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Category of soft sets

O. ZAHIRI

ABSTRACT. The aim of this paper is to introduce a category, whose objects are soft sets, and
obtain some basic results of this category, such as existence of product and coproduct. Then
we introduce a subcategory of the category of soft sets, whose objects are soft BCK/BCI-
algebras and develop the theory of soft ideals and soft BC'K/BC I-subalgebras.
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Introduction

Molodtsov initiated the theory of soft sets as a new mathematical tool for dealing
with uncertainties which traditional mathematical tools can not handle. He has shown
several applications of this theory in solving many practical problems in economics,
engineering, social science, medical science, etc. Later other authors like Maji et
al. [11, 12, 13], have further studied the theory of soft sets and used this theory to
solve some decision making problems. The most appropriate theory for dealing with
uncertainties is the theory of fuzzy sets developed by Zadeh [15]. In 1991, the fuzzy
set theory was applied to BC'K-algebras [8]. Then Y. B. Jun et al. applied and
studied the fuzzy set theory to BCK-algebras, soft BCK-algebras [8, 9, 6], BCC-
algebras [2], MT L-algebras [10]. Later, other authors such as Y. B. Jun, C. H. Park,
H. Aktas et al. study the theory of soft set in some kind of algebras such as groups,
BC K-algebras and BCI-algebras (see [1, 5, 7]).

In this paper, we define the concept of soft morphism and introduce new category,
which is called soft set category. Then verify some properties of a subcategory of soft
set category, in the last section.

1. Preliminaries

Definition 1.1. [14] Let U be a initial universe set and E be a set of parameters.
Let P(U) denote the power set of U and A C E. A pair (f, A) is called a soft set
over U, where f: A — P(U) is a map. If (f, A) is a soft set over U, we denote it by
(f,A)u, briefly.

Definition 1.2. Let {4;};cr be a family of sets. The map ; : HAZ' — A;, defined
il
by m;((x;)ier) = x; is called the i — th canonical projection map, for any i € I.
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Definition 1.3. [3, 4] A BCI-algebra is an algebra (X, *,0) of type (2,0) satisfying
the following conditions:

(BCI1) ((zxy)*(zx2))*(zxy)=0;

(BCI2) z%x0=u;

(BCI3) zxy=0and y*x =0 imply y = .

n times
—_——~—

We will also use the following notation in brevity: x *y™ = (...(z * y) * ...) * y, where
z,y € X and n € N. A BC/I-algebra X is called a BC'K-algebra if 0 x x = 0, for all
x € X. A nonempty subset S of BCK/BCI-algebra (X, x,0) is called a subalgebra of
Xifezxye S, forall z,y € X. A subset I of X is called an ideal of X if (i) 0 € I;
(i) cxy € T and x € I imply y € I, for all z,y € X. Let (x,*,0) and (y, *,0) be two
BCK/BCI-algebras. The map f: X — Y is called a BCK/BCI-homomorphism if
flzxy) = f(x)x f(y), forallz,y € X. If f: X = Y is a BCK/BCI-homomorphism,
then ker(f) = f71(0) is an ideal of X. For any element # € X, we define the order of
x, denoted by o(x), as o(z) = min{n € N| 0% z™ = 0}.

Proposition 1.1. [16] Let (X,*,0) be a BCI-algebra and f : X — X be a map
defined by f(x) = 0xx, for all z € X. Then

(i) f is a BCK/BCI-homomorphism.

(ii) o(x) = o(f(x)), for all xz € X.

Proposition 1.2. [16] Let (X,*,0) and (Y,*,0) be two BCK/BCI-algebras and
f: X =Y be a BCK/BCI-homomorphism.
(i) If S is a subalgebra of X, then f(S) is a subalgebra of Y.
(i) If T is a subalgebra of Y, then f=(T) is a subalgebra of X.
(iii) If I is an ideal of Y, then f=(I) is an ideal of X .
(iv) If f is onto and I be an ideal of X, then f(I) is an ideal of Y.

Definition 1.4. [7] Let (X, x,0) be a BCK/BC1I-algebra and (f, A)x be a soft set.
Then (f, A)x is called a soft BCK/BCI-algebra if f(x) is a BCK/BCI-subalgebra
of X, for all x € X.

Definition 1.5. [7] Let (X, *,0) be a BCK/BCI-algebra and (f, A)x, (g,B)x be
two soft BCK/BC1I-algebras. Then (f, A)x is called a soft subalgebra of (g, B)x if it
satisfies:

(i) AC B,

(ii) f(x)is a BCK/BCI-subalgebra of g(z), for all x € A.

Definition 1.6. [5] Let (X,*,0) be a BCI/BCK-algebra and (f, A)x be a soft

BCK/BCI-algebras. A soft set (g, B)x is called a soft ideal of (f, A)x, if it satisfies:
(i) BC A,

(ii) g(x) is an ideal of f(x), for all x € B.

Definition 1.7. [7] Let (X, x,0) be a BCK/BC1I-algebra and (f, A)x be a soft set.
Then (f, A)x is called an idealistic soft BCK/BCI-algebra over X if f(a) is an ideal
of X, for any a € A.

Remark 1.1. [16] Let A be an ideal of a BCI-algebra X. Define a binary relation
6 on X as follows: (z,y) € 0 if and only if z xy,y *x € A, for all z,y € X. Then
f is a congruence relation and it is called the congruence relation induced by A.
Let [z] = {y € X| (z,y) € 0} and X/A = {[z]| + € X}. Then (X/A,*,[0]) is a
BCT-algebra, where [z] % [y] = [z x y], for all 2,y € X.
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2. Category of soft sets

From now on, in this paper, we use Id4 to denote the identity map from A to A,
for all nonempty set A, unless otherwise stated.

Definition 2.1. Let (f, A)y and (g, B)v be two soft sets. If « : A — B and S :
P(U) — P(V) are two maps such that o f = g o «, then (a,f) is called a soft
morphism or briefly morphism from (f, A)y to (g, B)v and we write (o, 8) : (f, A)y —
(9, B)y. Therefore, (o, 3) : (f, A)uv — (g9, B)v is a soft morphism, if and only if the
following diagram is commutative.

FIGURE 1. Diagram of soft morphism

If (f,A)y and (g, B)y are two soft sets, then we use Hom((f, A)v, (g9, B)v) to
denote the set of all morphisms from (f, A)y to (g, B)v.

Definition 2.2. Let X be a set and f: X — P(X), defined by f(z) = {«}, for any
x € X. Then the soft set (f, X)x is called a simple soft set generated by X.

Example 2.1. Let A and B be two sets, « : A — B be amap, (f,A)4 and (g, B) g be
simple soft sets generated by A and B, respectively. Then clearly, (o, §) : (f,A)a —
(g9,B)p is a soft morphism, where 5(S) = {a(s)| s € S}, for all nonempty subset
S € P(A) and 8(0) =0

Definition 2.3. Let (o, 8), (A, p) € Hom((f, A)v, (9, B)v).
(i) We use (o, 8) = (A, 1) to denote a = A and 8 = p.
(i1) We use (a, ) ~ (A, ) to denote go o = g o A\ (or equivalently, So f = po f).

Theorem 2.1. The class of all soft sets together with the class of all soft morphisms
form a category. It is called a soft set category and is denoted by 66.

PTOOf. Let (f7 A)Ua (gaB)V and (haC)W be soft sets, (a7ﬁ) € Hom((f, A)U7 (Q,B)V)
and (v,\) € Hom((g,B)v,(h,C)w). Then goa = fo f and hoy = Ao g and so
ho(yoa)=(hoy)oa=(Aog)oa=Ao(goa)= Ao (8o f). It follows that

(yoa, o p) e Hom((f,A)v, (h,C)w).
Let (k,D)z and (k’ D’)Z/ be two soft sets and (p,¢) € Hom((f, ) ,(k,D)z),
(') € Hom((K',D")z:,(f, A)v). Clearly, (Ida,Idpw)) : (f, A)v (f, )U is
a morphism, (IdA,Idp ) o( ¥) = (p,9) and (¢',¢') o (IdA,Idp(U)) = (¢, ¢).

)
Also, ((c, 8 (7, 0) 0 (1, ) = (a, B)o (7, A) o (1, )), for any soft set (d, E)y and any
morphism (p, )GHom((h,C’)W,(d, E)y ) SO these classes of morphisms and objects

form a category. O

Definition 2.4. Let (g, B)v, (f, A)u be two soft sets and (o, 8) : (f, A)v — (g9, B)v
be a morphism.
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(i) (o, B) is called a weak monic if (a, 8) o (y,7m) ~ (a,,@) (v',n"), implies (y,n) ~
~',n'), for any (k, D)z and morphisms (v, n), (7 n’) € Hom k,D)z,(f, A)v).

( :

( (( )
(ii) (o, B) is called a weak epic if (A, u) o (a, B) ~ (XN, 1) o (o, B), implies (A, ) ~

(N, i), for any (h, C)w and morphisms (>\ w), (N, u') e Hom(( B)y, (h,C)w).

Proposition 2.2. Let (g, B)v, (f, A)u be two soft sets and (o, B) : (f, Ay — (g, B)v
be a morphism.
(i) If B is an one to one map, then (a, B) is a weak monic.
(ii) If o and B are one to one maps, then (a, ) is a monic.
(i) If o is an onto map, then (o, B) is a weak epic.
(iv) If « and B are onto maps, then («, B) is an epic.
(v) (a, B) is an isomorphism if and only if « and B are one to one and onto maps.

Proof. (i) Let (« ,B) (v,m) ~ (a,8) o (7/,7n'), for some soft set (h,C)y and some
morphisms (v,n), (v',n) € Hom((h, C)w, (f, A)v). Then (a0, Bon) ~ (a0, Bor)
and so (Bon)oh = ( n') o h. Since § is an one to one map, then no h =7 o h.
Hence (y,n) ~ (7/,n'). Therefore, (o, ) is a weak monic.

(ii) Let (a B)o(v,n) = (a,B)o (v, 1), for some soft set (h, C')y and some morphisms
(v,m),('sn") € Hom((h,C)w, (f, A)y). Then aoy=ao~" and fon = Fon'. Since
« and f§ are one to one maps, we have v =+' and n =’ and so («, 8) is a monic.
(iil) Let (¢, x)o(a, B) = (@', x") o (e, B), for some soft set (k, D)z and some morphisms
(e, %), (¢, X') € Hom((g, B)v, (k,D)z). Then (poa,xofB) ~ (¢ oa,x o) and
so ko (poa)=ko (¢ oa). Since « is onto, then we obtain ko ¢ = ko ¢'. Hence
(p,x) ~ (¢',x) and so («, 8) is a weak epic.

(iv) Straightforward.

(v) Let (o, B) be an isomorphism. Then there exists a morphism (A, u) : (¢, B)y —
(f, A)u such that («, ) o (A, 1) = (Idp, Idpvy) and (A, p) o (o, B) = (Ida, Idpwy).
Hence ol = Idp and Ao« = Id4 and so « is one to one and onto. In a similar way,
we obtain 3 is one to one and onto. Conversely, let « and 8 be two one to one and onto
maps. Then there are A: B — A and p : P(V) — P(U) such that ao\ = Idp, Aoa =
Idy, Bop=Idpry and po 8= Idpy. We show that (A, p) : (9, B)y — (f, Ay is
a morphism. Let b € B. Then there exists an element a € A such that b = a(a) and
so F(Mb)) = f(a) = u(B(f(a))) = (gla(a))) = lg(b)). Hence (A, ) is a morphism.
Clearly, (o, 8) o (A, i) = (Idp, Idpvy) and (A, p) o (o, B) = (Ida, Idpy). Therefore,
(c, B) is an isomorphism. O

Remark 2.1. Let («,8) : (f,A)yv — (g9,B)v be a morphism, C = Im(a) and
h = g|c. Then (h,C)y is a soft set and (a, B8) : (f, A)y — (h,c)v is a soft morphism
and so by Proposition 2.2(iii), («, 8) : (f, A)uy — (h,c)v is a weak epic.

Example 2.2. (i) Let f : [0,1] — P{[0,1]} and g¢ : [0,1] — P{[0,2]} by defined by
f(z) = {uw e [0,1]] u <z} and g(x) = {u € [0,2]| u < 2z}, for all z € [0,1]. Then
(f,10,1])0,1 and (g, [0, 1])[0,2) are two soft sets. Define v : [0,1] — [0,1] by a(z) =
and 3 : P({[ 11}) — P({[0,2]}), by B(S) = {u € [0,2]] u <2z, Jz € S}. It is easy
to see that (a, 8) : (f, [0, ])[0 1] — (9,10,1])[0,2 is a soft morphism. Since j is one to
one, then by Proposition 2.2(i), («, ) is a weak monic.

(ii) Let f: N — P({1}) and g : N — P({1}) be two maps was defined by

[0 if a is even , [ {1} ifaiseven,
fla) = { {1} ifaisodd. 9la) = { 0 ifaisodd.
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Then (Idy, B) : (f,N){1; — (9,N){1y is a soft morphism, where g : P({1}) — P({1})
is a map defined by 8(0) = {1} and 3({1}) = 0. Since Idy is onto, then by Proposition
2.2(iii), (Idn, B) is a weak epic.

Theorem 2.3. Let (g,B)v and (f,A)y be two soft sets and (o, ) : (f,A)v —
(9, B)y be a monic such that B be one to one. Then « is one to one, too.

Proof. Let a(z) = a(y), for some x,y € A. Let v: A — Aand v : A — A be two
maps defined by

e ifae A—{x,y}, R ifae A—{x,y},
e)= { {y} ifae{z,y}. v(a) = { {z} ifae{z,y}
We show that (77IdP(U)) : (fv A)U — (f7 A)U and (V/aIdP(U)) : (fv )U — (fv )U are
two morphisms. Let a € A. Ifa € A—{xz,y}, then (fovy)(a) = f(a) = (Idpwyo f)(
Since (o, ) : (f, A)u — (g, B)v is a morphism, we have goa = fo f and so 6( (2))
g(a(x)) = gla(y)) = B(f(y)). Since 8 is an one to one map, then f(z) = f(y
Now, let a € {z,y}. Then (fo~)(a) = f(y) = f(a) = Idpw) o f(a). Therefore,
(v, Idp@wy) € Hom((f,A)u, (f, A)v). By the similar way, we obtain (v, Idp)) €
Hom((f, A)Uv (fv A)U) Moreover,
(a,8)0 (v, 1dpw)) = (ao~,Boldpw))
= (woy,Boldpuy), since a(x)= a(y)
= (o,f)o (7/7 IdP(U))
Since (o, 3) is a monic, then (v, Idpw)) = (v, Idp) and so y = y(z) = 7' (z) = =.
Therefore, o is an onto map. ([

g
)

Theorem 2.4. Let (g,B)y and (f,A)u be two soft sets and (a,B) : (f,A)v —
(g, B)v be an epic such that « is onto. Then B is onto, too.

Proof. Let a € P(V) — Im(B) and p' = Idp(yy. Let p: P(V) — P(V) be a map
defined by
x ifz e Im(B),
ulz) = { a ifxze P(V)—Im(B).

We show that (Idg, ), (Idg,p') € Hom((g, B)v, (g, B)v). Since goa = o f and «
is onto, then I'm(g) C Im(S), it follows that (uog)(b) = u(g(b)) = g(b), for any b € B.
Hence g o Idgp = po g and so (Idg, ) € Hom((g, B)v, (g, B)v). Also, u'(g(b)) =
g(b) = (Idg o g)(b), for any b € B, so (Idg, i) € Hom(( B)v,(g,B)v). Now, let
be B. Then /(8(b)) = B(b) = u(A()) and so (Idi, 1) o (0, 8) = (Idp, i) o (, B).
Since («, B) is an epic, we have (Idp,u) = (Idp, ') consequently, u = u', which is
impossible. Therefore, there is not any a € P(V) — Im(8) and S is onto. O

Definition 2.5. A morphism (¢, ) : (f, A)v — (g9, B)v is called onto morphism, if
o and 8 are onto maps.

Let f: X — Y be a maps and ker(f) = {(z,y) € A x A| f(z) = f(y)}. Then
ker(f) is a equivalence relation on X. The set of all equivalent classes of X with
respect to ker(f), is denoted by X/ ker(f). Clearly, the map f : X/ker(f) — Im(f),
was defined by f([z]) = f(z), for any # € X is a one to one and onto map.

Theorem 2.5. Let (o, 8) : (f,A)uy — (g9, B)v be an onto morphism. Then the soft
set (f, A/ ker(f))y is isomorphic to (g, B)y, where f([x]) = B(f(x)), for any x € X.
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Proof. Let a(z) = a(y), for some z,y € A. Then B(f(x)) = g(a(z)) = g(a(y)) =
B(f(y)). Hence f is well defined. Moreover, g(@([z])) = g(a (m)) B(f(z)) =

Idpoy(f([z])), for all z € A and so (@, Idpv)) : (f, A/ker(f))v — (9. B)v is a
morphism. Since @ and Idp(yy are one to one and onto, then by Proposition 2.2(v),
(@, Idp(yy) is an isomorphism. O

Note that, if {A4;}ics is a family of sets, then HAi = {(x;)ict| zi € A; , Vi€ I}
i€l
is the product of this family of sets. In the next theorem, we use this fact to find the
product of {(fi, Ai)vu, }icr in 66.

Theorem 2.6. Let {(fi, Ai)u, ticr be a family of soft sets. Then (f, A)w is the
product of this family, where A = HAZ" W = U(U’ x {i}) and f((x:)ic1) =
i€l iel
U(fz(xl) x {i}), for any (zi)icr € A.
iel
Proof. Let o; : A — A; be the i—th canonical projection maps, for all i € I and
W; = U; x {i}. Define g; : P(W) — P(U;), by 5;(Y) = {u € U;] (u,i) € W; NY},
foral Y C W and ¢ € I. We show that (o, 8;) € Hom((f, A)w, (fi, Ai)u,), for all
i € 1. Let (a;)ic; € Aand j € I. Then f;(a;((ai)ier)) = fj(a;) and B;(f((as)ier)) =
Bi(|J(fi(a:) x {i})) = f;(a;) and s0 B;0 f((ai)icr) = fi(a((as)ier)). Hence (o, B;) is
iel
a morphism, for all ¢ € I. Let (g, B)y be a soft set and (A, 1) : (9, B)v — (fi, 4i)u,
be a morphism, for all ¢ € I. Then we define ¢ : B — A and x : P(V) — P(W), by
o(b) = (Ai(b)ier and x(X) = U(,uZ(X) x {i}), for all b € B and X C V. Clearly, x
icl
and @ are well defined. Let b € B. Then f(¢(b)) = f((Ai(b))icr) = U(fl()\z(b))x{z})
iel
Since (i, ;) € Hom((g9, B)v, (fi, Ai)u,), then fo\; = p;0g, for all ¢ € I and so
Fe0) = [J(ui 0 g(b) x {i}) = x 0 g(b). Hence (¢,9) € Hom((g, B)v,(f, A)w).
iel
Assume that z € B, Y € P(V) and i € I. Then we have

(@i, 1) 0 (9,02, Y) = (aus(p(x)), Bi(x(V))) = (N(@), Bi((J (i (Y) x {i})))
i€l
= (Ai(2), pa(Y))-
Hence (ay,8i) o (¢, x) = (Mi, i), for all ¢ € I. Now, we show that (¢, x) is unique.

Let (¢',X') : (9, B)v — (f, A)w be a morphism such that («;, 8;) o (¢, x") = (Ai, i),
for all i € I. Then a;(¢'(x)) = \i(x) = a;(¢(x)), for all € B and ¢ € I and so by

definition of a; we get ¢ = ¢’. Let Y € P(V). Since x'(Y),x(Y)C W, W = U W
iel
and W; N W; = 0, for all distinct elements i, j € I, then x'(Y) = x(Y) if and only if
XY)NW; =x(Y)NW,;, foralli € I. Let i € I and (a,i) € W;. Then
(a,i)) eX'(Y)NW; & a€Bi(xX'(Y)), by definition of 5;

& a€Bi(x(Y)), since Bjox=piox

< (a,1) € x(Y)NW;, by definition of §;
Hence x'(Y)NW; = x(Y) N W; and so x'(Y) = x(Y). Therefore, (¢, x) = (¢, x’)
and so (f, A)w is the product of {(fi, 4i)v, }ier- O
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Corollary 2.7. The category &S has arbitrary products.

Definition 2.6. A weak coproduct for the family {(f;, A;)u, }ier of soft set is a soft
set (g, B)v together with a family of morphisms {(«, 3;) : (fi, A:)u, = (9, B)v }ier
such that for any object (h,C)w and family of morphisms {(¢s,x:) : (fi, Ai)v, —
(h, C)w }ier, there exists a morphism (¢, x) : (9, B)y — (h,C)w such that for any
i€, (o, x)o(as, Bi) = (vi, xi). Moreover, if (¢',x’) : (¢, B)y — (h,C)w be another
morphism such that (¢, x’) o (e, 8i) = (@4, Xi), for any i € I, then (¢, x) ~ (¢, X).

Theorem 2.8. Let {(f;, Ai)u, }ier be a family of soft sets. Then this family has a
weak coproduct in GGS.

Proof. Let U/ =U; x {i}, B = A; x {i}, forany i € I, C = UBi and U’ = U U;.

i€l iel
Let g; : B; — P(U;) defined by g¢;(x,i) = fi(z), for any x € A; and ¢ € I. We define
g : C — PU) by g((x,1)) = gi((x,7)) x {i}, a; : A; = C, by a(y) = (y,1) and
Bi + P(U;) — P(U"), by 5:;(Y) =Y x {i}, for any (x,i) € C, y € A;, Y C U’ and
i € I. Clearly, g is well defined. We show that (o, 5;) : (fi, Ai)u, — (9,C)u is a
morphism, for any ¢ € I. Let ¢ € I and a € A;. Then 5;(fi(a)) = fi(a) x {i} =
9i((a,i)) x {i} = g((a,i)) = g(a;(a)). Hence B; o f; = go «, for any i € I. Now, let
(h, X)v be a soft set and (\;, u;) : (fi, A:)u, — (h, X)v be a morphism, for any i € I.
Then we define two maps ¢ : C — X and x : P(U’) —» P(V) by

o((x,4)) = XN(z), forall (z,i)eC,iel
X(Y) = Jlw(X)] Xi = {z] (@,9) €Y NU}, forall Y CU'}
i€l

Let (z,7) € C. Then h(p((z,4))) = h(Xi(x)) = pi(fi(z)) = x(gi((2,4)) x {i}) =
X(g((x,17))). Hence hop = xog and so (¢, x) € Hom((g,C)v-, (h, X)v). Moreover,

(e x)e (@i, Bi)(a,Y) = (p(ai(a)), x(Bi(Y))) = (¢((a, ), x(Y x{i})) = (Xi(a), wi(Y)),

for any a € A;, Y C U, and i € I. Therefore, (@, x) o (as, 8:) = (i, i), for any ¢ € I.
Now, let (¢',x') : (9,C)vr — (h, X)y be a morphism, such that (¢’, x") o (o, 5i) =
(Miy ), for any ¢ € I. Let 2 € C. Then there exists ¢ € I and y € A; such that =
(y,7). Hence ¢'(z) = ¢'((y,1)) = ¢'(i(y)) = Ai(y) = @(ai(y)) = ¢((y.7)) = ().
Hence ¢ = ¢’. Since (¢',x’) € Hom((g,C)u, (h,X)v), then x' o g = ho ¢’ and so
X' og=hog¢ =hop=xog, whence (¢, x) ~ (¢',X"). Therefore, (g,C)y is a weak
coproduct of the family {(f;, 4;)u, }icr in 6. O
Note that, in the proof of the last theorem, if U; N U; = 0, (A; N A; = 0), for any
i,j € I, then we can use U; (A;) instead of U/ (B;).
In Example 2.3, we show that (g, C)y- is not coproduct of the family {(f;, Ai)v, tier
in general, where (g, ¢)y- is a soft set, defined in the Theorem 2.8.

Remark 2.2. Let (o, 8) : (f, A)v — (g, B)v be a morphism. If f': A — P(P(U)),
¢ :B— P(P(V))and 8 : P(P(U)) — P(P(V)) defined by f(a) = {f(a)}, g(b) =
{g(®)} and B (Y) = {B(y)| y € Y}, for any a € A, b € Band Y C P(U). Then
B'(f'(a)) = B'({f(a)} = {B(f(a))} = {goa(a)} = g'(a(a)), for any a € A. Therefore,
(o, 8") € Hom((f", A)py» (9" B)p(v))-

Example 2.3. Let 47 = {1,2,3}, A> = {4,5,6}, U1 = {a,b,c}, Uy = {e, f,9},
C ={1,2,3,4,5,6} and U = {a,b,c,e, f,g}. Define the maps f; : Ay — P(Uy),
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fo:As — P(Us) and g : C — P(U) by

{a} z=1, {e} x=4,
A =4 B w=2 p@ =3 ) a=5 e ={ B TE4

{¢} x=3. {9} =z=06. 2 2
Let ay : Ay — C, an : As — C, 1 : P(Uy) — P(U) and By : P(Us) — P(U) be
the inclusion maps. Then it is easy to check that (a1, 81) € Hom((f1,A1)uv,, (9, B)c)
and (ag,f2) € Hom((f2, A2)u,, (g, B)c). Let X = {7,8,9}, W = {m,n,o} and
h:X —->PW), \: A1 = X, o: 40— X, 1 : Uy — W and pg : Uy — W defined
by

{m} x=T, 7T r=1, 7T x=4,
h(x):{{n} x =8, Al(x):{S x =2, )\g(x):{S x =05,

{o} z=09. 9 x=3. 9 x=6
m z=a, m z=ce,
pi(e)=q n x=b @)= n x=f
o x=c o xT=g

Then clearly, (A, f1;) € Hom((fi, Ai)u,, (h, X)w), for any i € {1,2}, where 1,(S) =
{pi(s)| s € S}, for all S C U;, i € {1,2}. Let ¢ : C = X, x : P(U) —» P(W),
¢ :C— X and X' : P(U) — P(W), were defined by

{m}p  xe{{a}{e}},

S ne Ezé{: N R U R U

Rt B R
(m}  we {{a} {e}}
X (z) = {n} z e {{b},{f}}
{o}  ze{{c}{g}},

{o,n} otherwise.
and ¢(z) = ¢'(z), for any z € C. Then (¢, x), (¢',x’) € Hom((g,C)v, (h,C)w) and

(s x) 0 (@i, Bi) = (A, i), for any i € {1,2}. But (¢, x) # (¢',x"). Therefore, (g, C)u
may not be coproduct of the family {(fi, 4i)u, }icf1,2}-

Corollary 2.9. The category &S has arbitrary weak coproducts.
Proposition 2.10. The category &S has a terminal object.

Proof. Let A ={a}, U =0and f: A— P(U) defined by f(a) = 0. Then (f, A)y
is a soft set. Now, let (g, B)y be an other soft set. Define « : B — A and 8 :
P(V) - P(U) by a(b) = a and B(Y) = 0, for all b € B and Y € P(V). Clearly,
(o, 8) : (9,B)v — (f, A)y is a morphism. It is easy to see that («, ) is a terminal
object. O

Definition 2.7. Let (f, A)y and (g, B)y be two soft sets. The soft set (f, A)y is
called a soft subset of (g, B)y if the following conditions are satisfied:
(i) UCV;
(i) A C B;
(iii) f(x) C g(x), for any =z € A.
Proposition 2.11. Let F': P(U) — P(V) be a map and (o, B) : (f, A)v — (9,B)v
be a morphism such that B preserve the inclusion. Then
(i) (Fof,A)yv is a soft set too.
(ii) (Ida, F): (f,A)y — (Fo f,A)y is a morphism.
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(iii) If (f', A")u is a soft subset of (f, A)u, then (9',a(A"))swr) is a soft subset of
(9: B)v, where g'(b) = U{B(f"(a))| ala) = b)}, for any b € aA").

Proof. The proof of (i) and (ii) are straightforward.

(iii) Clearly, the maps ¢’ : a(A’) — P(V) is well defined. Let b € a(A’). Then there
is a € A’ such that a(a) = b. Since f’(a) C f(a) and B preserve the inclusion, then
9(b) = g(a(a)) = B(/(a)) 2 B(f'(a)). Hence '(b) = U{B(/"(a))| ala) = b)} C g(b).
Moreover, f'(a) C U’, for any a € A" and 3 preserve the inclusion and so 3(f’(a)) C
B(U’), for any a € A’. Hence g'(b) C U’. Therefore, (¢',a(A"))sw) is a soft subset
of (g,B)v. O

Definition 2.8. Let (f, A)y and (g, B)y be two soft sets. f «: A — Band :U —
V are two maps such that o f = g o «, then (a, ) is called normal soft morphism
or briefly normal morphism from (f, A)y to (g, B)v and we write («, 8) : (f, A)y —
(9, B)v, where 5(X) = {B(z)| v € X}, for all X € P(U).

Proposition 2.12. The class of all soft sets and all normal morphisms forms a
subcategory of 6&. It is denoted by NSGS.

Proof. Similar to the proof of Theorem 2.1. O

Theorem 2.13. MGG has arbitrary coporoducts.
Proof. Let {(fi, A:)u, }icr be a family of soft sets and (g, C)y be the soft set defined

in the proof of Theorem 2.8. Define «; : A; — C, by a(x) = (z,i) and §; : U; — U,
by Bi(y) = (y,1), for any © € A;, y € U’ and i € I, where B; is a set defined in
the proof of Theorem 2.8. Then clearly, (o, 5;) : (fi, Ai)u, — (g9,C)ys is a normal
soft morphism. Now, let (h, X)y be a soft set and (A, ;) : (fi, A:)u, = (h, X)v be
a normal soft morphism, for any ¢ € I. Then we define two maps ¢ : C — X and
x:U —V by

o((x,1)) = XNf(x), forall (z,i)eC,iel

x((y,7)) = pi(x), forall (y,i)cU’,iel

Let (z,5) € C, for some j € I. Then
h(e((2,9))) = h(Aj(x)) = p;(f5 (@), (Ajm5) = (f55 Aj)u; — (h, X)v is @ morphism
= {n;(w)] v e f;(z)}
= {x(z,5)| v € f;(z)}, by definition of x
= x(fi (=) x{j})
= x(g;((z, 7)) x {7}) = x(9((z, )))-
Hence hop = xog and so (¢,x) : (9,C)ur — (h,X)y is a normal soft morphism.
Moreover,
(o, x)o (i, Bi)(a,Y) = (p(ai(a)), x(Bi(Y))) = (¢((a,1), x (Y x{i})) = (Ai(a), ni(Y)),
for any a € A;, Y C U; and ¢ € I. Therefore, (¢,x) o (e, i) = (Ai, i), for any
i € I. Now, let (¢',x') : (9,C)yr — (h,X)v be a normal soft morphism, such that
(¢, x") o (a4, Bi) = (i, i), for any ¢ € I. Similar to the proof of Theorem 2.8, we can
show that ¢ = ¢'. Let y € U’. Then there are i € I and z € U; such that y = (z,1).
X(y) = x(:4) = x(Bi(2)) = pa(x) = X' (Bi(2)) = X/ (,7) = X'(y)-
Hence x = x" and so (¢, x) = (¢, x’). Therefore, (g, C')y is a coproduct of the family
{(fu Ai)U,:}iEI in NGG. [l
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In the next section we want to verify a subcategory of &6, which its morphism
are normal.

3. Some results on soft BCK/BCI-morphisms

In this section, we define the concept of soft BCK/BCI-morphism and give some
results about soft subalgebras, soft ideals and soft BC K/BCI-morphisms.
From now on, in this paper, U and V will denote two BCK/BCI-algebras, unless
otherwise stated.

Definition 3.1. Let (f, A)y and (g, B)y be two soft BCK/BCI-algebras. If « :
A — Band f:U — V are two maps such that § is a BCK/BCI-homomorphism
and (o, B) : (f, A)uv — (g, B)v is a normal soft morphism, then («, 3) is called a soft
BCK/BCI-morphism.

Example 3.1. Let U, V be two BCK-algebras and « : U — V be a BCK/BCI-
homomorphism. If f(u) = {0,u} and g(v) = {0, v}, then (f,U)y and (g, V)y are soft
BCK/BCI-algebras and (o, 8) : (f,U)uv — (9, V)v is a soft BCK/BCI-morphism,
where 8 : P(U) — P(V), was defined by 8(X) = {a(z)| z € X}, for any X € P(U).
Therefore, for any BCI-homomorphism we can obtain a soft BC'K/BCI-morphism.

Example 3.2. Let A =X ={0,qa,b,¢,d,e, f,g} and consider the following table:

Table 1

x| 0 a b c d e f g
0/0 0 0 0O dddd
ala 0 0 0 e d d d
bi/b b 0 0 f f d d
clc b a 0 g f e d
dj{d d d d 0 0 00
ele d d d a 0 0 0
f|f f ddb b 00
glg f e d ¢c b a 0

Then (X, x,0) is a BCI-algebra. Let (f, A)x be a soft set, where f: A — P(X) is a
map defined by f(a) = {0}U{b € A| o(a) = 0o(b)}, for all a € A (see [5, Example 4.4]).
Let 8: X — X be a map defined by 5(z) = 0%z, for all x € X. Then by Proposition
1.1(i) and (ii), 8 is a BCK/BCI-homomorphism and f(Ida(a)) = B(f(a)) (note
that, by [16, Proposition 1.3.9], o(z) = o(0 * z), for all x € X). Therefore, (Id4,f) :
(f,A)x — (f, A)x is a soft BCK/BCI-morphism.

Example 3.3. Let X ={0,1,2,3} and Y = {0, 1} and consider the following tables:

Table 2 Table 3
0 [0 O 0 O x9 | 0 1
1 /1 0 0 O 0 |0 O
2 12 2 0 0 1 ]0 1
313 2 10

Then (X, #1,0) and (Y, *2,0) are two BC K-algebras (see [16, Appendix A]). Define
amap « : X = Y, by a(0) = a(l) = 0 and a(2) = «(3) = 1. It is easy to check
that « is a BCK/BCI-homomorphism. Let f : X — P(X) and g : Y — P(Y) be
two maps defined by f(z) = {u € X| uxxz = 0} and g(y) = {u € Y| uxy = 0},
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for all x € X and y € Y. Routine calculations show that (f, X)x and (g,Y)y are
soft BCK/BC1I-algebras. Moreover, g(a(1)) = g(a(0)) = {0} = a(f(0)) = a(f(1))
and g((2)) = g(a(3)) ={0,1} = a(f(2)) = a(f(3)). Therefore, (o, @) : (f, X)x —
(9,Y)y is a soft BCK/BCI-morphism.

Theorem 3.1. The class of all soft BCK/BCI-algebras with the class of all soft
BCK/BCI-morphisms form a subcategory of &6, which is called category of soft
BCK/BCTI-algebras.

Proof. The proof is straightforward. In fact, if (f, A)v, (¢, B)v and (h, C)w are three
soft BCK/BCI-algebras and (a,f) : (f,A)v — (¢9,B)v and (v,A) : (¢,B)y —
(h,C)w are soft BCK/BCI-morphisms, then by Theorem 2.1,

(77)‘) o (Oéaﬂ) = (700[7)‘05) € Hom((f7A)U7 (h’C)W)

Since Ao 8 is a BCK/BCI-homomorphism, then (yo «a, Ao ) is a soft BCK/BCI-
morphism. Moreover, (Ida,Idpwy) : (f,A)v — (f,A)y is a soft BCK/BCI-
morphism. (Il

Proposition 3.2. Let (f, A)y and (g,B)y be two soft BCK/BCI-algebras and

(o, B) : (f, A)v — (g9, B)v be a soft BCK/BCI-morphism.

(i) (B toBof, A)y is a soft BCK/BCI-algebra and (f, A)y is a soft subalgebra of
(B~1oBof, Ay.

(ii) If (f', Ay is a soft subalgebra of (f, A)u, then (¢', B")v is a soft subalgebra of
(g, B)v, where B" = a(A) and ¢'(a(a)) = B(f'(a)), for alla € A. (¢',B")y is
called the image of (f', A" )y with respect to («,3). Moreover, if 5 is an onto
map and (f', A")u is a soft ideal of (f, A)y, then the (¢', B')y is a soft ideal of
(g7B)V-

(iii) If B is an one to one map and (¢', B')y is a soft subalgebra of (g, B)v, then
(f',ANu is a soft subalgebra of (f,A)y, where A" = a~Y(B') and f'(z) =
B7Hg (a(a))), for all z € A’

(iv) If B is an one to one map and (¢', B')v is a soft ideal of (g, B)
is a soft ideal of (f, A)v, where A’ = a=Y(B') and f'(x) = B~1
xeA.

Proof. (i) Tt is suffices to show that 371(B(f(x))) is a BCK/BCI subalgebra of U,
for all x € A. Let z € A. Since (f, A)y is a soft BCK/BCI-algebra, then f(x)
is a BCK/BC1I-algebra of U and so by Proposition 1.2(i) and (ii), 87 *(B(f(z))) is
a BCK/BCI subalgebra of U. Clearly, f(z) C 8~Y(8(f(z))) C U and f(z) is a
BCK/BCI-subalgebra of U, for all x € U. Hence (f, A)y is a soft subalgebra of
(6_1 OﬁOf,A)U,

(ii) By (o, 8) is a soft BCK/BCI-morphism, it follows that goa = o f, so

g'(e(a)) = B(f'(a)) € B(f(a)) = g(a(a)).

Since f’(a) is a subalgebra of f(a), then by Proposition 1.2(i), we have 8(f’(a)) is a
subalgebra of 8(f(a)) and so (¢', B')y is a soft subalgebra of (g, B)y. Now, let 8 be
an onto map, (f’, A" )y be a soft ideal of (f,A)y and y € B’. Then there is x € A’
such that y = a(x). By the first step of the proof, ¢’'(y) C g(y). Since (f', A"y is
a soft ideal of (f, A)y, then f/(z) is an ideal of f(z) and so by Proposition 1.2(iv),
B(f'(x)) is an ideal of B(f(z)) = g(a(x)) = g(y) and so ¢'(y) is an ideal of g(y).
Therefore, (¢', B')y is a soft ideal of (g, B)v.

(iii) Let « € A’. Then a(x) € B’. Since (¢', B')v is a soft subalgebra of (g, B)v,
then ¢'(a(z)) is a soft subalgebra of g(a(z)) = B(f(x)). Hence by Proposition 1.2(ii),

v, then (', A')u
(9(a(a))), for all
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B7(g'(a(x))) is a subalgebra of U. Moreover, by ¢'(a(z)) C g(a(z)) = B(f(z)), we
conclude that f'(x) = 87(¢'(a(z))) € B~1(B(f(x))). Since § is an one to one map,
we get f/(z) C f(x), whence (f', A")y is a soft subalgebra of (f, A)y.

(iv) Similar to the proof of (ii), we can show that f'(z) C f(x), for all x € A" =
a }(B"). Let z € A’. Then a(z) € B’ and so ¢'(a(z)) is an ideal of g(a(x)). Since
(g, B)v is a soft BCK/BCI-algebra, then by Proposition 1.2(iii), we conclude that
B¢/ (a(x)) is a ideal of A~ (g(a(z))) = B (B(/(2))) = f(x). Therefore, (f', A')y
is a soft ideal of (f, A)y. O

Proposition 3.3. Let (f, A)y and (g, B)y be two soft sets and (o, B) : (f, A)v —
(g, B)v be a normal soft morphism such that B is a BCK/BCI-algebra homomor-
phism.

(i) If (g, B)v is an idealistic soft BCK/BC1I-algebra over V, then (8~ toBof, a1 (B))u
is an idealistic soft BCK/BCI-algebra over U. Moreover, if [ is one to one,
then (f,a=Y(B))y is an idealistic soft BCK/BCI-algebra over U.

(ii) If B is onto and (f, A)y is an idealistic soft BCK/BCI-algebra over U, then
(g,a(A)v is an idealistic soft BCK/BCI-algebra over V.

Proof. (i) Let (g, B)y is an idealistic soft BCK/BCI-algebra over V and a € a~!(B).
Then a(a) € B and so 8(f(a)) = g(a(a)) is an ideal of V. Since 8 is a BCK/BCI-
homomorphism, then by Proposition 1.2(iii), 371(8(f(a))) is an ideal of U. Hence
(B7roBo f,a(B))y is an idealistic soft BCK/BCI-algebra over U. Now, let 8 be
one to one map. Then 371 o Bo f = f. Therefore, (f,a !(B))y is an idealistic soft
BCK/BCI-algebra over U.

(ii) Let S is onto, (f, A)y is an idealistic soft BCK/BCI-algebra over U and b € a(A).
Then there exists a € A such that b = a(a). Since f(a) is an ideal of U and f is
a BCK/BCI-homomorphism, then by Proposition 1.2(iv), 8(f(a)) is an ideal of V'
and so g(a(a)) = g(b) is an ideal of V. O

Let 6 be an equivalence relation on a set X. Then we use [z]g to denote {u €
X| ubz}. Moreover, if A is a subset of X, the [A]y = {[als] a € A}.

Theorem 3.4. Let (o, B) : (f,A)v — (g9, B)v be a soft BCK/BCI-morphism, 0 =
{(z,y) € Ax A| ax) = a(y)} and ¢ be a congruence relation induced by ker(B).
Then the following hold:

(i) @ is an equivalence relation on A, ¢ is a congruence relation on U and (f, Ay
is a soft BOK/BCI-algebra, where A = {[aly| a € A}, U = {[u]y| u € U} and
F(lalo) = [f(@)]s, for all a € A.

(i) f @ : A — B and B : U — V are two maps defined by a([z]) = a(z) and
B([u]g) = B(u), for allz € A and u € U, then (@, B) : (f,A)g = (9,B)v is a
soft BCK/BCI-monic.

Proof. Clearly, 6 is an equivalence relation on A and ¢ is a congruence relation on
U. Let [a] = [b], for some a,b € A. Then a(a) = a(b) and so S(f(a)) = g(a(a)) =
g(a(b)) = B(f(b)). Hence [f(a)ly = [f(b)]s whence f is well defined. By Remark
1.1, U/ ker(B) is a BCI-algebra. Let a € A. Since f(a) is a subalgebra of U, then
0 € f(a) and so [0]4 € [f(a)le = f([alg). Now, let [z]e, [y]ls € f([ale). Then there
exist s,t € f(a) such that (z,s) € ¢ and (y,t) € ¢. Since f(a) is a subalgebra of U
and ¢ is a congruence relation on U, then s xt € f(a) and (z *y,s xt) € ¢ and so
[2]4 * [y]s = [z * yls € [f(a)ly = f(la]g). Therefore, f([a]s) is a subalgebra of U and
(f,A)g is a soft BOCK/BCI-algebra.
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(ii) Clearly, « is well defined. Since

(z,y) € U & axy, yxa € B71(0) & Blaxy) = Blyxz) = 0 & B(x)*B(y) = 0= B(y)*B(z)
then by BCI3, we get 5(z) = B(y). Hence U = {(z,y) € U x U| B(z) = B(y)}
Hence f is well defined. Moreover, B([z]y * [y]g) = B([z * ylg) = B(z xy) = B(z) *
B(y) = B([z]s) * B([yl¢) and so B is a BCK/BCI-homomorphism. Finally, we show
that g(a(lals)) = B(f(lalp)), for all [aly € A. Let [a]y € A. Then g( (lalo)) =

glaa)) = B(f(a)) = B([f(a)le) = B(f(lals)). Hence, (@,B) : (f,A)g — (9, B)v is
a soft BCK/BCI-morphism. Clearly, @ and 3 are one to one maps. Therefore, by
(@,

Proposition 2.2(ii), (@, B) : (f, A)z — (g9, B)v is a soft BCK/BCI-monic. d
4. Conclusions and future works

In this paper, we introduced category of soft sets and presented some properties
of this category, such as existence of product, terminal object and coproduct. Then
we verified category of soft BCK/BCI-algebras, and obtained some theorems about
soft BCK/BCT ideals and soft subalgebras. For future research, we can study the
category of soft BCK/BCI-algebras, in more details and find limits, colimits and
other special elements of this category.
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