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On some double lacunary strong Zweier convergent sequence
spaces

AYHAN ESI AND MEHMET ACIKGOZ

ABSTRACT. In this paper we define three classes of new double sequence spaces. We give some
relations related to these sequence spaces. We also introduce the concept of double lacunary
statistical Zweier convergence and obtain some inclusion relations related to these new double
sequence spaces.
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1. Introduction

Before we enter the motivation for this paper and the presentation of the main
results we give some preliminaries.

By the convergence of a double a double sequence we mean the convergence on
the Pringsheim sense [1] that is, a double sequence z = (z; ;) has Pringsheim limit
L (denoted by P-limx=L) provided that given ¢ > 0 there exists N € N such that
|z; ; — L| < & whenever 4,5 > N. We shall describe such an z = (z; ;) more briefly as
" P — convergent”. We shall denote the space of all P — convergent sequences by c?.
By a bounded double sequence we shall mean there exists a positive integer K such
that |z; ;| < K for all (4,7) and denote such bounded by IZ,.

Zweier sequence spaces for single sequences defined and studied by Sengéniil [2],
Esi and Sapsizoglu [3] Khan et.all [4 — 5].

Definition 1.1. [7] The double sequence 6, ; = {(k,,ls)} is called double lacunary

sequence if there exist two increasing of integers sequences (k) and (l5) such that
ko=0, h, =k, —k,_1 > 00 asr —

and

lo=0, hgy=1l,—1ls_1 —>00 ass— 0.

Notations: k., = k.ls, hy s = hTh;, and 6, ; is determined by
Ino ={(k,1): ko1 <k <kyandl;_q1 <1<},
k. - ls
CRER
The space of double lacunary convergent sequence spaces [NQT'_J

qr = and qr,s = qras-

[Ngrys] and

o b

[No,.] ., were defined by Savas in [2], as follows:
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1
[NQT,S]O = Xr = (-Ti,j) P — IH? h Z |Z‘i7j| =0 5
TP (g)€Els

[NG,,,,S] =4 T = (.’Eiyj) : P—lim

T,

Z |z; ; — L| =0, for some L

" (6,5) €L,
and
[No,.] = x=(xij): sup > fwigl <o
r.s Nps

)

(1,5)€lr,s

In [8], Savag and Patterson defined the double sequence spaces [WZ] as follows:

' 1 m,n
[WQ} =qz=(zij): P— 1}{}%% Z |z;; — L| =0, for some L
ij=1,1

The purpose of this paper is to introduce and study the concepts of double Zweier
lacunary strongly convergence and double Zweier lacunary statistical convergence.

2. Double Zweier lacunary strongly convergence

Define the double sequence y = (y; ;) which will be used throughout the paper, as
Z-transform of a sequence = = (x; ;), i.e.,

1 .
Yij =5 (zij +mij-1);(i,7 €N). (1.1)
We introduce the double Zweier sequence spaces [W27Z] , [NGT,57Z]07 [NGT’S,Z]
Z ] -, as the set of all double sequences such that Z-transforms of them are

and [Ngm,
in [W2] , [NGT,S](,? [Ngm} and [Ngm}oo respectively, that is

1 m,n
(W?,2] = Qo =(z5;): P—lim— % |y;; —L| =0, for some L
’ i,j=1,1

[No

Z il =00,

"% (4.5) €Ty,

r,s?

[No, .. Z] =S & = (%;;): P—lim Z lyi; — L| = 0, for some L
CO el
and
[No, ., Z] = x=(xi;): sup Z lyi,i| < o0
T8 T,8 (i,j)e]r,s
Theorem 2.1. The double sets [WQ,Z] , [Ngm,Z]o, [NGT,NZ] and [NQT,S,Z]OO are

linear spaces over the set of complex numbers.

Proof. The proof of the theorem is standard and so we omitted. O
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Theorem 2.2. The double Zweier sequence spaces [WQ, Z] , [Ngm,Z]o, [N@T‘S,Z]
and [Ngm,Z] ., are linearly isomorphic to the double sequence spaces [W2 , [Ngm]o,
[No,.| and [Ny, |, respectively, i.e., [W? Z] = [W?],[Ny,,,Z] = [Ne,.],,

T8 r,8?

[No,.. Z] = [Ny,.| and [Ny Z]OO ~ [Ny

msloo”

Proof. We consider only [Né'r,st]o' We should show the existence of a linear bi-
Z]O and [Ngm]o. Consider the
transformation Z define, with the notation of (1.1), from [Ny Z]O to [Ngm]o by

Z [Ng Z]o — [Nghs]o
r = Zz=y, y=(yi;)
and y; j = 3 (255 + 2ij-1); (i,j € N). The linearity of Z is clear. Further, it is trivial

that © =0 whenever Zx = 0 and hence Z is injective. Let y = (y; ;) € [Ngm]o and
define the sequence x = (; ;) by

jection between the double sequence spaces [Ng

rys )

s

r,s?

J

2 =2 (=)' Fyip (VieN)

Then
1
I, 2] = sup 5 @i+ @ij-1)
) o r,s Nps  °
" (4,5)E s
ST ] O SIETEMINE) S
r,s h’l‘s .. 2 ! Z,
M Py A k=0
= > vl
P el

which says us that ¢ = (z; ;) € [Ngm,Z]o. Additionally, we observe that

1w,z = 19l

Thus, we have that the transform Z is surjective. Hence, Z is linear bijection which
therefore says us the double sequence spaces I:NQT,S,Z}O and [N.gm]o are linearly
isomorphic. The others can be proved similarly. This completes the proof. O

Theorem 2.3. Let 0, ; be a double lacunary sequence. Then
(i) (W2, Z] C [Ny, ,,Z] if liminf ¢, > 1 and liminfg; > 1;
(ii) [No,.,Z] C [W?, Z] if limsup g, < oo and limsupq; < oo;
(iii) [Ny, ., Z] = [W?2,Z] if 1 <liminfg, < oo and 1 < limsupgs < oo .
Proof. (i). Suppose that liminf g, > 1 and liminf g, > 1. Then there exists § > 0

such that both ¢, > 14§ and g; > 1+ 6. This implies 2T 5 and h > %ﬂ; L If
z = (z;;) € [W?, Z] then we obtain the following:

ke s
1 1
Ars = > i - |yi.; —
hr,s L h”‘S — —
(ZJ)EIT',S i=1j=1
kr—1ls—1 ky s 1 s kr_1
> lyij— L yij — lyi,; — L|
r,s

8 =1 j=1 i=kyp_1+1j=1
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kr 1 kr—1ls—1
krls 1 ~ % kr_1ls—1
= i — Ll | — i — L
hr,s kirls i=1 j=1 |y ! | h'r’,s kp— 115 1 z; z:1 |y ! |
i=1 j= P j
k ls—1 ls
1 - 1571 1 1 =
T h > hfil,lz‘yi’j_L‘_h: >
T i=k,._1+1 s UVS— j=1 S G=lo_q141 T

Since z = (x;;) € [Wz, Z} the last two terms tend to zero in the Pringsheim sense,
thus

k l 1 kr ls k l 1 kr—l ls—l

ris r—1ls—1

Ar,s = ZZ |yi,j - L| - Z Z ‘yi,j - L‘ +0(1)
h'r‘,s k"r'ls =1 j—1 h?',s kr—lls—l i=1 j—1

Since hy s = kpls — kpls—1 — kr—1ls + kr—1ls—1 we are granted the following:

e (55) e e
The terms
Froils o
Fors kl ;;WH Lj and Fors o lls ) ;;WU L]

are both Pringsheim null sequences. Thus A, ; is a Pringsheim null sequence. There-
fore z = (z; ;) € [Ny, .. Z] .

(ii) Suppose that lim sup ¢, < oo and limsup g5 < oo, then there exists K > 0 such
that ¢ < K, @; < K for all 7 and s. Let = (z; ;) € [Ngm,Z] and € > 0.Also there
exist r, > 0 and s, > 0 such that for every k > r, and [ > s,

A = % | Z lyi; — L| <e.
" (6,5) €l
Let M = maz{Ak;: 1 <k<r,and 1 <I1<s,}and p and ¢ be such that
k1 <p<k. and I[,_1<q<l.
Thus we obtain the following

p,q

. D Mg =Ll < —— ZZI%,J

l
Pe, = T15111]1

T8

Sﬁ Z Z yi,; — LI

T pg=11 \(i,5)€l, 4

1 ToyS0 1
=7 7 Z hpgApg + 77— Z hp,qAp,q
krfllsfl krfllsfl
p,q=1,1 (ro<p<T)U(s50,<q<85)
g l Z hp.q —|— l Z hp.qAp.q
kir—1lay p,q=1,1 kir—1le (ro<p<T)U(s0,<q<s)
Mk, ls 708, 1
S # + ( sup Ap,q) ﬁ Z hp,q
r—1ts—1 (p=ro)U(g=s0) r—1ts—1 (ro<p<T)U(50<q<s)
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L MEk, ls, 7050
P = kr—lls—l

Mk, ls o8, 1
< T +e
kr—lls—l kr—lls—l Z

(ro<p<r)U(so<g<s)

+eK?2.

Since k, and I; both approaches infinity as both r and s approaches infinity, it follows

that
P.q

1
P—lim— Y |y; —L|=0.
P4 Pe i
Therefore z = (z; ;) € (W2, Z].
(iii) Combining (i) and (ii) we have the proof of (iii). O

3. Double Zweier lacunary statistical convergence

The following definition was presented by Mursaleen and Edely in [9]:

Definition 3.1. [9] A real double sequence x = (z;;) is said to be statistically
convergent to L, provided that for each € > 0

1
P—lim — [{(¢,j): i<mandj <n,|z;; — L >e}|=0
m,n Mmn

where the vertical bars indicate the numbers of elements in the enclosed set.
Recently in [6], Savag defined double lacunary statistical convergence as follows:

Definition 3.2. [6] A real double sequence x = (z; ;) is said to be Sy, ,-convergent
to L, provided that for each € > 0

1
P —lim

T8 hr,s

|{(Za]) € Ir,s : |-'L'i,j — L| > €}| = 0.

Definition 3.3. A real double sequence z = (x; ;) is said to be double lacunary
statistical Zweier convergent to L, provided that for each £ > 0

1
P —lim

T8 hr,s

H{(i,4) € Lrs: |yij — LI >} =0

where y; ; is the form in (1.1). We shall denote the set of all double Zweier lacunary
statistical convergent double sequences x = (z;;) by [Sp, ., Z] and if 2 = (z;;) €
[Sg Z], then we will write z; ; — L ([ng, ZD .

r,s?

r,s?

Theorem 3.1. Let 0, ; be a double lacunary sequence. Ifx;; — L ([Ngm, Z]) , then
T — L ([S@TTS, Z}) .

Proof. If € > 0 and @; j — L ([ Ny, ., Z]) then we can write

hl > gy — L hl > lyi.; — L

T,8 .. T8
7 ()€l T (i§)€ELn s & | S (i 4w 1) —L|>e

{(,7) € Irs + |yi; — LI > €}

IV

1
>
hr S

)

It follows that @; ; — L ([Se,.., Z]), that is [Ny, ., Z] C [Ss,..,Z] and the inclusion
is strict. To show this, we can establish an example as follows. O
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Example 3.1. Let y; ; is the form in (1.1) and y = (y;,;) be defined as follows:

1 2 3 o [$/hes] 00

2 2 3 e fhes] 0 0

Wi | 2 [ [ . [ 00
0 0 0 . 0 0 0

It is clear that o = (z; ;) is an unbounded double sequence and

1 ¥/ hr s
P —lim W HG, 7)€ ls: |yi; — Ll > e} = P—limu =0.

Therefore z; ; — 0([S,., Z]) . But

Pl S = b VALV (] £1) 1

Bos 2y )

T,8

(4,)EIr,s
Therefore ; ; + 0 ([Ng, ., Z]) . This completes the proof.

Theorem 3.2. Let 0,5 be a double lacunary sequence. If x = (x;;) € 1% and
Tij — L ([S@ns, Z}) then Tij — L ([Ngns, Z}) .

Proof. Suppose that ¢ = (z; ;) € 12, then there exists a positive integer K such that
lyi,j — L| < K for all i, j € N. Therefore we have, for every ¢ > 0

> lyig— L his > lyi.; — LI

TS . % S
(27])617‘,3 (’L,j)EI,-,S & ‘%(Ii,j+wi,]'71)fL|Z€

+ hi Z lyi,; — L|

s o 1
(i,§)Elr s & | (i j+mi 5 1)—L|<e

IN

K L.
o {(i,j) € Irs: |yij — L| > e} +e.

Therefore z = (z; ;) € 2, and z;; — L ([So, ., Z]) implies z; ; — L ([Ny, ., Z]). O
Corollary 3.3. Let 8, s be a double lacunary sequence, then

[No,..,Z] N2 = [Ss,.,Z] NIZ.
Proof. Tt follows directly from Theorem 3.1. and Theorem 3.2. 0

rs) rs)
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