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Improvements of the Giaccardi and the Petrovi¢ inequality
and related Stolarsky type means
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ABSTRACT. Improvements of the Giaccardi and the Petrovi¢ inequality are given. The no-
tion of m—exponentially convex functions is introduced. An elegant method of producing
n—exponentially convex and exponentially convex functions is applied using the Giaccardi
and the Petrovi¢ differences. Cauchy mean value theorems are proved and shown to be useful
in studying Stolarsky type means defined by using the Giaccardi and the Petrovi¢ differences.
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1. Introduction and preliminaries

The Giaccardi inequality states:

Theorem 1.1. Let ¢ be a convex function on an interval I, p a nonnegative n-tuple
with i pi = P, # 0 and x a real n-tuple. If x € I" and z¢ € I are such that
S pixi =% €1,&# 1z and

(xl_'xo)(i‘_wl)z(h i=1,...,m,
then " N
S pio(es) < Ad(E) + B ( S e 1) H(0),
i=1 i=1
where

A= E?:l pi(xi - CCO) B— E?:l PiZ;

Z:L:l biZi — To ’ Z?Zl DiZ; — 1’0.
A simple consequence of the Giaccardi inequality is the Petrovi¢ inequality:

Corollary 1.1. Let ¢ be a convex function on [0,a],0 < a < oco. Then for every
nonnegative n-tuple p and every x € [0,a]"™ such that Y. p;z; = & € (0,a] and

n
Zpixi >xzj, j=1,...,n,
i=1

the following inequality holds

i_ilpﬁ/)(mi) < ¢(Z) + (i_ilpi - 1) (0).

For further details on the Giaccardi and the Petrovi¢ inequality see [6].
The main goal of this paper is to improve Theorem 1.1 and Corollary 1.1 using the
following lemma.
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66 J. PECARIC AND J. PERIC

Lemma 1.1. Let ¢ be a convex function on an interval I, z,y € I and p,q € [0,1]
such that p+q=1. Then

min{p, ¢} | ¢(x) + d(y) —2¢ (m ; yﬂ

< pd(x) + qd(y) — ¢(px + qy). (1)

Lemma 1.1 is a simple consequence of [5, Theorem 1, p.717].

In Section 2 we also prove Cauchy type mean value theorems, which we use in
Section 4 in studying Stolarsky type means defined by the Giaccardi and the Petrovi¢
differences. In Section 3 we introduce the notion of n— exponentially convex functions
and deduce an elegant method of producing n—exponentially convex and exponen-
tially convex functions using some known families of functions of the same type.

2. Improvements of the Giaccardi and the Petrovié¢ inequality

Next theorem is our main result.

Theorem 2.1. Let ¢ be a convex function on an interval I, p a nonnegative n-tuple
with Y i pi = P, # 0 and x a real n-tuple. If x € I" and z¢ € I are such that
S pizi =% €1,&# 1z and

(.’L‘i—xo)(i‘—l’i)zo, i=1,...,n, (2)
then
> pid(a) < Ad(3)
i=1
n 545 n . _ zo+Z
B i —1 - 2P, +4 |2, 3
+ ;p ¢(@o) = 5 Fn + ¢;p —— (3)
where
S i@ — xo) S P - (xo + i“)
A: = ,B: nl_ ,6 :¢x —+ ) —2 .
S it — o > imy DiTi — To ¢ (20) + ¢(&) - 26 2
Proof. The condition (x; —xo)(Z—x;) > 0,7 =1,...,n, means that either zqg < z; <
or Z <xz; <xzp,i=1,...,n. Consider the first case (the second is analogous).
Let the functions p, ¢ : [xo,Z] — [0, 1] be defined by
_ IT—x T — X
po) = 22 o) = 220,

For any x € [xo, Z] we can write

o) = (20 + 2220 ) = olpta)an + alo)a).

i‘—xo .f—l‘o

By Lemma 1.1 we get for x € [z, 7]

min{p(z), ¢(z)} {d)(xo) + (%) — 26 <x0 + x)]

2
< p(x)¢(z0) + q(z)d(Z) — P(p(x)z0 + ¢(2)T)
and then
¢(x) = ¢(p(z)zo + q(2)T)

< olaw) + aa)ol@) ~ min{p(o), )} [ole0) + 0(2) 20 (77 ) |
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Multiplying ¢(z;) by p; and summing, we get

ZP@(%)

< sz [p é(x0) + q(z:)6(F) — min{p(z), g(a)} [¢(xo) + () — 2¢ (mo + x>”

—¢<z>zpif;_ + ¢ (x0) th_ —%szmm{p Dz}

_W‘

2
T — g

)+ B sz—l $(xo) —5—P +5¢sz i

O

Remark 2.1. Obviously, Theorem 2.1 is an improvement of Theorem 1.1 since under
the required assumptions we have

6 Y pimin{p(z), g(wi)} > 0.

A simple consequence of the Giaccardi inequality is the Petrovi¢ inequality, so we
give its refinement too.

Corollary 2.1. Let ¢ be a convex function on [0,a], 0 < a < oo. Then for every
nonnegative n-tuple p and every x € [0,a]”™ such that > ., p;z; = & € (0,a] and
n
szz’tzz_]v ]:1,771, (4)
i=1

the following inequality holds

sz $(w:) < o(& (sz—1>

99 Ti
*7Pn 0, T = T S|
2P+ by gp -3 )
where 65 = ¢(0) + ¢(Z) — 2¢ (£).
Proof. This is a special case of Theorem 2.1; choose zg = 0. O

Motivated by inequalities (3) and (5), we define two functionals:

¢1(x,p, f) = Af(f)‘FB(ZPi—l)f(mo)—?anL
a:ngw
+6f2pz sz ;) (6)
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where f is a function on interval I, p is a nonnegative n-tuple, x a real n-tuple and
Z, Py, 0y, A, B as in Theorem 2.1, and

(I)Q(X,p;f) = f(i‘)+ (sz_:l) f(o)_aﬁpn

2
+5f Zpi
i=1

where f is a function on interval [0,a], p is a nonnegative n-tuple, x a real n-tuple
and Z, P, 05 as in Corollary 2.1.

If f is a convex function, then Theorem 2.1 and Corollary 2.1 imply that ®;(x, p, f) >
0,2 =1,2.

Now, we give mean value theorems for the functionals ®;, i = 1, 2.

s, M

T

Theorem 2.2. Let I = [a,b], p be a nonnegative n-tuple with > p; = P, # 0 and
x a real n-tuple. Let x € I™ and xg € I be such that Z,?:lpﬁi =z€l, T #uxy and
(2) holds. Let f € C?(I). Then there exists € € I such that

_ "¢

(I)l(x7paf) - 2 (I)l(xapafO)v (8)

where fo(x) = 2.
Proof. Since f € C*(I) therefore there exist real numbers m = min, ¢, ) f”(2) and
M = maxgepq,) [ (). It is easy to show that the functions fi(z), fa(x) defined by
M
filz) = —a? = f(2),

2
folz) = fla) - Za?

2

are convex. Therefore

and we get

(I)l(xapa fO) (10)

From (9) and (10) we get
m M
E(I)I(Xapafo) S q)l(x7p7f) S ?

If ®;(x,p,x?) = 0 there is nothing to prove. Suppose ®;(x,p,z?) > 0. We have
m < 2(1)1(X7p7f)

CDI(Xa p, fO)

< M.
- (DI(vavxz) N
Hence, there exists & € I such that
1/
®1(x,p, f) = ! 2(5)(1’1(X7p7f0)-
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Theorem 2.3. Let I = [0,a], p be a nonnegative n-tuple and x a real n-tuple. Let
x € [0,a]™ such that >, pix; = & € I and (4) holds. Let f € C*(I). Then there
exists £ € I such that

_ ")

Oo(x,p, f) = T(I)Q(X7p7f0) (11)

where fo(z) = x2.

Proof. Analogous to the proof of Theorem 2.2 O

Theorem 2.4. Let I = [a,b], p be a nonnegative n-tuple with . p; = P, # 0 and
x real n-tuple. Let x € I™ and xg € I be such that Z:;l pix; =% €1, T # xg and
(2) holds. Let f,g € C%(I). Then there exists ¢ € I such that

él(xvpvf) _ f//(g)
(I>1(X7p7g) g”(g)’
provided that the denominators are non-zero.

Proof. Define h € C?([a,b]) by

(12)

h=c1f = cay,
where
c1 =21(x,p,9), 2= P1(x,p, f).
Now using Theorem 2.2 there exists £ € [a, b] such that

(Cl e g”(é)) (%, p, fo) = 0.

2 72
Since ®1(x,p, fo) # 0 (otherwise we have a contradiction with ®;(x,p,g) # 0 by
Theorem 2.2), we get

(Dl(X, P, f) _ f//(g)

®1(x,p,9)  9"(§)

O

Theorem 2.5. Let I = [0,a], p be a nonnegative n-tuple and x a real n-tuple. Let
€ [0,a]™ be such that >  pix; = & € I and (4) holds. Let f,g € C*(I). Then

there exists € € I such that
o(x,p,f) _ f"(E)

- (13)
a(x,p.9)  9"(&)
provided that the denominators are non zero.
Proof. Analogous to the proof of Theorem 2.4. O

3. n—exponential convexity and exponential convexity of the Giaccardi
and the Petrovié differences

We begin this section by notions which are going to be explored here and some
characterizations of these properties.

Definition 3.1. A function ¢ : I — R is n—exponentially convex in the Jensen sense

on I if .
> s () 20

i,j=1
holds for all choices & € R and x; € 1,i=1,...,n.
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A function ¢: I — R is n—exponentially convex if it is n—exponentially convez in
the Jensen sense and continuous on I.

Remark 3.1. It is clear from the definition that 1—exponentially convexr functions
in the Jensen sense are in fact nonnegative functions. Also, n—exponentially convex
functions in the Jensen sense are k—exponentially convex in the Jensen semse for
every k € N, k <mn.

By definition of positive semi-definite matrices and some basic linear algebra we
have the following proposition.

Proposition 3.1. If ¥ is an n-exponentially conver in the Jensen sense, then the

k
matrix [w (ml —;_mj)] is a positive semi-definite matriz for all k € Nk < n.

ij=1

k
Particularly, det [1/) <CM2L:CJ>} >0 forall ke N, kE <n.

4,g=1

Definition 3.2. A function ¢: I — R is exponentially convex in the Jensen sense
on I if it is n—exponentially convex in the Jensen sense for all n € N.

A function v: I — R is exponentially convex if it is exponentially convex in the
Jensen sense and continuous.

Remark 3.2. It is known (and easy to show) that ¢ : I — R is a log-convex in the
Jensen sense if and only if

o*(z) + 2a 8¢ (T’) +5%9(y) = 0

holds for every a, € R and x,y € I. It follows that a function is log-convez in the
Jensen-sense if and only if it is 2—exponentially convex in the Jensen sense.

Also, using basic convexity theory it follows that a function is log-conver if and
only if it is 2—exponentially convex.

We will also need the following result (see for example [6]).

Proposition 3.2. If ¥ is a convex function on an interval I and if 1 < y1,22 <
Yo, T1 F Ta,Y1 F Yo, then the following inequality is valid

U(z2) — W(z1) < V(y2) — ¥(y1)
To — X1 - Y2 — 1 '

(14)

If the function U is concave, the inequality reverses.

When dealing with functions with different degree of smoothness divided differences
are found to be very useful.

Definition 3.3. The second order devided difference of a function f: I — R, I an
interval in R, at mutually different points yo,y1,y2 € I is defined recursively by

is /] = fly), i=0,1,2
[Yi, yiv1; f] = M, i=0,1
Yi+1 — Yi
[vo, y1,92; /] = by vei 71 = [0, 913 F], (15)

Y2 — Yo
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Remark 3.3. The value [yo, y1,y2; f] is independent of the order of the points yo, y1
and ys. This definition may be extended to include the case in which some or all the
points coincide. Namely, taking the limit y1 — yo in (15), we get

f(y2) — f(yo) — f'(yo)(y2 — vo)

lim [yo,y1,y2;5 f1 = [y0, Yo, y2; f] = 5 Y2 # Yo
Y1—Yo (Y2 — o)
provided [’ exists, and furthermore, taking the limits y; — yo,i = 1,2 in (15), we get
1
. . 0
lim  Tim [yo,y1,y2; f] = [0, Yo, yo; f] = %)
Y2—Yo Y1—Yo 2

provided that " exists.

We use an idea from [3] to give an elegant method of producing an n— exponentially
convex functions and exponentially convex functions applying the functionals ®; and
®, on a given family with the same property.

Theorem 3.1. Let T = {fs : s € J}, where J an interval in R, be a family of
functions defined on an interval I in R, such that the function s — [yo, Y1, Y2; fs] s
n—exponentially convex in the Jensen sense on J for every three mutually different
points yo,y1,y2 € I. Let ®; (i = 1,2) be linear functionals defined as in (6) and (7).
Then s — ®;(x,p, fs) is an n—ezxponentially convex function in the Jensen sense on
J. If the function s — ®;(x,p, fs) is continuous on J, then it is n—exponentially
convez on J.

Proof. For (&, e R, i=1,...,nand s; € J,i=1,...,n, we define the function

n
9(y) = Y &&ifsrs ().
ij=1 2
Using the assumption that the function s — [yo, y1, y2; fs] is n—exponentially convex
in the Jensen sense, we have

n
o, y1, v23 9] = > §i&ilyo, y1, Y23 foive; ] 20,
ij=1

which in turn implies that g is a convex function on I and therefore we have ®;(x, p, g) >
0,7 =1,2. Hence

n
> §¢€j¢i(x,p,f%+Ts_j) > 0.
i,j=1
We conclude that the function s — ®;(x,p, fs) is n—exponentially convex on J in
the Jensen sense.
If the function s — ®;(x, p, fs) is also continuous on J, then s — ®;(x,p, fs) is
n—exponentially convex by definition. O

The following corollary is an immediate consequence of the above theorem.

Corollary 3.1. Let T = {fs : s € J}, where J an interval in R, be a family of
functions defined on an interval I in R, such that the function s — [yo,y1,Y2; fs] is
exponentially convex in the Jensen sense on J for every three mutually different points
Yo, Y1,Y2 € I. Let ®; (i =1,2) be linear functionals defined as in (6) and (7). Then
s+— D;(x,p, fs) is an exponentially convex function in the Jensen sense on J. If the
function s — ®;(x,p, fs) is continuous on J, then it is exponentially convex on J.
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Corollary 3.2. Let Q = {fs : s € J}, where J an interval in R, be a family of

functions defined on an interval I in R, such that the function s — [yo,y1,Y2; fs] is

2—exponentially convex in the Jensen sense on J for every three mutually different

points yo,y1,y2 € I. Let ®;, i = 1,2, be linear functionals defined as in (6) and (7).

Then the following statements hold:

(i) If the function s — ®;(x,p, fs) is continuous on J, then it is 2—exponentially

convex function on J, and thus log-convez function.

(i1) If the function s — ®;(x,p, fs) is strictly positive and differentiable on J, then
for every s, q,u,v € J, such that s < u and ¢ < v, we have

Ms’q(x’ i, Q) < .uu,v(xa D, Q)7 i =1,2, (16)
where
M)Tq
MS,Q(X? (Dia Q) - (q)i(xgvgzv)(x . y S 7é q, (17)
exp (BHSBE)) s =
fOT f57 fq E Q.

Proof. (i) This is an immediate consequence of Theorem 3.1 and Remark 3.2.
(3) Since by (i) the function s — ®;(x, p, fs) is log-convex on J, that is, the function
s+ log @;(x, p, fs) is convex on J. Applying Proposition 3.2 we get

logcbi(xapa fs) - logéi(xapa fq) < IOg(I)i(X»P»fu) - IOg(I)i(X»P»fv)

s—q u—v (18)
for s <wu,q <w,s # q,u # v, and therefrom conclude that

Ps,q(X, @i, Q) < piy 0 (x,®;,Q), i=1,2.
Cases s = ¢ and u = v follows from (18) as limit cases. O

Remark 3.4. Note that the results from Theorem 3.1, Corollary 3.1, Corollary 3.2
still hold when two of the points yo,y1,y2 € I coincide, say y1 = yo, for a family of
differentiable functions fs such that the function s — [yo, y1, y2; [s] is n—exponentially
convex in the Jensen sense (exponentially convex in the Jensen sense, log-convex in
the Jensen sense), and furthermore, they still hold when all three points coincide
for a family of twice differentiable functions with the same property. The proofs are
obtained by recalling Remark 3.3 and suitable characterization of convexity.

4. Applications to Stolarsky type means

In this section, we present several families of functions which fulfil the conditions
of Theorem 3.1, Corollary 3.1 and Corollary 3.2 (and Remark 3.4). This enable us to
construct a large families of functions which are exponentially convex. For a discussion
related to this problem see [2].

Example 4.1. Consider a family of functions

O ={gs :R—[0,00): s €R}

1
52 S:E7 03
gs(x) = { § e2 o7 .

We have (ff; (z) = e®® > 0 which shows that gs is convex on R for every s € R

and s — ddzmg; (x) is exponentially convex by definition. Using analogous arguing as in

defined by
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the proof of Theorem 3.1 we also have that s — [yo, y1, Y2; gs] is exponentially convex
(and so exponentially convex in the Jensen sense). Using Theorem 3.1 we conclude
that s — ®;(x,p,gs), i = 1,2, are exponentially convex in the Jensen sense. It is
easy to verify that these mappings are continuous (although mapping s — gs is not
continuous for s =0), so they are exponentially convex.

For this family of functions, psq(x, ®;, ), ¢ = 1,2, from (17) become

1
D (x,p,95) | * ¢
(éi(x,p,gq)> ’ S# 4,
o, @iy ) = § exp (BlRaded) _2) g 20,
@, (x,p,id-
oo (). s=a=0

and using (16) they are monotonous functions in parameters s and q.
Using Theorems 2.4 and 2.5 it follows that fori=1,2
MS7Q(X7 (I)i? Ql) = 1Og IJ’S,q(Xa (I)i) Ql)
satisfy min {xo, £} < M 4(x, ®;, Q1) < max {xo, &}, which shows that M ,(x, ®;, 1)

are means (of o, x1,...%n,&). Notice that by (16) they are monotonous means.

Example 4.2. Consider a family of functions
Qo ={fs:(0,00) = R:seR}
defined by

s

ﬁ, 8750’1)
fs(x) = —logxz, s=0,
zlogx, s=1.

Here, CZE];S (z) = 2572 = e(s=2108% > ( which shows that f, is convex for x > 0 and

S Cfm’;s (z) is exponentially convex by definition. Arguing as in Ezample 4.1 we get

that the mapping s — ®1(x,p,gs) is exponentially convezr. In this case we assume
x; >0, j=0,1...,n. Notice that the functional ®s is not defined in this case (of
course it can be defined for s > 0). Functions (17) in this case are equal to:

1
1 (x,p,fs) ) *4
(&65r) s#4
1—2s 21 (x,p,fs fo) _
3.0, =4 TP e R e ) ) » 8=¢7 0.1,
,Ufs,q(xa 1 2) = <I>1(pr§)
exp 1_W), szq:(),
o Sof
exp (1 - Gxpafy). s=a=1

If ®1 is positive, then Theorem 2.4 and Theorem 2.5 applied for f = fs € Qo and
g = fq € Qo yields that there exists £ € [min {xg, 2}, max {xo, Z}] such that
_ (I)l(xa b, fs)

¢1 (X7 p, fq)

Since the function & — £571 is invertible for s # q, we then have

. } (I)l(X,P, fS)
min {xg, z} < <‘I’1(X,P,flﬂ

which together with the fact that ps (%, P1,Q2) is continuous, symmetric and monot-
onous (by (16)), shows that ps 4(x, ®1,2) is a mean. Now, by substitutions x; — !,

&

>Slq < max {xg, 7}, (19)
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s—3%,0q—=1(t#0, 5s#q) from (19) we get

. ~ (I)l(xtvpvf/t ﬁ ~
min {34} < (o) < max a1}
s Py Jq

where xt = (2, ... al). We define a new mean as follows
. 1/t
s, gzt (X, @1, Q2) = (”?x%(x ’(I)1792)> , t#0 (20)
f1s,q(log x, ®1, 1), t=0.

These new means are also monotonous. More precisely, for s,q,u,v € R such that
s<u,q<w,s#u, q#*v, we have

Ms,q;t(xaq)l,QZ) é Nu,v;t(xaq)1792)~ (21)
We know that

(bl(xvpvfs/t))Siq ((bl(x7p7fs/t))5iq
s a(x, Dy, Q) = | — et < (x, @y, Q) = (L) ,
‘UIWt( ! 2) <q)1(xap7fq/t) ‘ut7t,( ! 2) (I)l(xvpqu/t)

for s,q,u,v € I such that s/t < uft, ¢/t < v/t and t # 0, since fis q(x, P1,802) are
monotonous in both parameters, the claim follows. For t = 0, we obtain the required
result by taking the limit t — 0.

Example 4.3. Consider a family of functions

Q3 = {hs: (0,00) — (0,00) : s € (0,00)}

87; 1
o {5t
2

, s=1.

defined by

Since s +— ﬁm@@‘ (x) = s7* is the Laplace transform of a non-negative function (see [7])

it is exponentially convex. Obviously hs are convex functions for every s > 0.
For this family of functions, us4(x, ®1,Q3), in this case for x; >0, j =0,1,...,n,
from (17) becomes

1
@4 (x,p,hs) s
(éi(x,p,hq)) ) s #q,
_ &, (x,pid-h,
Hs,q(X, @1,Q3) = ¢ exp (— sgi(('i;;,h;)) - Slfgs) , s=q#1,
@, (x,p,id-h
exp (- Sy ) s=a=1

and it is monotonous in parameters s and q by (16).
Using Theorem 2.4, it follows that

M, (X, ®1,83) = —L(s,q) log Ns,q(xa ®1,Q3),
satisfies min {xg, T} < M, 4(x, 1,Q3) < max{xg, Z}, which shows that M ,(x, ®1,3)
is a mean (of xg,z1,...%n,Z). L(s,q) is the logarithmic mean defined by L(s,q) =
Togsbgg: S# @ L(s,s) =s.
Example 4.4. Consider a family of functions
Q4 = {ks : (0,00) — (0,00) : s € (0,00)}
defined by
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. d’k —z\/5 . .
Since s — T3 (x) = e is the Laplace transform of a non-negative function (see
[7]) it is exponentially convex. Obviously ks are convex functions for every s > 0.
For this family of functions, peq(x, ®1,Q4), in this case for x; >0, j =0,1,...,n,
from (17) becomes

1
M)Tq o
q,
g (% @1, ) = <‘“<"””§aix k)
exp [ — SiinPA&ls) ) Cs=q.

2¢/s®(x,p,ks) s
and it is monotonous function in parameters s and q by (16).
Using Theorem 2.4, it follows that

Ms7q(X, (I)l, 94) = — (\/g + \/(}) IOg ,LL37q(X, (I)l, Q4)
satisfies min {xg, T} < M, 4(x, P1, Q) < max{zg, Z}, which shows that M ,(x, P1, )
is a mean (of xo,T1,...Tn,T).
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