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Screen transversal conformal half-lightlike submanifolds

WENJIE WANG, YANING WANG, AND XIMIN L1U

ABSTRACT. In this paper, we study half-lightlike submanifolds of a semi-Riemannian manifold
such that the shape operator of screen distribution is conformal to the shape operator of
screen transversal distribution. We mainly obtain some results concerning the induced Ricci
curvature tensor and the null sectional curvature of screen transversal conformal half-lightlike
submanifolds.
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1. Introduction

Since the intersection of the normal bundle and the tangent bundle of a submanifold
of a semi-Riemannian manifold may be not trivial, it is more difficult and interesting to
study the geometry of lightlike submanifolds than non-degenerate submanifolds. Two
standard methods to deal with the above difficulties were developed by Kupeli [11]
and Duggal-Bejancu [4] (see also Duggal-Jin [6] and Duggal-Sahin [8]), respectively.

It is obvious that there are two cases of codimension 2 lightlike submanifolds M
since for this type the dimension of their radical distribution is either 1 or 2, a
codimension 2 lightlike submanifold is called a half-lightlike submanifold (see [3])
if dim(Rad(T'M)) = 1. For more results about half-lightlike submanifolds, we refer
the readers to [5] and [9].

There exists a shape operator of the screen distribution in geometry of lightlike sub-
manifolds which is very different from the non-degenerate submanifold case, therefore,
the conformality of the operator of screen distribution and the operator of lightlike
transversal bundle of a lightlike hypersurface of semi-Riemannian manifolds was in-
troduced by Atindogbe-Duggal [1]. Recently, lots of works (see [2] and [7]) have been
done to investigate lightlike submanifolds with screen conformal condition. More-
over, we also refer the reader to [13] by the present authors for some related results
on half-lightlike submanifolds satisfying the co-screen conformal condition.

In this paper, we mainly discuss the properties of half-lightlike submanifolds of a
semi-Riemannian manifold such that the shape operator of screen distribution and the
shape operator of screen transversal distribution are conformal. Under such a geomet-
ric condition we prove that the Ricci tensor of a half-lightlike submanifold induced
from ambient space is symmetric. Moreover, we obtain some sufficient geometric
conditions to characterize screen transversal conformal half-lightlike submanifolds.
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2. Preliminaries

In this section, according to [5] and [10] developed by Duggal-Jin, we collect
some notations and fundamental equations of half-lightlike submanifolds of semi-
Riemannian manifolds.

A submanifold (M, g) of dimension m immersed in a semi-Riemannian manifold
(M,g) of dimension (m + n) is called a lightlike submanifold if the metric g induced
from ambient space is degenerate and radical distribution Rad(TM) is of rank r,
where m > 2 and 1 < r < min {m,n}. In particular, (M, g) is called a half-lightlike
submanifold if n = 2 and » = 1. It is well known that the radical distribution is
given by Rad(TM) = TM NTM~*, where TM+* is called the normal bundle of M
in M. Thus there exist two non-degenerate complementary distributions S(7'M) and
S(TM*) of Rad(TM) in TM and TM+ respectively, which are called the screen and
the screen transversal distribution on M respectively. Thus we have

TM = Rad(TM) &opn S(TM), (1)

and
TM* = Rad(TM) ®oren, S(TM™H), (2)
where @t denotes the orthogonal direct sum.

Consider the orthogonal complementary distribution S(T M)+ to S(TM) in TM, it
is easy to see that TM~ is a subbundle of S(TM)+. As S(T M%) is a non-degenerate
subbundle of S(TM)=*, the orthogonal complementary distribution S(TM+)+ to
S(TM*) in S(TM)* is also a non-degenerate distribution. Clearly, Rad(TM) is
a subbundle of S(TM=+)%. Choose L € I'(S(TM*1)) as a unit vector field with
g(L, L) = ¢ = 1. For any null section £ € Rad(TM), there exists a uniquely defined
null vector field N € T'(S(TM1)1) satisfying

Denote by ltr(TM) the vector subbundle of S(T' M=)+ locally spanned by N. Then
we show that S(TML)t = Rad(TM) @ ltr(TM). Let tr(TM) = S(TM™Y) @orn
Itr(TM). We call N, ltr(TM) and tr(T M) the lightlike transversal vector field, light-
like transversal vector bundle and transversal vector bundle of M with respect to the
chosen screen distribution S(7T'M) respectively. Then TM is decomposed as follows:

TM =TM @ tr(TM) = Rad(TM) & tr(TM) Soren S(TM) )
= Rad(TM) & ltr(TM) @open S(TM) Goren S(TML).

Let P be the projection morphism of TM on S(TM) with respect to the de-
composition (1). For any X, Y € TI'(TM), N € I'(itr(TM)), £ € T'(Rad(TM)) and
L eT(S(TM)1), the Gauss and Weingarten formulas of M and S(T M) are given by

VxY = VxY +Di(X,Y)N + Dy(X,Y)L, (1)
VxN = —AxX+pi(X)N +pa(X)L, (5)
VxL = —ApX +e(X)N+ey(X)L, 6)
VxPY = ViPY +E(X,PY), (7)
Vx§ = —A: X +ui(X)E, (8)

respectively, where V and V* are induced connection on TM and S(T'M) respectively,
D, and D- are called locally second fundamental forms of M, E is called the locally
second fundamental form on S(T'M). Ay, Af and A are linear operators on 7'M
and p1, p2, €1, €2 and uy are 1-forms on T'M. Note the connection V is torsion free
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but is not metric tensor, the connection V* is metric. D; and Dy are both symmetric
tensors on I'(T'M).
It is easy to check 5 = 0 and the following:

Di(X,§) = 0, Di(X,PY)= g(AgX, PY), g(AgX, N) =0, (9)
eDy(X,Y) = g(ALX,Y) —er(X)n(Y), FALX,N) = epa(X), (10)
E(X,PY) = g(ANX,PY), GANX,N)=0, u1(X)=—-p1(X) (11)

for any X € T'(TM) and N € T'(itr(TM)), where n(X) = g(X, N).
From the above equations we see that A7 and Ay are (T M)-valued shape oper-
ators related to Dy and Dy respectively, and Ag is self-adjoint on T'M and satisfies

Az =o. (12)

Denote by R and R the curvature tensor of semi-Riemannian connection V of M
and the induced connection V on M respectively, we obtain the following Gauss-
Codazzi equations for M and S(T'M).

G(R(X,Y)Z,PW) = g(R(X,Y)Z, PW) + Dy (X, Z)E(Y, PW)
— Dy(Y, Z)E(X, PW) + eDo(X, Z) Do (Y, PW) (13)
— eDy(Y, Z)Do(X, PW),
GR(X,Y)Z,N) = g(R(X,Y)Z,N)+ep2(Y)D2(X, Z) — epa(X)D2(Y, Z), (14)

g(R(X,Y)Z,§) = g(R(X,Y)Z, &) +e1(X)Da(Y, PZ) — e1(Y)D2(X, PZ), (15)

for any X, Y, Z,W € I'(TM), N € I'(itr(T'M)) and § € I'(Rad(T'M)).
The Ricci curvature tensor of M denoted by Ric is defined by

Ric(X,Y) = trace{Z — R(X,Z)Y}, (16)
where R(X,Y,Z, W) =g(R(X,Y)Z,W). Locally, Ric(X,Y) is given by

?

where {E1, E,- -+, Epi2} is an orthogonal frame field of TM and g(E;, E;) = €; is
the sign of E; for 1 < i < m + 2. In particular, if Ric(X,Y) = kg(X,Y) for any
X,Y € I(TM), then M is called an Einstein manifold, where k is a constant on M.

3. Screen transversal conformal half-lightlike submanifolds

In this section, we consider a class of half-lightlike submanifolds with screen transver-
sal conformal geometric condition defined as follows.

Definition 3.1. Let M be a half-lightlike submanifold of a semi-Riemannian man-
ifold, M is called screen transversal locally (resp. globally) conformal if on any co-
ordinate neighborhood U (resp. U = M) there exists a non-zero smooth function
such that for any null vector field £ € T'(Rad(T'M)) the relation

ApX =0A;X, VX eD(TM) (18)

holds, where L is a unit vector field of screen transversal bundle of M.
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In the sequel, by a screen transversal conformal we shall mean globally screen
transversal conformal unless otherwise specified. From (12) we know the shape oper-
ator A7 is S(T'M)-valued, thus for a screen transversal conformal half-lightlike sub-
manifold we obtain ps = 0 following from (10). Also, we have the following conditions
to characterize screen transversal conformal half-lightlike submanifolds.

Theorem 3.1. Let M be a half-lightlike submanifold of a semi-Riemannian manifold,
then M is screen transversal conformal if and only if

Dy(X,PY)=€eD(X,PY), pa(X)=0, VXY eI(TM),
where 0 is a non-zero smooth function on M.

Proof. If M is a screen transversal conformal half-lightlike submanifold, then it follows
from (9) and (10) that

eDy(X, PY) = g(Ap X, PY) = 0g(ALX, PY) = 0Dy (X, PY).
Conversely, we know from (10) that if po(X) = €g(AL X, N) = 0, then the shape

operator Ay, is S(TM)-valued. As S(TM) is a non-degenerate distribution, then
Dy(X,PY) = e0D:(X, PY) implies that A, = e#A;. This completes the proof. [

Definition 3.2 (see [8]). A lightlike submanifold M in semi-Riemannian manifold
(M,g) is said to be irrotational if Vx& € T(TM) for any X € I'(T'M), where £ €
T'(Rad(TM)).

For a half-lightlike submanifold M, it follows from (9) that the above definition
is equivalent to Dy(X,¢) = —ee1(X) = 0 for any X € I'(T'M). If M is a screen
transversal conformal half-lightlike submanifold, then we have Ds(&, PY') = 0 for any
X eT(TM) and & € T'(Rad(TM)). From (9) and Theorem 3.1, we have the following
proposition on screen transversal conformal half-lightlike submanifolds.

Proposition 3.2. Let M be a screen transversal conformal half-lightlike submanifold,
then M is said to be irrotational provided £1(§) = 0.

Theorem 3.3. Let M be a screen transversal conformal half-lightlike submanifold of

a semi-Riemannian space form (M (c),g), then

p1(§) + eber(§) =0,
where £ € T'(Rad(TM)).
Proof. It follows from (4)—(6) and (9)—(11) that

g(R(X,Y)PZ,€) = (VxD1)(Y, PZ) — (VyD1)(X, PZ) + pr(X) D1 (Y, PZ)

— pl(Y)Dl(X, PZ) =+ 61(X)D2(Y, PZ) — El(Y)DQ(X, PZ)7 (19)
and
GR(X,Y)PZ,u) = e((VxD2) (Y, PZ) — (VyDs)(X,PZ)) (20)
+ p2(X)D1(Y, PZ) — p2(Y)D1(X, PZ)
respectively. By differentiating Do(Y, PZ) = €0 D (Y, PZ), we have
(VxD2)(Y, PZ) = eX(0)D1(Y, PZ) + ef(VxD1)(Y, PZ). (21)

From Theorem 3.1 it turns out that if M is screen transversal conformal then ps = 0,
thus, equation (20) becomes

(VxD2)(Y,PZ) = (VyDy)(X, PZ) = 0. (22)
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Substituting (22) into (21) and using Do(Y, PZ) = €0 D1(Y, PZ) and (19), we have

Dy(X,PZ) (p1 (Y)+ 6981(Y)) —Di(Y,PZ) (pl(X) + 6951(X)) =0. (23)
Replacing Y by € in the above equation we have

Di(X,PZ)(p1(&) + €b=1(€)) =0 (24)

for any X, Z € T'(T'M). This completes the proof. O

Corollary 3.4. Let M be an irrotational screen transversal conformal half-lightlike
submanifold of a semi-Riemannian space form (M(c),q), then

p1(§) =0,
where § € T'(Rad(TM)).
Let M be an m-dimensional screen transversal conformal half-lightlike submanifold
of semi-Riemannian space form M (c) and S(T'M) = span{ei,ea, - ,enm}, where {e;}
is an orthogonal frame fields of I'(S(T'M)) and g(e;, e;) = €;. Then from the Gauss-
Codazzi equations we have
E(R(X, 61)}/, ei) = g(R(X, 67;)Y, ei) + Dl (X, Y) (E(eh 61') -+ 692D1(6i, 61)) (25)
- Dl(ei7Y) (E(Xa 67;) + 6921)1()(7 ei))a
and
J(R(X,8Y,N) = g(R(X,§)Y,N). (26)

Making use of the above equations and the definition of Ricci curvature tensor, we
have

Ric(X,Y) = Z cig(R(X, €)Y, ei) + G(R(X, Y, N)
fZeZg R(X,e)Y,e;) +g(R(X,€6)Y,N) — Di(X,Y) ZE(ei,ei)

—Dy(X,Y) Z €0?D, (es,ei) + Z Di(ei,Y) (E(X, e;) + 0D, (X, 61)) (27)

i

= (1—m)eg(X,Y) — Dy(X,Y) Z (E(es, ;) + €02 D1 (e;, 1))
+e0® ) " Di(es, X)Di(es, Y +ZD1 (Y,e)E(X, ;).

If there exist an orthogonal frame fields {ei} of S(T'M) such that the associ-
ated matrices of shape operators Ay and A}, that is, (E(ei7ej))(m_1)x(m_1) and

(D1 (e, ej))(ﬂhhl)x(mil)7 can be diagonalized, then we have
Di(PY,e;)E(PX,e;) = Dy (PX,e;)E(PY,e;), ¥ X,Y € D(TM).
It follows from (11) that E(¢, PX) = 0 is equivalent to Ay& = 0, therefore, we

obtain the following theorem.

Theorem 3.5. Let M be an m-dimensional screen transversal conformal half-lightlike
submanifold of semi-Riemannian space form M (c) with Ax& = 0, if the shape operator
of screen bundle and the shape operator of lightlike transversal bundle are symmetric,
then the induced Ricci curvature tensor is symmetric.

In particular, we have the following corollary to characterize Einstein half-lightlike
surface.
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Corollary 3.6. Let M be a screen transversal conformal half-lightlike surface of 4-
dimensional semi-Riemannian space form M (c) with Ay§ = 0, then the induced Ricci
curvature tensor is symmetric. Moreover, the surface M is an Einstein surface.

Proof. We obtain from (27) that
Ric(X,Y) = —cg(X,Y) — D1(X,Y)(E(e,€) + €6’ D1 (e, e))

+ Di(e,Y)(E(X,e) + €0°Dy (X, €)) (28)
== Cg(Xv Y)7
where e is a unit vector field of S(T'M). This proves the corollary. g

Recall the following notion of null sectional curvature shown in [4]. Let z € M
and £ be a null vector of T, M. A plane H of T,,M is called a null plane directed
by & if it contains &, g.(§,W) = 0 for any W € H and there exists W, € H such
that g, (W,, W,) # 0. Thus the null section curvature of H with respective £ and the
induced connection V of M, is defined as a real number

9 (R(W, ), W)
g(W W) 7
where W # 0 is any vector in H linearly independent with respect to . From [12] we

see that an n(n > 3)-dimensional Lorentzian manifold is of constant curvature if and
only if its null sectional curvatures are everywhere zero.

K¢(H) =

Theorem 3.7. Let M be a screen transversal conformal half-lightlike submanifold of
semi-Riemannian space form M(c), then the null sectional curvature of M is given

by
KE(H) = 76061(£)D1(W, W)

Proof. From (13) we have
Ke¢(H) = g(R(W, )6, W) + D1(&,§) E(W, PW) — D1 (W,£)E(, PW)
+ €D2(&, §) Do(W, PW) — eD2(W, §) Do (&, PW).

By (9) and Theorem 3.1, we obtain K¢(H) = —efe1(€) D1 (W, W). This completes the
proof. (I

(29)

If M is a screen transversal conformal half-lightlike submanifold, it follows from
Theorem 3.1 that Dy (£, PX) = 0. Making use of Definition 3.2, we have the following
corollary.

Corollary 3.8. Let M be a screen transversal conformal half-lightlike submanifold of
semi-Riemannian space form M(c), then the null sectional curvature of M vanishes
if and only if D1(W,W) =0 or M is irrotational.

Definition 3.3. A half-lightlike submanifold M of semi-Riemannian manifold is said
to be totally Dy (resp. Ds)-umbilical if on each coordinate neighborhood U there
exists a smooth function H; (resp. Hs) such that Dy (X,Y) = Hyg(X,Y) (resp.
Dy (X,Y) = Hyg(X,Y)) for any X,Y € I'(TM). In particular, if H; = 0 (resp.
H,; =0), then M is said to be Dy (resp. Ds)-geodesic.

Note that M is totally umbilical (resp. geodesic) (see [5]) if and only if M are both
D; and D, umbilical (reps. geodesic). Together with Theorem 3.1 and the above
definition, we have the following theorem.
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Theorem 3.9. Let M be a nowhere geodesic half-lightlike submanifold of semi-
Riemannian manifold M, then the the following assertions are equivalent:

(1) M s totally umbilical half-lightlike submanifold of M with pa(X) = 0,¥X €
N(TM);

(2) M is screen transversal conformal and totally Di-umbilical half-lightlike sub-
manifold of M with e1(X) =0, VX € T(TM);

(3) M is screen transversal conformal and totally Ds-umbilical half-lightlike sub-
manifold of M with e1(X) =0, VX € I(TM).

Proof. (1)=(2): if M is a totally umbilical half-lightlike submanifold of M, by Def-
inition 3.3 we have Dy(X,Y) = 6D;(X,Y), where 6 = g—f Then it follows from
Theorem 3.1 that M is screen transversal conformal. Also, it follows from (9) that
61(X) =0.

Conversely, if M is screen transversal conformal then we obtain Do(X, PY) =
edD1(X, PY). Noticing that M is totally Dj-umbilical if and only if D1(X,Y) =
H,9(X,Y), thus, by Theorem 3.1, we prove the equivalence of (1) and (2). The proof
of equivalence between (1) and (3) is the same with that of (1) and (2). O

Theorem 3.10. Suppose that M is a screen transversal conformal half-lightlike sub-
manifold of semi-Riemannian manifold, then M is totally umbilical if and only if
A X = H1PX and £1(X) =0 for any X € I'(T'M).

Proof. If M is a totally umbilical half-lightlike submanifold, it follows from (9) that
Di(X,PY) = Hig(X,PY) = g(A;X,PY). Since the screen distribution is non-
degenerate, we have Az X = H;PX. Moreover, it follows from (10) that D(¢, X) =
Hgg(€7PX) = —651(X) =0.

Conversely, if A X = H; PX, it follows from (9) that D1(X, PY) = g(A; X, PY) =
Hy,g(X,PY). In view of Dy(X,PY) = e0D1(X,PY) = edHyg(X, PY) and € (X) =
0, we see that M is umbilical. This completes the proof. (I
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