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Durrmeyer operators of King-type
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ABSTRACT. A class of linear and positive operators which generalizes the classical Durrmeyer’s
operators in the King sense is constructed. For these operators, uniform convergence results,
error estimations in terms of first modulus of continuity and Voronovskaja’s type theorems
are established.
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1. Introduction

Let N be the set of positive integers and Ng = NU {0}. In 1967, J.L. Durrmeyer
introduced in [5] a class of linear and positive operators (Dy,)men, defined for any
f € Li([0,1]), any « € [0,1] and m € Ny by

1
0

(D)) = (m+ 1S pns(e) [ pmsf (O (1.1)
k=0
where p, 1 are the Berstein’s polynomials defined by

Ponse(x) = (Z‘) 2k (1 — gymk (1.2)

for any k € {0,1,...,m}. Regarding the operators from (1.1), are well known the
following results:
Theorem 1.1. (see [9]) For any f € C([0,1])
lim Dyf=f (1.3)
m—>00

uniform on [0,1] and

(Dn)e) - 1)) < 20 (fi s (1.4

for any x € [0,1], f € C([0,1)) and m € No,m > 3.

Theorem 1.2. (see [4]) Let f € L1([0,1]) be a bounded function on [0,1]. If f is two
times differentiable in x € [0, 1], then

lim_m (Do f)(@) ~ () = (- 20)fD (@) + 21— 2) [P (). (15)
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Here f(s)(x) denotes the s-order derivative of f with respect to x.

We recall the following results from [8].

Let I C R be an interval of real axis, a, b, a’, b’ be real numbers such that a < b,a’ <
b, [a,b] C I,[a’,b'] C I and [a,b] N [a’,b'] # 0. Like usually, F(I) denotes the set of
real valued functions defined on I, C(I) = {f € E(I)|f — continuous on I}, B(I) =
{f € E(I)|f —bounded on I},Cp(I) ={f € C(I)|f — bounded on I}.

For any m € N consider the functions ¢, : I — R having the property
Omk > 0 for any = € [¢/,V],k € {0,1,...,m} and the linear positive functionals
At E([a,b]) — R,k € {0,1,...,m}. For m € Nlet L,, : E([a,b]) — E(I) be the
operator defined by

(me)(z) = Z (Pm,k(x)Am,k(f) (16)
k=0

for any f € E([a,b]) and « € I. Tt is immediately that the operators (1.4) are linear
and positive on [a,b] N [a’,V'].
For m € N,i € Ny, let us to define T,,, ; by (Tpn,iLm)(x) = m*(Ly,%)(z), thus

(Ton,iLm) (@) = M"Y @ o(@) A 1o () (1.7)
k=0

for any x € [a,b] N [a’,b], where

Gult) =t —a, (18)
for any ¢t € I. Next, let s € Ny be fixed and s even. We suppose that the operators
(L) m>1 verify the condition: there exists the smallest o, as42 € [0, 00) so that the
following:

m—s00 meJ

holds for any x € [a,b] N [a’,V'],j € {s,s+ 2} and

= Bj(z) €R (1.9)

g2 < ag+ 2. (1.10)

Theorem 1.3. Let f € C([a,b]) be given. If x € [a,b] N [a,b] and [ is s-times
differentiable in x, having the s-order derivate f®) continuous in x, then the following
identity:

, s—ars ~ f9(2)
lim_m {(me)(x) ; — (Tm,ZLm)(a:)} =0 (1.11)
holds.

If f is s-times differentiable on [a,b], the function f©) is continuous on [a,b] and
there exists m(s) € N, k; € R such that for anym € N,m > m(s),x € [a,b]N[a’,V],j €
{8,842} the inequality

(T g Lim) (2)
meJ
holds, then the convergence from (1.11) is uniform on [a,b] N [a’,V'] and

S p0) (g
(Lnf)w) -3 L)

=0

<k; (1.12)

s—a
m s

(Tm,ij)(af)‘

1 1
— (s)o
=3 (ks + ksqo)w (f ; ﬁ%%_as”) (1.13)

for any x € [a,b] N [a', V'] and m € N,m > m(s).
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In [6], J.P. King constructed a sequence (L.,)men, of positive linear operators
defined on C([0,1]) which preserve the test functions eg and eq, i.e. L,,(eo) = eg,
L (e2) = ez, where e; : [0,1] — R, e;(x) = 2%, for i € {0,1,2}.

In what follows, King-type operator means a linear positive operator which preserve
exactly two test functions from the set {eg,e1,e2}.

In the second section, we define the general form of Durrmeyer operators. In the
following sections of this paper, we construct Durrmeyer operators of King-type. We
study, in each case, the uniform convergence, the approximation order in terms of
first modulus of continuity w and a Voronovskaja’s type theorem of these operators.

2. The general form of Durrmeyer operators

For m, k,p € Ng, k < m, is well known the following result (see [9])

1
(k+p)! m!
i ()P = .
/0 Pmk(?) K (m+p+1)!

Let I C [0,1] be an interval, mg € Ny, mg > 2 fixed, N; = {m € N|m > my}, the
functions ayy, Bm 1 I — R, (x) >0, B (x) > 0, for any « € I and m € Nj.

By using the idea of Durrmeyer operators construction, we consider operators of a
general form defined by

(2.1)

m

@)@ =+ 3 (1) @@ @)™ [ psosoae. @2

k=0

where z € I,m € N; and f € L([0, 1]).
The operators (Qm)men, are called Durrmeyer type operators.

Remark 2.1. The operators Q,,,m € N1, are linear and positive.
Remark 2.2. Consider [a,b] = [0,1] and [¢/,b'] =1,

m

o) = o+ 1) (1) (@ () G (2.3

and
s = | 7)1, (2.4)
where x € I, m € Ny, k € {0,1,...,m} and f € L1([0,1]). Then
(@meo) (2) = (m(2) + B ()™, (25)
@uerte) = OO 0) ) + ), 20
and
(@mea)(a) = QoD 1) ()% + A ()

(m+2)(m + 3)
~(am(2) + Bin(2)) + 2(m(2) + Bin(2))?) - (2.7)
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3. Durrmeyer operators preserving the test functions ¢g and ¢;

In this section we construct a sequence of Durrmeyer operators as defined in section
2, which preserve the test functions eg and e;.

Imposing the conditions (Q.me0)(x) = eo(x) and (Qme1)(x) = e1(x), for any z € I
and m € Ny and taking into account (2.5) and (2.6), we obtain

() = MFDTL (3.1)
ﬁm(x):m+1—rr(Lm+2)x7 (3.2)

for any x € I and m € Nj.
The conditions a;,(z) > 0 and G, (z) > 0, for any « € I and m € Ny, imply

1 <I<m+1

—_— —_— 3.3
m+2- T m-+2 (3:3)
Lemma 3.1. The following
1 1 1 1
g g (3.4
mo+2 mg+ 2 m+2 m+2
holds for any m € Njy.
Proof. Because the function ﬁ is decreasing and the function ﬁ—i% is increasing,
relation (3.4) follows. O

Remark 3.1. In this case I = [m01+2, ZEE}’ so for remaining of this section we

shall consider I = [ L mOH}, Thus, for au,, Bm defined by (3.1) and (3.2) we

mo+2’ mo+2
have () > 0 and B(z) > 0, for any x € I and m € Ny.

Taking into account the above remarks, we construct the sequence of Durrmeyer
operators (Q1.m)m>m, as follows. If m € Ny, we define the operator

Quaf)e) =" () (et 20 = ) 1= (4202 (35)
k=0
1
[ pmattrseya
for any = € [m01+2, zgiﬂ
Lemma 3.2. We have
(Q1,me0)(z) =1, (3.6)
(Qlﬂnel)(gj) =2,
and
_(m-1)(m+2) , 2(m+1) m+1
(Q1mez)(r) = mm13) " + 13" M+ ) mT3) (3.8)

for any x € I and m € Njy.

Proof. Results immediately from the definition above and (2.7). O
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Lemma 3.3. The following identities
(Tm,OQl,m)(x) =1, (39)
(T 1Q1,m)(z) =0, (3.10)
and
m3(—22% + 2x) + m?(—62% + 6z — 1) + m(—42? + 4z — 1)

(T, 2Q1,m) () = (m+2)(m+3) (3.11)

hold, for any x € I and m € N;.
Proof. By using Lemma 3.2 and relation (1.7) we have
(T ,0Q1,m) (@) = (Q1,me0)(x) = 1,
(Tn1Q1m) (@) = m(Qrm¥)(x) = m((Qrmer)(x) — #(Q1.meo)(x)) = 0,
and
(T 2Q1,m) (@) = m*(Qum¥3 ) ()
= m*((Q1,me2)(x) — 22(Q1,me1)(x) + 2*(Q1,me0) (x))

I (GRS LR D S E )
m(m + 3) m(m + 3) m(m + 2)(m + 3)
from where (3.11) follows. O
Lemma 3.4. We have that
lim (T 0Q1,m)(z) =1, (3.12)
Tm m
fim  Tm2@um)(@) 2x(1 — ), (3.13)
m—>00 m
for any x € I, and there exists m(0) € N such that
(Tm,2Q1,m)(‘r) < §7 (314)
m 2

for any x € I and m € Ny, m > m(0).

Proof. The relations (3.12) and (3.13) result taking (3.9) and (3.11) into account. By
using the definition of limit of a function and because z(1 —z) < 1 for any z € [0, 1],
from (3.13) the relation (3.14) is obtained. O

Theorem 3.1. Let f:[0,1] — R be a continuous function on [0,1]. Then
lim Qi f = f (3.15)
uniformly on I and there exists m(0) € N such that
)
(@unhe) - @) < 5o (1

for any x € I and m € Ny,m > m(0).

1
— 3.16
) (310
Proof. Theorem 3.1 is a corollary of Theorem 1.3, for s = 0,90 = 0,0 = 1, kg =1
and ko = % O

Theorem 3.2. If f € C([0,1]),z € I, f is two times differentiable in x and f* is
continuous on I, then

lim_m((Qumf) (@) — f(@)) = 2(1 —2)fP(2). (3.17)
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Proof. We apply Theorem 1.3 for s = 2. g

4. Durrmeyer operator preserving the test function ey and e,

In this section, we construct a sequence of Durrmeyer operators as defined in section
2, which preserve the test functions ey and es.

Imposing the conditions (Qmeo)(z) = eo(z) and (Qmez)(x) = ez(x) for any x € I
and m € Ny. Then, taking (2.5) and (2.7) into account, we obtain

O‘m(x) + ﬂm(l') =1, (41)
m(m — 1) (am(2))? + dma,, () + 2 — (m + 2)(m + 3)z% = 0.

for any x € I and m € Nj. Since we are interest only in the positive valued func-
tions ayy, Bm, an elementary computation leads to a unique solution for system (4.1),

namely
—2m m(x m?+m — /0 (x
() = VD) PRIV (4
where
Sm(®) = m(2m + 2+ (m — 1)(m + 2)(m + 3)2?), (4.3)

for x € I and m € Nj.
Since 46,,(x) is the discriminant of the second equation from (4.1), the above
solutions exist and are positive if
2
>y —. 4.4
“—\ (m+2)(m +3) (44)

Lemma 4.1. Let m € Ny. Then B,,(z) > 0,2 > 0 if and only if

1
ogzg,/%. (4.5)

Proof. From B,,(x) > 0 we have m? + m > 1/d,,(7), equivalent after calculus to

m+ 1> (m+ 3)z?, from where (4.5) follows. O
Lemma 4.2. Let m € Ny. Ifx € [\/WW’\/%J’ then an,(x) > 0 and
Bm(x) > 0.

Proof. Results immediately from (4.4) and (4.5). O

Lemma 4.3. The following inclusions

2 mo +1 2 m+1
[\/(m0+2)(m0+3)’m C[ (m+2)(m+3)7\/m7—|—3 c[0,1] (4.6)

hold, for any m € Nj.

Proof. By using that the function , / m is decreasing and the function 4/ Z—I;

is increasing, relations (4.6) follows. O

Remark 4.1. For the remaining of this section we shall consider

I= |:\/(m0+2)2(m0+3)’ zgiéJ Thus, for cuy,, B defined by (4.2) we have au, () > 0
and Bm(z) >0, for any x € I and m € Ny.
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If m € Ny and f € L1(]0, 1]), we define the operator

m

Q@ 5 Y- () (~2m+ VE@)

(m(m — 1)) 2~

(m? - 5m(x))m_k : /O 1pm,k(t) F(t)dt (4.7)
for any z € I.

Lemma 4.4. We have

(Q2,me0)(w) =1, (4.8)
Om(z) —m—1
(Qa2,me2)(z) = 22, (4.10)
for any x € I and m € Ny.
Proof. Results immediately from the condition above and (2.6). g

Lemma 4.5. The following identities

(Trm,0Q2,m)(z) = 1, (4.11)
o [(Vom(@) —m =1
(Trn,1Q2,m) (x) =m ( n—Dm+2) :r) 7 (4.12)

and

m+ 2

(T2Qa.m)(x) = 2?2 (az S <1 + W)) (4.13)

hold, for any x € I and m € N;.

Proof. By using Lemma 4.4 and relation (1.7), the relations (4.11)-(4.13) follows. O

Lemma 4.6. The following identity

. \/mfmfl B
holds for any x € 1.
Proof. We have
lim m 5m(x)—m—1_x -
Mmoo (m—1)(m +2)
— lim m?  \foa@—(m-1m+2r  mm+1)
= _1 +mh£,1w Om () — (mm— 1)(m—|—2)x'

and after calculus, identity (4.14) results. O
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Lemma 4.7. We have that

m@m(Tm70Q27m)($) =1, (4.15)
@ M =2z(1 — x), (4.16)

for any x € I, and there exists m(0) € N such that

(Tm,QQQ,m)(x) S
m
for any x € I and m € Ny, m > m(0).

Proof. The relations (4.15) and (4.16) result taking (4.11), (4.13) and (4.14) into
account. By using the definition of the limit of a function and because z(1 —z) < %
for any x € [0,1], from (4.16) the relation (4.17) is obtained. O

Theorem 4.1. Let f:[0,1] — R be a continuous function on [0,1]. Then
lim Qomf = f (4.18)
uniformly on I and there exists m(0) € N such that

(@unhe) - o) < 5o (=) (4.19)

for any x € I and m € Ny, m > m(0).

| W

(4.17)

Proof. Theorem 4.1 is a corollary of Theorem 1.3 for s =0, ag =0, as =1, kg = 1
and kz = % O

Theorem 4.2. If f € C([0,1]),z € I, fis two times differentiable in z and f) is
continuous on I, then

im m((Qam f)(@) = f(@) = (2 = DD (@) + 2(1 - 2)f (). (4.20)

Proof. Taking Lemma 4.6 into account and applying Theorem 1.3 for s = 2 we obtain
relation (4.20). O

5. Durrmeyer operator preserving the test functions e; and e

In this section we construct a sequence of Durrmeyer operators as defined in section
2, which preserve the test functions e; and es.

Imposing the conditions (Q,e1)(x) = e1(z) and (Qmez2)(x) = ea(x), for any = € T
and any m € Ny and taking (2.6) and (2.7) into account, we have

(Ctm () + B ()™
m+ 2

((m+ Dap(x) + Bn(z)) = (5.1)
and
(am (@) + Bm ()™ >
(m+2)(m + 3) (m(m — l)afn(x) + dmay, (@) (am(x) + Bm(z))+ (5.2)
+2(m () + B (2))?) =
We note t,(2) = am(x) + B (x) and from (5.1) and (5.2) we obtain that
m+2)_ 2 Limy 5 ) = tn(@) —am(@),  (53)

m  tm N z) m

am(z) =
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and the equation in 7 (x)

(mA+1)t2"(x) + (m(m+3) (m+2)2? —2(m~+1) (m+2)z)t7(z) + (1 —m)(m+2)*z* = 0.
(5.4)

The discriminant of the equation (5.4) is
Ay = (mA+2)*maz?(8(m 4 1) — 4(m + 1)(m + 3)z +m(m + 3)%2%) >0,  (5.5)

for any z € I and m € Nj.

We note 8, (z) =m (8(m + 1) — 4(m + 1)(m + 3)z + m(m + 3)?2?), for any = € I
and m € Nj.

Because m > 2, it results

(1—m)(m+2)2%z2<0 (5.6)
and then equation (5.4) has exactly one positive solution

(m+2)x (2(m+1) — m(m + 3)z 4+ /)

tr(x) = . 5.7
) e 57)
Lemma 5.1. Let m € Ny. Then B, (x) > 0 if and only if
m + 2
0<z< . 5.8
== T3 (5:8)
Proof. From (,,(x) > 0 we have m(m + 3)x — 2m < /d,,, equivalent after some
calculus with (5.8). O
Lemma 5.2. Let m € Ny. Then au,(x) > 0 if and only if
2
> . 5.9
Y= m+s (5.9)
Proof. From a,,(x) > 0 we have m(m + 3)x > /d,,, equivalent after calculus with
(5.9). O
Lemma 5.3. Let m e N;. Ifx € [%4_3, %] then am,(x) >0 and By, (x) > 0.
Proof. Results immediately from (5.8) and (5.9). O
Lemma 5.4. The following inclusions
2 mo + 2 2 m+2
0,1 5.10
[m0+3’m0+3} {m+3’m+3}c[’ ] (5.10)
hold for any m € Ny.
Proof. By using that the function ﬁ is decreasing and the function ﬁi?’) is increas-
ing, the relation (5.10) follows. O
If m € Ny and f € L1(]0,1]) we define the operator
m 1
m _
Q@) =+ DY () @n(e) Gn@)™* [ pusorroin 610
k=0

2 m0+2]

where a,,(z) and G,,(x) are given by the relations (5.3), for any = € [m0+37 e

Remark 5.1. In this section we note I = { 2 m0+2:|‘

mo+3’ mo+3



DURRMEYER OPERATORS OF KING-TYPE 297

Lemma 5.5. We have

(m+2)x(2(m+ 1) — m(m + 3)z + /o (2))

(Q3,meo)(z) = 2+ 1) : (5.12)
(Q3,me1)(z) =z, (5.13)
(Q3,me2)(x) = 22, (5.14)

for any x € I and any m € Ny.
Proof. Results immediately from the condition above and (2.5). O

Lemma 5.6. The following identities

(Tin,0Q3,m)(z) =t (2), (5.15)
(T 1Q3,m)(z) = mz(1 —th(z)), (5.16)
(T 2Q3.m)(x) = —m22?(1 — t7(z)) (5.17)

hold for any x € I and for any m € Ny.
Proof. By using Lemma 5.5 and the relation (1.7) the relations (5.15)-(5.17) follow.

O
Lemma 5.7. The following identities
mlinoo tr(x) =1 (5.18)
and
mli;noo m(l—tr(x)) = w (5.19)
hold.
Proof. We have
lim () = T Sm(z) — (m(m + 3)z — 2(m + 1))? (5.20)
m——00 2m—o0 /5., (x) +m(m+3)x —2(m +1)
and after calculus, (5.18) follows. Taking (5.7) into account, similarly (5.19) is ob-
tained. (]
Lemma 5.8. We have that
lim_(Ton0Qa) (@) = 1, (5.21)
mli_n}loo anw =2z(1 — x), (5.22)
for any x € I and there exists m(0) € N such that
(T ,0Q3,m)(x) <2 (5.23)
and
(T 2Q@3,m) () < 3 (5.24)
m 2

for any x € I and any m € N1, m > m(0).

Proof. The relations (5.21) and (5.22) result taking (5.15), (5.18) and (5.19) into
account. By using the definition of the limit of a function and because z(1—z) < 1 for
any z € [0, 1], from (5.20) and (5.21) the relations (5.22) and (5.23) are obtained. [
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Theorem 5.1. Let f: [0,1] — R be a continuous function on [0, 1], then

im (Q3.mf)(z) = f(z) (5.25)

m——->00

uniformly on I and there exists m(0) € N such that

(@3 f)(@) — F(@)] < Lo (f; 1) 7 (5.26)

for any x € I and m € Ny, m > m(0).

Proof. Theorem 5.1 is a corollary of Theorem 1.3 for s =0, a9 =0, a3 = 1, kg = 2
and ko = % O

Theorem 5.2. If f € C([0,1]),z € I, f is two times differentiable in x and f* is
continuous on I then

2(1—x)

i m((Qsm f)(@) = f(2)) = =—f(2) + 2z = DD (@) + a(x - 1) P ().
(5.27)
Proof. Taking Lemma 5.8 into account and applying Theorem 1.3 for s = 2, we obtain
the relation (5.27). O
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