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On the stability of weak solutions of sediment transport
models

JEAN DE DIEU ZABSONRE

ABSTRACT. In this paper we are concerned with the stability of weak solutions for a family
of two-dimensional bed-load transport models which combines a viscous shallow water system
with a transport equation that describes the bottom evolution. Our analysis is performed in
a periodic domain where models with critical shear stress are used for the solid discharge.
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1. Introduction.

In this paper, we study the stability of weak solutions of a viscous sedimentation
model. We consider here the system proposed by Saint-Venant-Exner to model the
transport of sediment caused by a flow. It consists of a coupling between the hy-
drodynamic Saint-Venant system to a morphodynamic bed-load transport sediment
equation. It is well known that the equation that describes sediment transport is a
continuity equation. The expression of the conservation sediment volume equation is
given by

Oz + Bdiv(gy(h, u)) =0, (1)
where g, denotes the solid transport discharge, z; is the movable bed thickness, 5 =
ﬁ with ¢ the porosity of the sediment layer (see [6],[7],[11]).

There are several formulae for g, available in the literature which are obtained
using empirical models. They depend on the height A of the fluid and the water
discharge ¢ = hu, where u is the velocity. The most important used for rivers are :

e Grass model:
mg—1 q

E7 1 S mg S 47

where the constant A, (s?/m), which is usually obtained from experimental

data, takes into account the grain diameter and the kinematic viscosity, see

([6,[7),[12],14)).

e the model proposed by Meyer-Peter & Miiller [16], Van Rijn’s [20], Einstein [9],

Nielsen [17], Ferndndez-Luque & Van Beek [10] or Kalinske [13]. Such formulae

can be written under a general form

@ = a(r)(|7] = )T, (2)
where m is a positive real number and o = «(7) depends also on the grain diam-
eter of the sediment. These formulae imply that the movement of the sediment
only begins when the modulus of the shear stress is bigger than the critical one
denoted 7,. Usually, one uses Manning’s law to define the shear stress: 7 = ghSy

vent
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gM?ul
R/3

where Sf = u, being Ry, is the hydraulic ratio and M the Manning’s fric-

h
tion coefficient. Notice that Meyer-Peter & Miiller’s formula [16], is the most
important formula used in Fluid Mechanics.
In this paper we consider a modified formula of g, given by (2) by choosing

a(r) = phu, 7=cilulu and 7. =co

where (3, ¢c; and ¢y are real numbers. Thus, in our analysis we consider the following
discharge for the solid transport:

a = Bhu(crful® + )7 (3)

Next as it was presented in [8], in order to have a diffusion process, we add a

diffusive term in the sediment transport equation. Finally, we consider the following
system:

Ayh + div(hu) = 0, (4)
O¢(hu) + div(hu @ u) + ghV (h + zp) — vdiv(hD(u)) = 0, (5)
Bz + div(qs(h, u)) — %Azb —0, (6)

in a two-dimensional periodic domain with periodic boundary conditions. Here ¢ is
given by (3), D(u) is the symmetric part of the gradient, that is, D(u) = (Vu +
tVu)/2, and g > 0 denotes the gravity number. We assume that

1 1
J— < —,
co <0, 0<Cl<4mﬁ’ 0<m72

The initial data are taken in such a way that

hli=o = ho >0, 2b|t=0 = Zbg» huli=o = qo, (7)

where

2h0 € L*(Q), 2, € L2(),
Whep@,  vhew@p,

For ¢o = 0, we obtain the Grass model studied in [21].

Let us next recall some results on viscous sedimentation models. In [19], the
authors obtained the existence of weak solutions of a viscous sedimentation model.
In that work, the viscous Saint-Venant system studied in [18] is coupled with a Grass
model of the type g, = hu. Notice that in [18], the authors chose a viscous term of
the form vAwu. Assuming that the initial data are small enough as in [18] and using
Brower fixed point theorem, they obtained an existence result.

In [21], the authors obtained the stability of weak solutions of system (4)—(6) with
Grass model (1 < my, < 3/2). The key point in their analysis is the use of the
nice mathematical entropy inequality namely BD entropy, developed in ([1],[2]) for
shallow water equation and in ([2],[3],[4], [5]) for viscous compressible Navier-Stokes
equations. In [21], the stability is obtained by using one of the multipliers used in [15].
The authors proved that the bed-load transport system considered is energetically
consistent without any restriction on the data.

However, in the literature, most of the works related to sediment transport model
are done by using formula with critical shear stress (2) for the solid discharge.

(8)
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In this work, we extend the stability result of weak solutions considered in [21],
to the more general system (4)—(6). The difficulty in this paper comes from the form
of the discharge ¢, which makes difficult the energy estimates and the passage to the
limit in the sequence (g, )n = (hptn(c1lun|* + c2)7 -

The rest of the paper is organized as follows: in Section 2, we state the main
result. In Section 3 we state the energy inequality which is the main ingredient in
proving our main result. Sections 4 and 5 contain the proof of the main result and
the energy estimate respectively.

2. The main result

We start this section with the definition of the weak solution to (4)—(6).

Definition 2.1. We shall say (h,q = hu, zp) is a weak solution of (4)—(6) on (0,T)x
with initial conditions (7) if
o System (4)—(6) holds in (D'((0,T) x Q))4,
e Equation (7) (on initial conditions) holds in D' () with h > 0 a.e.,
o the energy inequality (11) is satisfied for a.e. mon-negative t and the following
reqularity properties are satisfied:

Vhu € L®(0,T; (L2(2))?), VhVu € L2(0,T; (L2(Q))%),
Vh(erul? + ¢o) "2 € L0, T; (L2(Q))2),  h+ 2 € L(0,T; L2(R)),
Vh+ Vz, € L*(0,T; (L*(Q))?), Vvh € L*®(0,T; (L*(Q))?),

VRD(u)(er|uf? + e2)T/? € L2(0,T; (L*(2))?),

e hoand z are in C°(0,T; H*()) and hu is in C° (0,T; (H*(Q))?) for s large
enough.

We are now in a position to state our main result.

Theorem 2.1. Let (hp, qn = hntn, 25, ) denote a sequence of weak solutions of (4)—
(6) which satisfy the entropy inequality (11), with initial data

h’"\t:o = hg(l‘), h"u"h:o = qg(x) and an|t=0 = Zg) (l‘),
where hy, zy, and ugy verify
hg >0, hg — ho in L'(Q), 2y, — 2y, in L'(Q), qf — qo in L'(Q),  (9)

and satisfy the following bounds:

unQ hn+zn2 1
/Qh8| ;' +| 0 5 o —i—hg(cﬂu}}|2+62);r < C,

I
Q

Then, up to a subsequence, (hp)n, (qn)n and (2p,)n converge strongly in C°(0,T;
L2/ 249)(Q)), €00, T; W—122/2+P)(Q)) and C°(0,T; L*/(+P)(Q)) respectively to a
weak solution of (4)—(6) satisfying entropy inequalities (11).

2
< C and / |hg| < C. (10)
Q



ON THE STABILITY OF WEAK SOLUTIONS OF SEDIMENT TRANSPORT MODELS 89
3. Energy inequality

Proposition 3.1. For (h,q, z,) smooth solution of the model (4)—(6), we show the
following relation:

ld ﬁ d m—+1
—— | h loghl?+ ———— [ h 2
th/Q |u+ vV log h|* + o(m —|—1)dt_/ (crlul® +e2)
2 a 2
2dt/h\u| +gd /|Zb+h\ —|—gV/\V (h + z)|?
4/h|Vu—|—tVu| /h|Vu—tVu|

+2(1 - 4mﬁcl)l// hID(u)[? (e1|ul® + CQ)T =0. (11)
Q
The proof of this Proposition is postponed to Section 5.

Remark 3.1. The energy inequality provides the following uniform estimates for a
smooth solution:
VAl 07120002 < € € Ry, VAl 0.7:(2200)2) < €

+1)/2
125 + Bl L 0.1:22 () < €, IV (exlul® + e2) "

IV (R + 20) |20 T'(Lz(ﬂ))z) <c H\FD(U)HL?(O,T;(LQ(Q))z) <g

o= o222 < 6

IVhD(u) (e1lul® + 02) 2 2o (z2 ) < c
4. Proof of Theorem 2.1

In this section we give the proof of Theorem 2.1. With the previous a priori bounds,
we are able to prove the compactness of the sequence (hy,un, 2, ) of approximate
solution of system (4)—(6) and pass to the limit in the different terms that compose
the three equations. Most of the convergence relies on the approach given in [21]. For
the sake of completeness, we present here a complete proof. Our argument will be
divided into four steps.

4.1. First step: Convergence of the sequences (v, )n>1s (An)p>1 and (26,),>; -
Integrating the mass equation, we directly get (v/hy,), in L>(0,7; L%(2)). In addi-
tion, Remark 3.1 gives us ||V\/E||LOO(O’T;(L2(Q))2) < ¢, so we obtain:

(VI )n is bounded in L>(0,T; HY(R)). (12)

Using again the continuity equation on h,,, we have the following equality:

/T = %mdmn —div (v )

which allows us to conclude that (9;v/h,,), is bounded in L?(0,T; H=(Q)).
Thanks to Aubin-Simon lemma, we can extract a subsequence, still denoted (hy,)n>1,
such that v/A, strongly converges to v/h in C°(0,T; L?(Q)).

We study now the subsequence (hy,),. According to the property (12) and Sobolev
embeddings, we know that, for all finite p, (v/hy,)n is bounded in L>°(0,T; LP(Q)). In

the following, we will assume p > 6 in order to simplify our expressions and ensure
that (hy,)n is in L>=(0,T; L3(Q)).
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The mass equation on h,, reads: dih,, = —div(h,uy). Since hpt, = VhovVhntn,
we deduce that (hpuy, ), is bounded in L°(0, T; (L?*/(2+P)(Q))?). Then, the sequence
(Othy)y is bounded in L*°(0, T; W —1:2p/(2+P) ().

The equality Vh,, = 2v/h,, V/h,, implies that the sequence (Vh,,),, is bounded in
L>(0,T; (L*/(2+P)(Q))?). Thus, the sequence (hy,), is bounded in
L0, T; Wh2p/(24r)(Q)).

Thanks to Aubin-Simon lemma again, we find:

hn — h in C°(0, T; L?P/ (2P (Q)).
Last, we perform the convergence of the bottom term (2, ),: combining the bound on
(VB )n in L®(0,T; LP(Q)) and the bound on (Vz, ), in L(0,T; (L*/(2+P)(Q))?),
we deduce:
(2, )n is bounded in L (0, T; Wh2P/(2+P)(Q)).
Moreover, we have just shown that (Azp, ), belongs to L°(0,T; W —12P/(C+r)(Q)).
Let us now write the discharge (g, ), under the following form:

2m 1 m
Bt (€1 [t + c2)™ = /Tty (\/hn(cl\un|2 + c2)1+/2) R (13)

We have (c1|un|? + c2) 1 < e1]un|?, so that (x/hn(cl|un|2 + 02)1/2) belongs to
L>(0,T; L*(£2)). The term :

e /hyu, is bounded in L>(0,T; L?(€)),

2m

o <\/hn(cl|un|2 + 02)3_/2) is bounded in L>(0,T; L'/™(Q)),

o h2 ™™ is bounded in L>(0,T; LP/2G=m)(Q)).
We then have the sequence (g, ), bounded in L= (0, T; LP/ TV (Q)) and div(g, ) €
L>(0,T; Ww—Lp/(p+1) (Q)).

(8¢2, )n is bounded in L= (0, T; W~/ +D ().

For p large enough, we have the relations W2P/(2+p)(Q) cc L2/(+r)(Q)

W=tp/(p+1(Q). Next, by Aubin-Simon lemma we are able to assert that (zy,)n
converges strongly to 2, in C°(0, T; L?P/2+P)(Q)).

4.2. Second step: Convergence of the water discharge (gn)n>1 = (Rntn)n>1-
We proved that the sequence (hyuy,), is bounded in L>(0, T; (L?P/(?+P)(Q))2) where
p is an integer greater than six in the first step. Writing the gradient as follows:

since the first term is in L>°(0,T; L(€)) and the second one belongs to
L2(0,T; L?/(2+P)(Q)), we have:

(hptin)n bounded in L2(0,T; W1 (Q)).

Moreover, the momentum equation (5) gives:

1
Or(hpuy) = —div(hpu, @ uy) — ﬁth(hn + 2, ) +vdiv (h,D(uy)) .
r
Let us study each term separately:
o div(hptn ® uy) = div(Vhntn ® Vhyuy) is in L0, T; W=11(Q)),

e as h, is in L>(0,T; Wh2P/(2+P)(Q)), it is also in L°°(0,T; LP(2)) and then:
BV (b + 2,,) is in L2(0, T; L?P/2+P)(Q)) € L2(0,T; W12/ (2+9)(Q)),
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e remark that

hoVu, = V(hyu,)—u, @ Vh,

Y (\/E\/Eun) - 2\/Eunv\/a§ (14)

we know that the first term is in L°°(0, T; W~12?/(2+P)(Q)) and the second one
in L°°(0,T; L*(2)). So we have the sequence (h,,D(uy,)), bounded in
L2(0,T; W—12p/(2+p)(Q)).

Finally, note that these three terms are included in L2(0,T; W ~22P/2+P)(Q)), which
means that 0;(h,uy,) is also in this space for all n > 1.
Then, applying Aubin-Simon lemma, we obtain:

(Rntin)n converges strongly to g in C°(0, T; W ~12P/(+P)(Q)).

4.3. Third step: Convergence of (\/hnun)n>1. The product v/h,u, is equal to

Gn/\/ hn.We will prove a strong convergence for this term. We know that (g, /v/hn)n
is bounded in L*(0,T; L?(Q2)); so Fatou lemma yields:

sup /hmlnf n < sup hmlnf/ — < +o00.
te[0,T] JQ hn, t€[0,T)

In particular, ¢(¢, ) is equal to zero for almost every x where h(t, z) vanishes. Then,

let us define the limit velocity by taking u(t,x) = ¢(t,x)/h(t,z) if h(t,x) # 0 or else
u(t,z) = 0. So we can write q(t,z) = h(t,x)u(t,z) and:

2
sup / T _ sup /h|u|2 < 400.
tel0,T] JQ h tel0,T] JQ

Moreover, we can use Fatou lemma again to write

/h(cl\u|2+02):’f+1 g/liminfh (c1]unl® + e2) Pt
Q Q

< liminf | Ay, (c1|un|? +02)m+1

Q

)

which gives vh(c1|ul? + ¢ )(mﬂ)/2 in L°°(0,T; L?(52)).

As (¢n)n and (hy,), converge almost everywhere, the sequence (vhntn)n = (¢n/vVhn)n
converges almost everywhere to vVhu = g / v/h when h does not vanish. Moreover, for
all M positive, (\/Hunl|un|§ M )n converges almost everywhere to \/Eulmg w (still as-
suming that & does not vanish). If h vanishes, we can write v/hntnljy, < < My/hy,
and then have convergence towards zero. Then, almost everywhere, we obtain the
convergence of (v/hyntnljy,|<rr)n-
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Finally, we have:
T 2
[ [ [V, Vil
0o Jo
T
< /O /Q (‘muk1|u,L|§M - \/flU1\u|§M‘ + ‘\/ﬂunlman’
2
+’\/EUI‘U|>N[D
T 2 T 2
§3/0 /Q‘\/EUICIWHEM—\/EUI\MSM) +3/0 /Q’\/Eunl\un\>M‘

T 2
0 Q

Since (v/hy)n is in L (0, T; LP()), (v hntinl|y, |<rr)n is bounded in this space. So,
as we have seen previously, the first integral tends to zero. Let us study the other
two terms:

for M large enough, we have hy(ci|un|® + ¢2) 41w, >0 = hn(cr|un]® + c2) L, >0
Thus

T 2
/ /‘\/ hnun1|un|>1\/[’
0
= / / (c1]un|? +e2) iy, |>m — */ /Czh Ly, >m
*/ /hn(Cl\Un\2+Cz)l|un|>M+a/ /Cth1|un\>M
m+1
ClM +Cg / / Cl|un| +02 MQ/ /h |un‘ l\uﬂ\>M

k
<—+7
_M (61M2+02)+

| A

for some fixed k£ > 0 and for all M large enough. We also have

k
/ /’\Ful\upM’ 01M2+02)

To conclude this part, we let M tend to infinity which finally gives
(v/hntin)n strongly converges to vVhu in L2(0,T; L*(Q)).

4.4. Fourth step: Convergence of the diffusion terms, the pressure and the
solid transport flux. The sequence (V(hpuy)), converges to V(hu) in the sense
of the distributions, in (D’ ((0,T) x €2))*. The weak convergence of the sequence
(Vvhn)n in L0, T;(L?(2))?) and the strong convergence of (v/h,u,, ), in this space
give the weak convergence in L'(0,T; (L' (2))*) of (u,, ® Vhy,)n. Then, relation (14)
implies that (h, Vuy,), converges to hVu in (D'((0,T) x 2))%. This gives the conver-
gence of the complete diffusion term.

Due to Remark 3.1, the sequence (V(h,, + 2, ))n converges weakly to V(h + zp)
in L2(0,T;(L?(2))?). Moreover, the sequence (h,), converges strongly in
C°(0,T; L?*/24P)(Q)); so the product converges weakly to hV(h + ) in
L2(0, T; (LP/ 049 ())2).
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The last term is the term of solid transport flux: first, we remark that hy, (c1|un|* +
¢2)4 converges strongly to h(ci|ul? + cz)y in L'(0,T; L' (Q)) and then
2m 2m
(\/hn(cl|un|2 + 02)i/2> converges strongly to (\/E(cl|u|2 + 02)1/2) in

LY™(0,T; LY™(Q)). In addition, the sequence ( }/Pm)n converges converges to

h1/2=m in €00, T; L2/ =2m)(Q)) and (v/nuy,), converges strongly to vhu in

L2(0,T; (L%(£2))?). By using Equation (13), we obtain that the sequence (A, uy(c1|un|?+

2)™), converges strongly to hu(ci|u|?+c2)T in the space L2/ (2m+D(0,T; (L1(Q))?).
This ends the proof of Theorem 2.1.

5. Proof of the energy inequality

Lemma 5.1. Let (h,q, zp) be a smooth solution of (4)—(6). Then the following energy
inequality holds:

1d ﬁ d m+1
el hlul? + 2 = 2
2dzﬁ/Q ful”+ 2dt/ %+ A S ) dt/ (colul® +e2)y
+—/Vh v,zb+—/ V2 |* + /h\vu+tvu|
+(1- 4mﬁcl)u/ h|D(u)[* (c1|ul®* + cz)Jr <0. (15)
Q
Proof. We multiply Equation (5) by u, and integrate over 2. Using (4) we deduce:

1
/ hatu-u+/(hu~V)u-u+—/ hV(h—l—zb)~u—1// div (hD(u)) - u = 0.
Q Q Fr2 Jq Q
Now let us simplify each term:

1d ,
o /Qhatu~u+/(hu V)u- u-§£ hlul®,

° /hV(h-"-Zb) /(h—l—zb (9th—*f/h2 /Zb Oih
o o 2 dt

1
div (hD(u)) - u = —/ hD(u) : Vu = —1/ h|Vu+ tVu|2.
Q Q Q
Substituting all these terms, we find:

1d 5 gd 9 / 1// o |2
5 77 Qh|u| +2dt/9h +yg szath+4 thvw Vul” =0 (16)

g (h,w)
h

Next, we multiply Equation (5) by and we integrate on {2:

1
Q h Q h Fr2?

Here again, we study separately each term:

“qp(h, u) / oy, @(h,u) B i/ 2 m+1
. /Qhatu Tt Q(hu V)u W e (m i) di hu (erful® +e2) 7,
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@ (h, )
h

g/ hV (h + z) - = —g,@/ (h + zp)div (hu (cl\u|2 + CQ)T)~
Q Q
Next we use Equation (6) to write:

qv(h,u)
g/QhV(h—i-Zb)' N

= g2y (h+ 2p) Az + g/ (h 4 2) 02
Q

_@/Vh-wﬁ@/|Vzb|2+g/hatzb
2 Q 2 Q Q

gd [ -
+2dt sz )

/ div (hD(w) - %(Z, u)
Q
= —fer [ (D) V) (el )]

—2mfBc; / h(D(u)uV)u-u (ci]ul® + 02):_”_1

Since ¢; < 1, ¢p|ul® + ¢z < |u§|5 and so

’2mcl / h(D(uw)uV)u-u (c1]ul® + CQ)T_l
Q

m—1
< dmey / BID @) Pluf? (exful? + c3)”
Q
< 4dmcey / RID(uw)|? (ex|u* + CQ)T
Q

Gathering all these results, we are led to:

; d/ 5 m+1 / 2
2o (m 1 1) di Qh(cl|u\ +e2), +2 Vh Vi + 2 |V 2|

2 dt
Now we add Equation (17) to Equation (16): we find the proclaimed inequality. O

gd m
h@tzb 49 22+ (1— 4mﬁcl)u/ hID(uw)|? (c1|ul® + cg)Jr =0. (17
Q

Next we introduce the BD entropy in order to have more information on the integral
of Vh -Vzy.

Lemma 5.2. If (h,q,z) is a smooth solution of (4)—(6), the following energy in-
equality holds:
1d

2 ﬁ d 2 m—+1
5% h|u—|—uV10gh| 7—/ h (c1ul +cz)+

(m+1)dt

2gv (%
J h 2 h2 h - J7 2
+2dt/| + 2] +gu/|V [ — 3 V VYV + 5 /Q|Vzb|

+ Z/ h|Vu —"Vul* + (1 — 4mﬂcl)1// hID(u)|* (ex|ul® + cg):'j =0 (18)
Q Q
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Proof. We use the transport equation to find:
0 Vh + div(hV'u) + div(u ® Vh) = 0
Replacing Vh by hV log h and introducing the viscosity v, it becomes
0y (vhV log h) + vdiv(hV'u) + div(hu ® vV log h) = 0
Next, we add the momentum equation to obtain:
O¢(hu 4+ vVlogh) + div(hu ® (u + vV logh))
— vdiv(h(D(u) — V'u)) + ghV(h + ) =0 (19)

We multiply that equation by (u + vV logh) and integrate over Q. We study each
term which has not appeared in the classical energy:
[}

/ Ot(hu + vVilogh)(u + vViogh)
Q
1d
+ / div(hu ® (u+vViogh))(u+vViegh) = % hlu + vV log h|2.
Q Q

e Using the definition of stress tensor, we deduce

i — Vi) (u+vVio _r u— Vul|?
/lev(h(D(u) Viu))(u + vV log h) 4/Qh|V Vul

/hV(h+zb)-yVIOgh:u/ |Vh|2+1//Vh-Vzb
Q Q Q

Finally, we obtain the following equality :

1d
—— h|u+uV10gh|2+3/ h|Vu7tVu|2+gu/ |Vh|?
2dt Jq 4 Jo Q
d
+ gv Vh~Vzb+gf h2+g/ zp Oth =0 (20)
Q 2dt Jo Q
We add this equality to (17) to deduce the proclaimed result. (]

The proof of Proposition 3.1 is now achieved by adding the estimate (15) with the
equality (18).
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