3.6. Let0< D <2", 1<s<p<mn/nandl/r=1/p—n/n. Then

(|My s (F)||zre < CJ|f]|oe-

The proof of the Lemma is similar to that of Lemma 3.5 by Lemma 3.4, we omit
the details.

Proof. Of Theorem 2.1. It suffices to prove for f € C§°(R™) and some constant Co,
the following inequality holds:

1 % s
1 [ 1)) = Col do < Cllblluin, Y- Mo (T2(1)(2).
Ql Ja 2
Without loss of generality, we may assume T%! are T(k = 1,...,m). Fix a cube

Q = Q(xo,d) and T € Q. Write, for f1 = fx2q and fo = fx(20)e,

FY(f)(@) = F) "2 (f) (@) = B9 (1) (@) + FLPOXC0 (1) () = fi() + fala).
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|Q|/! ) = atooll e = o [ INEAI@N = 1t
o1 L IE @)~ fao)

|Q|/ 11z ||dx+|Q|/ fol@) — faleo)llde = I + Lo,

For I, by Holder’s inequality and Lemma 3.1, we obtain

IN

thus

IN

IN

IA

IN

1
1l /Q I Myboynag Fr 2 () (@)l da
1
M/Q T5 My oo T2 (f) ()| de
1/s
<612| /n |Tk71M(bbQ)X2QTk72(f)($)|sdx>
1/s
C|Q|71/s (/ |M(bbQ)XzQTk’Q(f)(fC”de)
2Q
1/s
C|Q|71/s (/ (|b(z) — bQ||Tk’2(f)(I)|)de>

1/s
CIQI Bl 211G (ot [ 12w e

Cllbllzips Mp,s (T2 ())(@),

1
Bos Yo [ IER Mgy B @) ds
k=1 @l Jq

Cllbllzips Y Mps(T™?(f))(%).

k=1

IN

For I, by the boundedness of T" and recalling that s > ¢/, we get, for x € Q,

IN

IN

IN

k, k,
||F M(b bQ)X(QQ)LFk Q(f)(x) - Ft 1M(b—bQ)X(2Q)th Q(f)(xO)H

/u@c b(y) — bac I Fv(.v) — Fiwo. )| 1T52(f)(w) dy

/ IFe.9) = Fa ) = baol T*2() )y
27 d<|y—xo|<27t1d

j=1

o'e) l/q
Clbllips Y1274 Q1" (/ |Fe(z,y) — Ft($o7y)|qdy>
2id<|y—xzo|<2it1d

j=1

([ menwrs)
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C|1b|| Lips Z |27+1Q|ﬁ/n0j(2jd)fn/q’ ‘2j+1Q|1/q',ﬁ/n

<
j=1
1 1/s
k,2 s
X (W /2#1@ IT%=(f)(y)] dy)
< ClIblpipy M (T (£))(@) Y Cy
j=1
S CHb|‘Lipf}MB,S(TkQ(f))(‘iL
thus
1 m
I, < M/QZ|Ftk’1M(bbQ)X(QQ)thk’Q(f)(m)_Ftk’lM(bbQ)x(zQ)thk’Q(f)(xoﬂdf
k=1

< ClbllLips Y Mao(T*2(f))(%).

k=1

These complete the proof of Theorem 2.1. O

Proof. Of Theorem 2.2. It suffices to prove for f € C§°(R™) and some constant Co,
the following inequality holds:

W /Q T2 () (@) — Co| do < Cllblluin, 3 Mo(TH2(f))(@).

k=1

Without loss of generality, we may assume T%! are T'(k = 1,...,m). Fix a cube
Q@ = Q(x0,d) and 7 € Q. For f1 = fx2q and fo = fx(2q)-, write

FY(f) (@) = F) 70 (f) (@) = B0 (1) (@) + FTPXC0° (1) (2) = fi() + fala)
and

1 b s (x P Y)Y ()] = || f2(o)]||dz
g [, PO =Wl e = o [ IEO@I - Gl

1
< W/QHFtb(f)(x)_h(xO)deS|Q1+ﬁ/n/Q|fl($)|d$
+|Q£-B/ﬂ/@ | f2(x) = fa(wo)||dx = I3 + I4.

By using the same argument as in the proof of Theorem 2.1, we get

Lo 3 ol el e |T’“’2(f)(x)sdx>1/s
= 2 e 0
m 1 1/s
Cl[bl| i — "2 T 5d1:>
< Ol Y- (g [, 40N
< Clbllein, 3 MTH () (@),

k=1



42 GUO SHENG, HUANG CHUANGXIA, AND LIU LANZHE

m 1 o0
hos S o 3 b(y) — bac|
,; Q[ +8/m Q; 29 d<|y—wo|<2i+1d N
IFt(x y)—Ft(wo, DT (f) (y)|dyda
< X e [, Sl 2701
1/q
X (/ HFt(xay) _Ft(any)quy)
27 d<|y—xo|<2it1d
, 1/q
([ e
2i+1Q
< Clbllzims 3 1QI Y127 QI " Cy(2a)y |2 QY
k=1 j=1
1 Lo 1/s
X | ———— T 5d
(w0 [T V)
< ClbllLip, D MJ(T*(£)(@) Y 2°C;
k=1 j
< ClbllLipy D Mo(T*?())(#).
k=1
This completes the proof of Theorem 2.2. O

Proof. Of Theorem 2.3. It suffices to prove for f € C§°(R™) and some constant Co,
the following inequality holds:

|Ql|/Q |T*(f)(z) — Co| dz < C||bl|smo ZMS(Tk’2(f))(®).

k=1

Without loss of generality, we may assume 7%! are T'(k = 1,...,m). Fix a cube

Q = Q(zo,d) and T € Q. For f1 = fx2q and fo = fX(20)c, similar to the proof of
Theorem 1, we have

FY(f) (@) = F) 72 (f) (@) = %0 (1) () + FPXC0° (1) (2) = fi(a) + fala)

DAY ()| —
o7 170 = Intellde = 2 [ @I = 1ffeollda

< |Q|/ IEY () (&) — folawo)||dz < |Q|/ 1/2(2)]|de

|Q|/ || f2(x) = fa(wo)||dx = I5s + I6.
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For I5, choose 1 < r < s, by Holder’s inequality and the boundedness of T', we obtain

thus

1
7 /Q FE Mo FE2(F) (@) e

1
< & /Q TP Mo T2(F) (@) de
1 1/r
< (g T g T )
—1/r k,2 T v
< C|Q| - IMb—bo)xao T (f)(2)|"dx
1/s (s—r)/sr
—1/r k,2 s _ sr/(s—r)
< (/2Q|T (@) d:c) (/2Q|b<x> bol d:c)
1 1/s
Cllb - Tk,2 5 >
< ¢ |BMO(|Q|/2Q () (@) de
< C||bl|saroMs(T*2(f))(F),

l
o2 Y I Mg FEA( @) o
2101 o

ClbllBmo Z M (T*2(f))(&).

k=1

IN

For Ig, recalling that s > ¢/, taking 1 < p < oo,1 <r <swith 1/p+1/¢+1/r=1,
by the boundedness of T', we get, for x € @,

IN

IN

IN

IN

IN

IA

k, k, k, k,
||Ft 1M(b—bQ)X(2Q)th Q(f)(z) - Ft 1M(b—bQ)X(2Q)th Q(f)(xO)H

/@Q)c b(y) — baall|Filw,y) — Fulao, )l [1T°2(£) (v)ldy

/ 1Few) — Fian 1) - baol| T()w)ldy
=1 29d<|y—mo|<29t+1d

oo

1/q
3 ( / Ry - Ft<zo,y>|qdy>
: 27 d<|y—wzo|<27t1d

Jj=1

(Lt satan) " ([ ronwra)”

S 1/s
il 3 C5(@d)y /0 j(2idyn/v(@ )/ (1 IT’“’Q(f)(y)Ide)

= [27H1Q] Jair1q

Clbl| BpoMs(T*2(f))(%) chj

Clbll BaroMs(TH*(1)) (),
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thus
l
1
IG = @ /(;) Z HFtk’lM(b*bQ)X(QQ)C Ftk72(f)(x) - Ftk71M(b7bQ)X(2Q)thk72 (f) (xO)de
k=1
l
< Clbllsymo Y Mo(T*()(F).
k=1
This completes the proof of Theorem 2.3. O

Proof. Of Theorem 2.4. Choose ¢’ < s < p in Theorem 2.1, we have, by Lemma 3.1,
3.3 and 3.4,

1T (Ol < M@l < CIMF(T ()2

Cllbllzips D 1Ma,s(T**(F)llzr < Cllbllzips > NT*2(f)l|ze

<
k=1 k=1
< COlbllzips 1 f ]l zr-
This completes the proof. (Il

Proof. Of Theorem 2.5. Choose ¢ < s < p in Theorem 2.1, we have, by Lemma 3.5
and 3.6,

1T ()lre < AMT(F)Lre < CUMPT(F) | Lre

< Clbllzips Y IMp, (T ()llre < Cllbllzips D IT* ()| o
k=1 k=1
< CllbllLips | fll oo
This completes the proof. O

Proof. Of Theorem 2.6. Choose ¢’ < s < p in Theorem 2.2, we have, by Lemma 3.1,
3.2 and 3.3,

1T (Nl g < C

1
sQuapW/Qﬁb(f)(m)—Cddx

Lp

ClIbllzips D IM(T2(F)lze < Cllblzipa Y NT*2(f)l|ze

<
k=1 k=1
< CllbllLips 1 f1] Lo
This completes the proof. ([

Proof. Of Theorem 2.7. Choose ¢’ < s < p in Theorem 2.3, we have, by Lemma 3.1,
3.3 and 3.4,

1T ()llze < IMT* ()l < CIMFT(f)] L

Cllbllsaro Y 1M (T2 (f))llze < Cllbllsaro Y ITH?(f) ] 2s

k=1 k=1
Clollsaroll fllre-

This completes the proof. O

IN

IN
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Proof. Of Theorem 2.8. Choose ¢’ < s < p in Theorem 2.3, we have, by Lemma 3.5
and 3.6,

1T (H)lzwe < IMT()lzee < CIMF(T ()00

Clbllsaro Y 1M (T2 () zre < Cllbllsaro Y 1T (2o

<
k=1 k=1
< COlpllsaoll fllzee.
This completes the proof. (I

4. Applications

In this section we shall apply the Theorems 2.1-2.8 of the paper to some parti-
cular operators such as the Littlewood-Paley operator, Marcinkiewicz operator and
Bochner-Riesz operator.

Application 4.1. Littlewood-Paley operator.

Fixed ¢ > 0. Let 1 be a fixed function which satisfies:

(1) Jpn ¥(2)dz =0,

2) [l >| ! C(1 + [af)~ 04D

(3) (e +y) — v(e)| < Clyle(1 + |$|)‘(”+1+E) When 2[y| < \xl

Let ¢(z) = t7™p(x/t) for t > 0 and Fi(f = fR" Y)i(z — y)dy. The
Littlewood-Paley operator is defined (see [23])

s = ([ |Ft<f><m>|26f)”2.

Set H be the space

H= {h: [|h]] = (/Ooo |h(t)|2dt/t)1/2 < oo}.

Let b be a locally integrable function on R™. The Toeplitz type operator related to
the Littlewood-Paley operator is defined by

o= ([ roert)”,

_ Z }4-;519,1J\/[thlca7
k=1
FM! are F, or +I(the identity operator), T%2 = ||FF?
operators on LP(R") for 1 < p < oo and k = 1,...,m, My(f) = bf. Then, for each
fixed 2 € R™, F?(f)(z) may be viewed as the mapping from [0, 400) to H, and it is
clear that

where

go(N@) = IE (N @), 9s(F)(2) = [[F(H)@)]].
It is easily to see that 951 satisfies the conditions of Theorems 2.1-2.8 (see [12-14]),
thus Theorems 2.1-2.8 hold for gfL.
Application 4.2. Marcinkiewicz operator.
Fixed 0 < v < 1. Let 2 be homogeneous of degree zero on R™ with fsn L Q(2)do(x")

= 0. Assume that Q € Lip,(S™1). Set Fi(f)(z) :f‘ D) g0 ) y. The

z—y|<t [z—y[*~T
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Marcinkiewicz operator is defined by (see [24])
o0 ,dt\ 2
o)) = ([T IROE@EE)

Set H be the space

H= {h: |h]| = (/OOO |h(t)|2dt/t3>1/2 < oo} :

Let b be a locally integrable function on R™. The Toeplitz type operator related to
the Marcinkiewicz operator is defined by

[T i) ",

0

W (F) (@) = (
where
m
F} = FP M,
k=1

F' are F, or +I(the identity operator), T%2 = ||F}*?|| are the bounded linear
operators on LP(R™) for 1 < p < oo and k = 1,...,m, Mp(f) = bf. Then, it is clear
that

o (@) =1 (N @), pa(f)(@) = IE(f)(@)]]-

It is easily to see that uf, satisfies the conditions of Theorems 2.1-2.8 (see [12-14][24]),
thus Theorems 2.1-2.8 hold for pu,.

Application 4.3. Bochner-Riesz operator.

Let 6 > (n—1)/2, F(f)(€) = (1 —t2|§|2)if(§) and BY(z) = t~"B°(z/t) for t > 0.
The maximal Bochner-Riesz operator is defined by (see [15])

Bs«(f)(x) = sup [F(F)()].

Set H be the space H = {h : ||h|]| = sup|h(t)| < co}. Let b be a locally integrable
>0

function on R™. The Toeplitz type operator related to the maximal Bochner-Riesz
operator is defined by

BY.()(w) = sup B, (/) ()],
where

m
b k,1 k,2
B&,t = ZFt MyF",
k=1

F/' are F, or +I(the identity operator), T%2 = ||F}?|| are the bounded linear
operators on LP(R"™) for 1 <p < oo and k=1,...,m, Mp(f) = bf. Then

B .(f)(@) = [1B5(f)@)ll, BX(f)() = 1B (f)()]|-

It is easily to see that Bg’* satisfies the conditions of Theorems 2.1-2.8 (see [12][13]),
thus Theorems 2.1-2.8 hold for Bf;)*.
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