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ABSTRACT. In this paper, the boundedness for the multilinear commutators related to the singular
integral operator with weighted Lipschitz functions is proved.
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1. Introduction

Let b be a locally integrable function on R™ and T be the Calderén-Zygmund operator.
The commutator [b, T] generated by b and T is defined by

b, T1f(z) = b(z)T'f(x) = T(bf)(x).

In [6] and [17-19], the authors proved that the commutators and multilinear operators
generated by the singular integral operators and BMO functions are bounded on LP(R™)
for 1 < p < oo. Chanillo (see [4]) proved that the commutator [b, I,] generated by
b € BMO and the fractional integral operator I, is bounded from LP(R™) to L?(R™),
where 1 < p < g < oo and 1/p —1/q = a/n. Then Paluszynski (see [16]) showed that
b € Lipg(R™)(the homogeneous Lipschitz space) if and only if the commutator [b, T is
bounded from L? to LY, where 1 < p < g<oo,0<f < 1land 1/¢g=1/p— 8/n. Also
Paluszynski (see [5], [10], [16]) obtain that b € Lipg if and only if the commutator [b, I,]
is bounded from L? to L", where l <p<r <oo,0<f<land 1/r=1/p—(8+a)/n
with 1/p > (B + a)/n.

On the other hand, in [1] and [9], the boundedness for the commutators generated
by the singular integral operators and the weighted BMO and Lipschitz functions on
LP(R™)(1 < p < o0) spaces are obtained. The purpose of this paper is to establish
boundedness for the multilinear commutators related to the singular integral operator
with general kernel (see [3] and [11]) and b € Lipg(w)(the weighted Lipschitz space).

Definition 1.1. Let 7': S — S’ be a linear operator such that 7 is bounded on L?(R™)
and there exists a locally integrable function K (z,y) on R™ x R™\ {(z,y) € R" x R™ :
x =y} such that

1)@ = [ K@.nswiy

for every bounded and compactly supported function f, where K satisfies: there is a
sequence of positive constant numbers {C} such that for any k > 1,

/2 el ‘(|K(x,y)—K(w,z)|+|K(y,m) — K(z,2))dz < C,
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and

1/q
(/Qk |<|z—y|<2F+1|z— (|K($,y)—K(x7z)|—|—|K(y7x)—K(Z7x)|)qdy>

< Cp(2F]z —y) ™7,

where 1 < ¢’ <2 and 1/¢+1/¢' = 1. Suppose b; (j = 1,---,m) are the fixed locally
integrable functions on R™. The multilinear commutator of the singular integral operator
is defined by

0= [ 110 - b)) )y,

Note that the classical Calderén-Zygmund singular integral operator satisfies Defini-
tion 1.1 with C; = 277° (see [8] and [18]).

Also note that when m = 1, T; is just the commutator what we mentioned above. It is
well known that multilinear operator are of great interest in harmonic analysis and have
been widely studied by many authors (see [12-14], [17-19]). In [18], Pérez and Trujillo-
Gonzalez prove a sharp estimate for the multilinear commutator. The purpose of this
paper has two-folds, first, we establish a weighted Lipschitz estimate for the multilinear
commutator related to the generalized singular integral operators, and second, we obtain
the weighted LP-norm inequality and the weighted estimate on the Triebel-Lizorkin space
for the multilinear commutator by using the weighted Lipschitz estimate.

2. Notations and Results

Throughout this paper, we will use C' to denote an absolute positive constant, which
is independent of the main parameters and not necessarily the same at each occurrent.
Q@ will denote a cube of R™ with sides parallel to the axes. For any locally integrable
function f, the sharp maximal function of f is defined by

# d
f7(x) = s |Q‘/ If(y) — fqldy,

where, and in what follows, fo = |Q|™! fQ x)dz. It is well-known that (see [8] and
[20])
Via Nsuplnf—/ fly) — c|dy.
( ) Q>ox ceC |Q‘ | |
For1<p<ooand 0 <n<n,let

1 1/p
My Do) = 0 (vt [ Pan)

which is the Hardy-Littlewood maximal function when p =1 and n = 0.
The A, weight is defined by (see [8])

A = {w sup <|Q| / (x)da:) (@/Qw(x)l/(pl)dx)p_l < oo}, 1< p< oo,

Ay ={w>0: M(w)(z) < Cw(x),a.e.},
and Ay = Up>14,. We know that, for w € A;, w satisfies the double condition, that is,
for any cube @,

w(2Q) < Cw(Q).
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The A(p,r) weight is defined by (see [15]), for 1 < p,r < oo,

A(p,r) = {w >0: sup <Q| / (x)%ix)l/r (@/@w(x)_p/(p_l)dx> e < oo}.

Given a weight function w and 1 < p < oo, the weighted Lebesgue space LP(w) is the
space of functions f such that

Il = ([ repue) <o

For a weight function w, 5 > 0 and p > 1, let Fpﬂ’oo(w) be the weighted homogeneous
Triebel-Lizorkin space (see [2]). For 0 < 8 < 1, the weighted Lipschitz space Lipg(w) is
the space of functions f such that

1 i) = 50 Hﬁ/n/lf ~ foldy < oo.

Given some function b; € sz/g( ) 1 < j < m, we denote by C7" the family of all finite
subsets 0 = {o(1),--+,0(j)} of {1,---,m} of] different elements and o(i) < o(j) when i <
j. Foro € CJ",set 0¢ = {1, m}\a For b = (b1, bm) and 0 = {o(1),---,0(j)} € C i

set by = (bo(1)s = bo(j)), bo H bs(;) and ||b Lips (@) = 0o )| Lips () Vo (i) | Lipg (w) -
Now two theorems are btated out as following.

Theorem 2.1. Let b; € Lipg(w) for 1 <j<m,0< S <1 and w € Ay. Suppose the

sequence {k™Ci} €}, ¢ <p< g and 1=1_ T"Tﬁ Then Ty is bounded from LP(w)

to L7 (w!'—mtr=1%%),

1
p

Theorem 2.2. Letb; € Lipg(w) for1 <j<m,0< 8 <1andw € A;. Suppose the se-

quence {k™Cy} € I*, ¢ < p < co. Then Ty is bounded from LP(w) to F;”B’Oo(wl_m_mTﬁ).

3. Proofs of Theorems

In order to prove the theorems, the following lemmas are needed.

Lemma 3.1. (see [7], [9]) For0< <1, w € A;, b € Lipg(w) and 1 < p < oo, we have

1/p
1Bl s ) == S 0(Q) " (w(@)l JRCE bQ|Pw<x>1pdx) .
B Q

Lemma 3.2. (see [7], [9]) For 0 < 8 < 1, w € Ay, b € Lipg(w) and any cube Q, we
have

sup () = bo| < ClIbl|Lips (wyw(@) QI

Lemma 3.3. (see [7], [9]) For 0 < 8 <1, w € Ay, b € Lipg(w), any cube Q and T € Q,
we have

lborg — b < Ckw(i.)w(QkQ)[”‘bHLipg(w)'
Lemma 3.4. (see [2]) For0< <1, we A1, 1 <p < oo and m > 0, we have

up Q] mﬁ/ (@) — foldz

Q

||f||ﬁ;"ﬂv°°(w)

L (w)

sup mf Q™' mﬁ/ |f(z) — Coldx

Q>3 Co€

Q

L (w)
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Lemma 3.5. (see [15]) Suppose that 1 < s <p<mn, 1/r=1/p—n/n and w € A(p,r).
Then

[[My,s(O)llLrwry < ClFllLe(wr)-

Proof of Theorem 2.1. In order to prove the theorem, we will prove a sharp function
estimate for the multilinear operator. We will prove that for any cube Q and ¢’ < s < oo,
there exists some constant Cy such that

|Q\/ IT5(£) (@) = Coldw < Cl[Bl iny () w0 (@)™ 5 (Mins,s (/)(F) + Mg o(T(£)) (E)).

Fix a cube Q = Q(wo,70) and € Q, we write f = fi1 + fo with fi = fx20, fo = fx(2qQ)--
We first consider the Case m = 1. For Cy = T'(((b1)20 — b1) f2)(x0), we write

Ty, (f)(@) = (br(z) = (b1)20)T(f)(z) = T((br — (b1)20)f) ().
Then
To, (f)(z) — Co| < A(z) + B(z) + C(z),

where

=
=
[

|(b1(x) — (b1)2)T(f)(2),
IT(((b1)2¢ — b1) f1) ()],
C(z) = [T(((br)2g — b1)f2)(x) — T(((b1)2q — b1)f2)(x0)|-

X
=
I

For A(x), by Holder’s inequality and Lemma 3.2, we have

QI/ [Al@)lde = |Q|_/ [br(2) = (b)2el|T(f)(2)ldz
< |Ql|(/Q|b1() (b1)20/° dx) (/ T(f |dx>
g1 S [b1(2) = (ol (/ (s |d$>i

C i 1 1 1 ?
@Hblnupﬁ(w)w@@”%|Q\ HQIT QI x <M/QT<f><z>l’”dx>

IA

IN

< Ol (MDY " M TN E)

< C||b1||L1p/3 w)w( )1+ » Mg, S(T(f))('i)

For B(z), by the type (s,s) of T and Lemma 3.2, we obtain

@/@B(I)dx = Cﬁ </ . IT(((b1)q — b1)f1)(x)|5dz> ' Q|+
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Cﬁ (/Rn |(b1)q — bl(9U)|T|f1(x)|’“d:z:>l Q|+

1 N
Oy sup In(a) = ool (| 1r@ivas ) a1

IN

IN

IN

IQ

20)\ 7
Cl1b1]|Lips (w) (W) Mg s(f)(x)

Cl1bal| i a0y (@) Mg o(£)().

IN

IN

1

1 ° 1
|||b1||vazs(w)w(2Q)1+ 2Q]7")2 Q|d7 <2Qlf /2Q|f(x)|sdx> Q|+

For C(x), recalling that s > ¢/, taking 1 < p < 00,1 <t < s with 1/p+1/q+

by the Holder’s inequality and Lemmas 3.1 and 3.3, we have, for x € @,

T((01 ~ (0)2) £2)(2) = T((01 — (b)2) £2)(w0)
[ 10— (B0l QIR . 9) — Ko, )y

ad 1/q
k=1 2k |z —mo |<|y—wo| <2k F |z —0]

IN

IN

1/t =1,

1/p 1/t
x ( / 1b1(y) - <b1>2Q|de> ( / If(y)tdy>
ly—mo|<2k+t|z—a0| ly—mo| <2kt |z —a0|

IA

o] 1/p
1
cY ([ 1) — ()l dy
k=1 (2kd)ql ( ly—zo| <2kt |z —x0]| ! 1/2Q

1/s
x ( / If(y)lsdy>
ly—zo| <2 +1|z—m0]

IN

IN

o0

1/p . 1/t
c; zkd (/WQ [b1(y) = (b1)2¢] dy> (/WQ 1f ()] dy>
1/p 1/t
; okdyw kd 7 (/2k+1Q |b1 (y) o (bl)Qk“Q'pdy) (/2’€+1Q ‘f(y” dy)

1 1/p , 1/t
+ C;Ckm (/gk+1Q [(b1)ak+1¢g — (b1)20] dy) (/2k+1Q |f (v)] dy)

oo

1 1 1_8
ON Gt sup [b(y) — (br)arrngl 2 QU2 QI

=1 [2MTIQ[Y yerre

IN

1/s 0
1
X _— d C Cr—— (b -
<|2k+1QI1Sﬁ /2k+1Q & y) " Z k|2k+1Q\% (B)zerg

k=1

1/s
1 1_8 1 s
X [2MQlE QLT < ()l dy)

‘2k+1Q|17% ok +10)

(b1)2¢]
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IN

O3 C s [(y) — (b)oroll2 Q1 My (1))

k=1 yE2*IQ

+ O Cl(b)aring — (b1)2l2541 Q™ My o(£) ()
k=1

> B _ _B ~
C Y Crllbr] Lipy (wyw (¥ Q)7 2K QI 2M QI M o (f)(2)
k=1

+ CZCkkw w(2 Q) 7By | iy ) |25 QI M o(£)(2)

IN

IN

2k+1 1+%
Clb1l] Lipg (w) chk (M) Mg s (f)(Z)

2k+1
eI [— Zm( ng}) My (1)(@)

< CHblHLlpg w)w( )1+ MB (f)( )7
thus
8 N
01 . € < Cllbnlasp e £ Mo ()(2).
Now, we consider the Case m > 2. We have, for b = (b1, -+ ,bp),

b0 [ T - @)K ) )y
R™ 01
FOY Y D) - ao)e [ (b6) - (B)a)e Kz f(5)dy
j=1 UECJ"’

m—1
+ (=1)™ (b (@) = (b;)20)0)T (b = (bj)2q )0 (f)(x)
j=1 oceCm™

thus, recall that Co = T(IT;Z, (b; — (b))2¢) f2)(20),
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|T5(f)(z) — T(H(bj = (bj)2) f2) (o)

< |H |+|TH bj)2q) f1)(@)]
£ Y Y (@) — (02007, — ()20)e- (1) (@)
j=1 JGCJ
+ H i)20) f2)(z H )2Q) f2)(20)]
j=1 j=1
= L(z)+ Ix(z) + I3(z) + ().

where

L) = Y > ((b(@) = (b)2@)o)T(b; = (b)2q)e (f)(@)]
j=1 UECJ"
Iy(z) = \T(H(bﬁ( 7)2Q) f2)(x) — T(_H(bg*( 7)2q) f2)(@o)]-

For I(z), by Holder’s inequality with exponent % 4.+ -4+ 1=1and Lemma 3.2,
we get

1
@/m) |Q|/ |H Do) |IT(f) (@) |da

il o) ()
< f[( up b (@) — (by)20|QI )(/ T(s |dx>

< Qf{ b5l g (@) 7 1QI I QIA- I+ =5 (W/me)(x)m)l
< CllBll g ) (@)™ |QIT™ 5 My o (T(£)) ()

m+mTB
ClEl 2imy ) (“]ij?) M o(T(F))(2)

Ol Lips () W (E) ™5 My o(T()) (%)

IN

IN
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For I(z), similar to B(x), using the boundness of T and Lemma 3.2, we get, for 1 < t < s,

1

1 TYL ) %
|Q|/QI?<””>C‘9” ( /. 10 -G ) da:) ok

H (b)20) f1(x >T‘dx) Q|

1
s

(b)20)°| f(x)]* dx) QI

=

IN

IN

IA
ﬂ;5£j3 /"——-\\ /"—_h\\
=
J ’,:]3

(;)20))( / I@rdntiel”

1 1,1 mB
< ‘Q|H||b||m<w>w<2cz>1+ 2QI7)[2QI 7+ <|2Q|1 / e |dw>
< Ol (2D)"™ M)
S (7HbHLum(w)U( )nHm;iﬁﬁmﬁﬁ(f)(j)

For I5(z), by Holder’s 1nequality and Lemma 3.2, we get

QI / Is{w)de < € JZ1 o 12Q] / (b )o [T ((bj = (bj)2)5
m—1 1 p &
<% 3 ma RCEROmE d:c)

X
Q

IN

2 |Tt2| sup |(b; () — (b;)20)o|2Q1 ™

1
s

IN

2 W sup (b (z) — (b5)2)o]12Q1

j:laeCm z€2Q

x sup |(b(x (/ 7 |dx)
z€2Q

IA

|2Q|

90| 7 +1—"2E —(m—j) d
< P2QP <|2Q|1 - [ rner )

5 ) m=i)B
150 2 (0 (2Q) 5 [2Q1 77 b i a0y w(2Q) "+ 5

< f)(2)|dx
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m+mT
< Ol (o) MasaTE)
< OBl Lipy ) W)™ My o (T()(E).

For I4(x), similar to the proof of C(z) in the Case m =1, for 1 < p < 00,1 <t < s
with 1/p+1/q+ 1/t = 1, we have

) (ORI _H 1)20) f2) (o)
< /( TT0:0) = @2l S e.9) ~ Ko )iy
= g 1/q
= 02 </ K (,y) — K(ﬂcmy)lqdy)
k=1 2k |z —xo|<|y—z0| <2k F1 |z —120|

1/p 1/t
</ TT0n0) — (sl / ) dy
ly—zo| <2k |z—m0| j=1 |ly—zo| <2k |z—x0)|

|b;(y )27 dy
Z 2kd </|y zo| <2k [z —a0| 1:[1 ¢

IN

k=

1/t
x ( / If(y)ltdy>
ly—zo| <2FHH |z -0l

1/p
o 1/t
C — / b ( 1g[Pdy (/ f(y tdy)
> /<MH' bssal ) [ i)

o) 1/p 1/t
+ Y0 ,</2MQH| Jarsq - >2Q|”dy) (.., tra)

1 - 1 1
CZ Cr + sup  [b;(y) — (b)ar+10l1251Q[7 2771 Q) 5
=1 |2FQ|Y jZjwe2rtiQ

IN

IN

" k=1

1/s
B L / F)ld /
|2k+1Q|1—5";:ﬁ 2k+1Q Y 4

O Cullbll gy w(2EFLQ)™ 5 251 Q)= (2541 Q =5 My s () (3)

k=1

1/s ”
1 s ‘ e
x (W/WQ'W' dy> +CZCk|kQ| LI = G

IN

mp

" ||bHszB w)|2k+1Q|_

mp

+ CZCkk:w w(2"'Q) m,s(F)(@)
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> (w(QkHQ))m—FT

< O”gHLipﬁ(w)kack W MmB,s(f)(@
k=1
mp
. e} . o w 2k+1Q n N
bl SR Cnle)” () M@
k=1
> B -
< C”b”Lipg(w)w(m) o Mmﬁ,s(f)(x)v

thus, we get
mp3

" Mng,s(f)(Z).

1 . .
L / Li(2)dz < ClF||ips (wyw(®)™
Qo

Combining all the estimates above, we get

8

L/ IT5(f) () — Coldz < ClIb| iy (w)w(E)™ 5 (Mg« (£)(E) + Mump o(T(£))(F))
1Ql Jq
and

mg

Ty(1)*(&) < ClIBl| iy (@)™ (Mo s ()(E) + Ming, o (T(f))(F))
Now, choose ¢’ < s < r, by Lemma 3.5, we have

T3y mvcamn2, < CIMTEI e,

S IC ) F——
< Ol (™" Mo (D s
M s (T, i)
< Olllsipaor(Mms s, 8+ 1M s (T, 2
< OBl wips oy (Lo ) + T 2o )
< ClIBl| g () 1 1] 2 )
This completes the proof of Theorem 2.1. m]

Proof of Theorem 2.2. Similar to Theorem 2.1, for any ¢’ < s < co and cube @, there
exists some constant Cp such that for f € L?(w) and T € Q,

QI7'

m

8 - .
: /Q IT5(f) (@) — Coldx < ClIFll ops (wyw(®)™

mp

m (M () (2) + Ms(T(f))(2))-

Further, we have

sup inf [Q] 1~ / IT(f) @) —eldz < OlfBl| i uyw(@™ 5 (M ())(@)+M(T(£))(E)-
Q> c< Q

Choose ¢’ < s < p and by Lemma 3.4, we obtain

sup in£ |Q|717mTﬁ /Q T;(f)(x) — cldx

||Tl_)‘(f)||F;nB,00(w17m,7%) ~

T Lot
< Olfbllzans ) (0™ MADN 1m0 ML )
< CUBl Lip o) M (| oy + (T Loy
< C”gHLipg(w)(HfHLP(w)+||T(f)||LP(w))
< OBl Lips ()1 1] 22 -
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This completes the proof of Theorem 2.2. |
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