Annals of the University of Craiova, Mathematics and Computer Science Series
Volume 40(1), 2013, Pages 95-99
ISSN: 1223-6934

The univalence conditions for two integral operators

LAURA STANCIU AND DANIEL BREAZ

ABSTRACT. In this paper, we introduce two new integral operators. The main object of the
present paper is to discuss some univalence conditions for these operators.
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1. Introduction and Preliminaries

Let A denote the class of functions f(z) of the form:
f(z)=z+ Zakzk,
k=2

which are analytic in the open unit disk
U={z:2€C and |z|<1}
and satisfy the following usual normalization condition:
£(0) = f(0) = 1=0,
C being the set of complex numbers.
Let S denote the subclass of A consisting of functions f(z) which are univalent in U.

In this paper, we define two families of integral operators. The first family of
integral operators is defined as follows:

n P n 1 >, =
Fufioe) = (35 [ e T (e o) ™ ae (1)
i Vi Jo i=1

fisgi€ Aand v, € C, ; #0, for all i € {1,2,...,n}.
Remark 1.1. Forn =1, f; = f, 71 = v and ¢1(2) = 0 from (1.1) we obtain the

integral operator
1 [* _ 1 "
n@= (3 [t a)
Y Jo

studied in [4].

The second family of integral operators has the following form:

Gultia)e) = (4 [ S H (70 @) ar) (1:2)
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fisgi € A, a; € Cand g€ C\ {0} for all i € {1,2,...,n}.
Remark 1.2. From (1.2) for gy = g2 = ... = g, = 0, we obtain the integral operator

1

Fas. s 5 (2) = <B /Oztﬁ1 _H(f{(t))”‘idt>

which was introduced by D. Breaz and N. Breaz in [1].

In particular, for § = 1, the integral operator Fy,,,. ..,qa, ;3 (2) reduces to the integral
operator Fy,, ..,a, (#) which was studied by Breaz et al. (see [2]). We observe also
that, for n = 8 = 1, the integral operator F'(z) was introduced and studied by
Pfaltzgraff (see [6]) and Kim and Merkes (see [3]).

In the present paper, we obtain some sufficient conditions for the integral operators
F.(f;9)(2) and Gy,(f;9)(2) to be in the class S.
In the proof of our main results we need:

Theorem 1.1. [5] Let 8 be a complex number, Ref > 0 and f € A. If
1L— |27 | 2f7(2)

Ref f'(2)

then the integral operator Fg(z), defined by

Fy(z) = (b’ / i tﬁlf’(t)dty

<1, ze€l,

s in the class S.

2. Main Results

Our main univalence conditions for the integral operators F,(f; ¢)(z) and G, (f; 9)(2)
defined by (1.1), (1.2) are asserted by Theorem 2.1 and Theorem 2.3 below.

Theorem 2.1. Let v; be complex numbers, v; # 0, > i 175 = B and M;, N; are real

positive numbers for alli € {1,2,...,n}. Also, let the functzons fi(2),gi(2) € A satisfy
the conditions

z2fi(2)

-1 <M;, =ze€U, and ()< N;, z€TU, 2.1
)y 9(2) (2.1)
forallie {1,2,...n}. If

29i(2)

<1, zel, 2.2

() (2:2)

and
M; + N;
Ref > Z i (2.3)

o

foralli € {1,2,...,n}, then the integral opemtor F.(f;9)(2) defined by (1.1) is in the
class S.

Proof. We begin by observing that the integral operator F,,(f;g)(z) in (1.1) can be
rewritten as follows:

. —1+X0, ) fi(t) g7t)> 1Ay
Fu(f39) (l 1%/ H( ) .
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Let us define the function h(z) by

h(z):/o H(fli)ew)) dt, fi,gi € A,

i=1
for all i € {1,2,...,n}.
The function h(z) is regular in U and satisfy the following usual normalization con-
dition:
h(0) = h'(0) —1=0.

Now, calculating the derivatives of h(z) of the first and second orders, we readily

obtain .
_ H (fl(z)eg7(z)> i
. z

i=1

Y-S () ). o

= i

and

Thus, we have

Zh” 2£i(2) ZACT I
<3 o (6 -1+ 25 ween)
SO
1_|Z|2Reﬂ 2h(2) 1—|Z|2Reﬂ "o z2f1(2) - 2gi(%) <
rer— [ | < mes Sn (e e ) @

From the hypothesis (2.1), (2.2) of Theorem 2.1 and from the inequality (2.4), we
have

1— 2% 207 (2) ] 1= 2R & M+ N,
Red | W5 |= Red 2
1 <~ M;+N;
~ Rep ; il
which in the lights of the hypothesis (2.3) of Theorem 2.1, we obtain
1— 228 | 2n/ (2
T
Applying Theorem 1.1, we conclude that the integral operator F,,(f;¢)(z) defined by
(1.1) is in the class S. O

Setting n = 1 in Theorem 2.1, we immediately arrive at the following application
of Theorem 2.1.

Corollary 2.2. Let v be a complex number, v # 0, and M, N are real positive
numbers. Also, let the functions f(z),g(z) € A satisfy the conditions

z2f'(z

-1 <M, ze€U, an gz)| <N, zelU.
') 11<M U d N U
f(2)

If
2g'(2) Il
<1, zeU, and M+ N<
g(z) Rey
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then the integral operator

FraE = (1 [ (r0e0) @)

s in the class S.

Theorem 2.3. Let «;, 8 be complex numbers with Ref > 0 and M;, N; real positive
numbers for all i € {1,2,...,n}. Also, let the functions f;(z),g:(z) € A satisfy the
conditions

1"
ij Gl <M, zeU, and 9i(2)| < Niy  2€U (2:5)
fl(z)
forallie{1,2,...,n}. If
29;(2) ‘
—1]<1, zeU, 2.6
9i(2) =
and
ReB > ) |ail (M; + 2N;) 27)
=1

foralli € {1,2,...,n}, then the integral operator G, (f; g)(z) defined by (1.2) is in the
class S.

Proof. Let us consider the function

/ H eg’(t)) dt. (2.8)

The function h(z) is regular in U. From (2.8), we have

W) =TT (e )™

and

which readily shows that
1 _ | |2Reﬂ n

<

< g 2l (|
1 _ |Z|2Reﬁ n

<

S TR 2l

2Refs zh!"(2)

h'(2)

Zf// )
)

i) )
1+

5wt
(2.9)

1—|z|
Refp

Zf//
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From (2.9) and the conditions (2.5) and (2.6) of Theorem 2.3, we get

1— |22 2 (2)| 1= |20 &
S| (M; + 2N;
1 n
< S| (M; + 2N;
_RGB;M( +2N;)

<1

where we have also used the hypothesis (2.7) of Theorem 2.3.
Finally, by applying Theorem 1.1, we conclude that the integral operator G, (f;g)(z)
defined by (1.2) is in the class S. O

Setting n = 1 in Theorem 2.3, we obtain the following consequence of Theorem
2.3.

Corollary 2.4. Let a, B be complexr numbers with Re > 0 and M, N real positive
numbers. Also, let the functions f(z),g(z) € A satisfy the conditions

zf"(2)
———=| <M, z€U, and z)] <N, zel.
e 9(2)
If
/
29 (%) —1‘ <1, zel,
9(z)
and

Ref > |a] (M + 2N)
then the integral operator

e (ﬁ [ (rwe)” dt) ’

is in the class S.
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