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Co—Stone residuated lattices

CLAUDIA MURESAN

ABSTRACT. In this paper we present some applications of the reticulation of a residuated lattice, in
the form of a transfer of properties between the category of bounded distributive lattices and that
of residuated lattices through the reticulation functor. The results we are presenting are related to
co—Stone algebras; among other applications, we transfer a known characterization of m—co—Stone
bounded distributive lattices to residuated lattices and we prove that the reticulation functor for
residuated lattices preserves a certain construction, that we conjecture to be the strongly co—Stone
hull.
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1. Introduction

In [21] we gave an axiomatic purely algebraic definition for the reticulation of a resid-
uated lattice, which turned out to be very useful in practice. In this work we present
several applications of the reticulation, related to co—Stone algebras, applications in the
form of transfers of properties between the category of bounded distributive lattices and
the category of residuated lattices through the reticulation functor.

We have introduced the co—Stone structures as duals of Stone structures. In Section
2 we introduce their definition and we recall other definitions and results that the reader
might find necessary for understanding the results in the next sections.

Sections 3 and 4 are entirely made of original results.

In Section 3 we prove the fact that a residuated lattice is co-Stone iff its reticulation is
co—Stone and the same is valid for strongly co—Stone structures, then we obtain a struc-
ture theorem for m—co—Stone residuated lattices, by transferring through the reticulation
a known characterization of m—co—Stone bounded distributive lattices to residuated lat-
tices. This is the first major example of a result that can be transferred through the
reticulation functor from the category of bounded distributive lattices to the category of
residuated lattices. It also permits us to state that a residuated lattice is m-—co—Stone
iff its reticulation is m—co—Stone. We then bring an argument for our choice of the def-
inition of the co—Stone structures over another definition for them that can be found in
mathematical litterature, for instance in [6]: the fact that the notion with our definition
is transferrable through the reticulation (while the alternate one is not and does not
coincide with ours).

In Section 4, we give a construction that we conjecture to be the strongly co—Stone
hull of a residuated lattice, show that this construction is preserved by the reticulation
functor and exemplify its calculation for a finite residuated lattice.
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In future papers we will continue our research on the transfer of properties between
the category of bounded distributive lattices and that of residuated lattices through the
reticulation functor. This transfer of properties between different categories is the very
purpose of the reticulation.

2. Preliminaries

We make the usual convention: throughout this paper, every algebraic structure will
be designated by its support set, whenever it is clear which algebraic structure on that
set we are referring to.

Definition 2.1. A residuated lattice is an algebraic structure (A4, V, A, ®,—,0, 1), where
V, A, ®, — are binary operations on A and 0,1 € A, such that (A, V,A,0,1) is a bounded
lattice, whose partial order will be denoted <, (A, ®, 1) is a commutative monoid and the
following property, called the law of residuation, is satisfied: for all a,b,c € A, a < b — ¢
ifa®b<ec.

Here are some examples of residuated lattices that we will use in the sequel, for illus-
trating various properties and various classes of residuated lattices. I have chosen some
examples from previous works by other authors, and one example of my own (Example
2.2).

Example 2.1. [14, Section 11.1], [16] A = {0,a,b, ¢, 1}, with the bounded lattice struc-
ture given by the Hasse diagram below and the operations that succeed it, is a residuated
lattice.

1
c

a b — 10 a b ¢ 1
ofl1 1 1 1 1
0 alb 1 b 1 1
bla a 1 1 1
c|0 a b 1 1
1 ({0 a b ¢ 1

and ® = A.

Example 2.2. A ={0,a,b,c, 1}, with the lattice structure and the operations presented
below, is a residuated lattice:

1
b c

a — 10 a b ¢ 1
o1 1 1 1 1

0 a |01 1 11
b |0 ¢ 1 ¢ 1
c |0 b b 1 1
110 a b ¢ 1

and ©® = A.
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{0,a,b,¢,d, 1}, with the structure described below, is a

[14], [16] A

Example 2.3.
residuated lattice.

0 a 0 a 0 a

Cc

0 a 0 a b

d 1

Cc

0 a b

c

00 0 00 0O

1

1 1
d 1 d 1 d 1

1

a

b0 0 0 0 b D

11 11
d 1 d 1

c
c

Cc

b

d|{0 0 b b d d

1

d 1

Cc

0 a b

— 10 a b

a

1

e, f,g,1}, with the following structure, is a

[14], [16] A = {0,a,b,¢,d,

Example 2.4.
residuated lattice:

d f g

c

a
b

a
C

00 a 00 a 0 O

c

0 0 0 0 O O

"W O = Oy

c
d

== D

C
C

St e
O v

(SIS

C
C
c

3

o 3

0 a b 0 a b

jen i)

®10 a b

e f g 1

d

c

0(0 0 00OO O O0OTO0OUO

a
b|0 a b 0 a b O

1 g 1
frg 1 f g1

9

c

d|0 0 a 0 0 a
f10 0 0

e

> —

—
D]/ DS
— O O

L3

(S NS ]

(SIS BRSNS

" O 3O

— 10 a b

" O

[15, Section 15.2.1], [16] Let A = {0,n,a,b,4, f, g, h,j,¢,d, 1}, described

A is a residuated lattice.

Example 2.5.

below.
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{0,a,b,c,d, 1}, with the following Hasse diagram and operations

® and A, is a residuated lattice.

Example 2.6. [17] A

1

d

c

0 a b d d a

b b 0 0 b
b d 0 d d

c

C

1

d

c

0 a b

®10 a b

1

d

c

0j0 0 0 0 0 O

a
b
c

a 1 ¢
b a b 1 a 1
b a b a 1
0 a b

c

dlb d 0 d d d

1
1

1

d

c

— 10 a b

b
c
d
1



56 C. MURESAN

Remark 2.1. The lattice reduct of the residuated lattice in the previous example has
the pentagon as a sublattice, thus it is not distributive. This shows that the lattice reduct
of a residuated lattice is not necessarily distributive.

It is easily seen that, for any residuated lattice A and any a,b € A, a — b = sup{z €
Alaoz <by=max{r € A| a®zx < b} (see also [10], [13], [16], [17], [24]).
For any residuated lattice A and any a,b € A, we denote a <> b= (a = b) A (b — a)
and ~a=a—0.
Let A be a residuated lattice, a € A and n € N*| arbitrary. We shall denote by a™ the
following element of A: a ®...® a. We also denote a® = 1.
—_————

n of a

Lemma 2.2. [10], [13], [17], [24], [26] Let A be a residuated lattice and a,b,c € A. Then:
(i) a®@b<aAband, ifaVb=1, thena®b=aAb;
(ii)) (avd)®(aVe) <aV(b®c), hence (aVe)®(bVe) < (a®b) Ve and, for any
n,k € N*, (aVb)"F <a™Vvbk;
(iii) a<biffa=b=1 anda=biff a< b=1.

Definition 2.2. Let L be a distributive lattice with 0. An element [ of L is said to be
pseudocomplemented iff there exists a greatest element m of L which satisfies: [ Am = 0;
such an element m is denoted [* and called the pseudocomplement of [. L is said to be
pseudocomplemented iff all its elements are pseudocomplemented.

The notation in the previous definition is correct, because, for [ a pseudocomplemented
element of a distributive lattice L with 0, I* = max{m € L | I Am = 0}, thus [* € L is
uniquely determined by .

Remark 2.3. Let L be a bounded distributive lattice and [ be a complemented element of
L, with [ its complement. Then [ is pseudocomplemented and [* = [. This is immediately
shown by the definitions of {* and [ and by the fact that they are uniquely determined
by .

Definition 2.3. Let L be a lattice. A nonempty subset F' of L is called a filter of L iff
it satisfies the following conditions:
(i) foralll,m e F,lAm € F;
(ii) for all l € F and all m € L, if | < m then m € F.

The set of all filters of L is denoted F(L).

A filter I of L is said to be proper iff F' # L.

A proper filter P of L is called a prime filter iff, for all ,m € L, if [V m € P, then
[ € Pormé€ P. The set of all prime filters of L is called the (prime) spectrum of L.

Definition 2.4. Let A be a residuated lattice. A nonempty subset F of A is called a
filter of A iff it satisfies the following conditions:
(i) for all a,b € F, a®b € F}
(ii) for alla € Fand allbe A, if a <bthenbec F.

The set of all filters of A is denoted F(A).

A filter F' of A is said to be proper iff F' # A.

A proper filter P of A is called a prime filter iff, for all a,b € A, if a Vb € P, then
a € Porbe P. The set of all prime filters of A is called the (prime) spectrum of A.

Obviously, any filter of a lattice with 1 or a residuated lattice contains the element 1.

Remark 2.4. [21] Let A be a residuated lattice, F' a filter of A and a,b € A. Then:
a®be Fiffanbe Fiffa,be F.
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Proof. By Definition 2.4. ([

Corollary 2.5. Any filter of a residuated lattice is a filter of its lattice reduct. The
converse is not true (see, for instance, [26]).

For all elements x and all subsets X of a lattice or residuated lattice A, we denote by
< z > the principal filter of A generated by x and by < X > the filter of A generated
by X.

The above and other notions related to residuated lattices share their denominations
and/or notations with notions related to lattices. Throughout this paper, each of these
notions will refer to the richest algebraic structure the set of the elements is endowed with,
unless mentioned otherwise. Thus, whenever a set is endowed with a residuated lattice
structure, those notions will refer to that residuated lattice, unless otherwise specified.

Lemma 2.6. [21] Let A be a residuated lattice anda € A. Then <a>={be A | (In €
N*)a™ < b}.

It is known that, in any lattice L, for every l € L, <l >={m € L | l < m}.

Example 2.7. If A is the residuated lattice in Example 2.3, then < b >= A, while, in
the lattice reduct of A, < b >= {b,¢,d, 1}.

Definition 2.5. Let L be a lattice and F' a filter of L. For all I,m € L, we denote
I =m (mod F) and say that [ and m are congruent modulo F iff there exists an element
e € F such that I Ae = m Ae. It is known and easy to check that = (mod F) is a
congruence relation on L. The quotient lattice with respect to the congruence relation
= (mod F') is denoted L/F and its elements are denoted [/F, | € L.

Definition 2.6. Let A be a residuated lattice and F' a filter of A. For all a,b € A, we
denote a = b (mod F) and say that a and b are congruent modulo F iff a <> b € F. It
is known and easy to check that = (mod F) is a congruence relation on A. Residuated
lattices form an equational class, which ensures us that the quotient set with respect to
the congruence relation = (mod F) is a residuated lattice. It is denoted A/F and its
elements are denoted a/F, a € A.

Lemma 2.7. [13] Let F be a filter of A and a,b € A. Then:
(i) a/F = 1/F iffa € F;
(ii) a/F <b/F iff a = b € F; consequently, if a <b then a/F <b/F.
Notation 2.7. Let A be a lattice (residuated lattice). For all filters F', G of A, we
denote < F UG > by F'V G. More generally, for any family {F; | t € T} of filters of A,
we denote < U Fy > by \/ Fi.
teT teT

Proposition 2.8. [7] Let A be a lattice (residuated lattice). Then (F(A),V,N, {1}, A)
is a complete distributive lattice, whose order relation is C.

If A is a bounded lattice or a residuated lattice, then the set of the complemented
elements of A is called the Boolean center of A and is denoted by B(A). It is known that,
for A a bounded distributive lattice or a residuated lattice, B(A) is a Boolean algebra
with the operations induced by those of A ([1] ,[16], [17], [24]).

Lemma 2.9. [5],[10],[18],[12] Let A be a residuated lattice. Then, for every e, f € B(A)
and a € A, we have:

(i) e@e=c¢;

(ii) a € B(A) iffav-a=1;
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(iii) e —>a=eVa;
(iv)eof=eNfeBA),e—f=-eVfeBA) ande+ f=(e— f)N(f—e)€
B(A).

Proposition 2.10. [7] Let A be a distributive lattice or a residuated lattice. Then, for
alla,be A: <a>N<b>=<aVb>.

Definition 2.8. Let A be a bounded distributive lattice or a residuated lattice; the
definitions we are about to give are valid for both types of structures. For any nonempty
subset X of A, the co—annihilator of X is theset X' ={a € A | (Vo € X)aVx = 1}.
In the case when X consists of a single element x, we denote the co—annihilator of X

by 7 and call it the co-annihilator of x. Also, we will denote X7 = (XT)T and
21T = (@)

Remark 2.11. Notice that, for all bounded distributive lattices or residuated lattices A
and for all nonempty subsets X, Y of A,if X CY then YT C XT.

Proposition 2.12. Let A be a bounded distributive lattice or a residuated lattice. Then,
for any X C A, X7 is a filter of A.

Proof. By Lemma 2.2, (ii), for A a residuated lattice and by the distributivity for A a
bounded distributive lattice. (]

Definition 2.9. Let A be a bounded distributive lattice or a residuated lattice. Then
A is said to be co-Stone (respectively strongly co—Stone) iff, for all x € A (respectively
all X C A), there exists an element e € B(A) such that 27 =< e > (respectively
XT =<e>).

Remark 2.13. Any complete co-Stone lattice (residuated lattice) is strongly co—Stone,
as shown by Proposition 2.10 and the fact that, with the notations in the previous
definition, X | = ﬂ z'.
reX

In [6], the author defines a Stone residuated lattice to be a residuated lattice A that
satisfies the equation: —aV ——a =1 for all @ € A. We have preferred our definition
of co—Stone residuated lattices over the dual of the definition in [6] for a reason that is
explained by Remark 3.14.

Notation 2.10. For any bounded distributive lattice or residuated lattice A, we shall

denote CoAnn(A) = {X" | X C A} and, for all F,G € CoAnn(A), we shall denote

FVTG=(FTnGT)T. More generally, for all {F; | t € T} C CoAnn(A), we denote
T

v ()
teT teT

Proposition 2.14. Let A be a bounded distributive lattice or a residuated lattice. Then
(CoAnn(A),vT,N,T,
{1}, A) is a complete Boolean algebra.

Proof. This result can be found in [20] for BL-algebras. Its proof is also valid for bounded
distributive lattices and residuated lattices. O

For any set X, we denote by |X| the cardinality of X.

Definition 2.11. Let m be an infinite cardinal. An m-complete lattice is a lattice L
with the property that any subset X of L with | X | < m has an infimum and a
supremum in L.
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Theorem 2.15. Let L be a bounded distributive lattice and m an infinite cardinal. Then
the following are equivalent:

(i) for each nonempty subset X of L with | X | < m, there exists an element e € B(L)
such that XT =< e >;

(ii) L is a co—-Stone lattice and B(L) is an m—complete Boolean algebra;

(iii) Lt = {l" T | 1 € L} is an m—complete Boolean sublattice of F(L);

(iv) for all l,p € L, IV p)" = 1" Vp' and, for each nonempty subset X of L with
| X | < m, there exists an element v € L such that X' T =z ";

(v) for each nonempty subset X of L with | X | <m, X" VX'T =L.

Proof. By duality, from [8, Theorem 1]. O

A bounded distributive lattice will be called an m—-co-Stone lattice iff the conditions
of Theorem 2.15 hold for it.

Definition 2.12. Let A be a bounded lattice or a residuated lattice and B a subalgebra
of A. We say that B is co—dense in A iff, for all a € A\ {1}, there exists b € B such that
a<b<l1(thatisa<b<1landb=#1).

We denote by RL the category of residuated lattices and by D01 the category of
bounded distributive lattices.

For the definitions related to the inductive limit, that we present below, we are using
the terminology of [4].

A partially ordered set (I, <) is called an up—directed set, or, simply, a directed set iff,
for any 7,7 € I, there exists an element k € I such that ¢ < k and j < k.

Definition 2.13. Let (I, <) be a directed set and C a category. By an inductive system
of objects in C with respect to the directed index set I we mean a pair ((A;)ier, (#ij); jer)

1<j

with (A4;)icr a family of objects of C and, for all 7,5 € I with ¢ < j, ¢;; : A; = A a
morphism in C, such that:
(i) for every i € I, ¢;; = id 4, (the identity function of A;);
(ii) for any i,j,k € I with i < j <k, ¢;i 0 ¢ij = Pix.

Whenever there is no danger of confusion, an inductive system as above will be denoted
(Ais @ij)-
Definition 2.14. Let (A;, ¢;;) be an inductive system of objects in a category C relative
to a directed index set I. A pair (A, (¢i)ier), with A an object in C and, for all ¢ € T,
¢; + A; = A a morphism in C, is called inductive limit of the inductive system (A;, ¢;;)
iff:
(i) for every 4,5 € I with i < j, ¢; 0 ¢i; = ¢;;

A; @»Aj
NG
A

(ii) for any object B of C and any family (f;);cs of morphisms in C such that, for all i € I,
fi + Ay = B and, for all 4,j € I with 7 < j, f; o ¢;; = fi, there is a unique morphism
f:A— Bin C such that, for every i € I, fo¢; = f;.

4,20 4
N
B
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It is immediate that the inductive limit of a given inductive system is unique up to an
isomorphism in C, that is, if (A, (¢;)ier) and (B, (v;)icr) are two inductive limits of the
same inductive system, then there exists a unique isomorphism f : A — B such that, for
every i € I, fo¢p; =1;.

The next lemma is known and easy to prove.

Lemma 2.16. Let ((Ai)ier, (6ij); jer) and ((Bi)ier, (Viz)i jer) be two inductive systems
i<j i<j

in the same category, with mductz’vjlz’mits (A, (di)icr) andz]B, (¥i)ier), respectively. If,

for every i € I, there exists an isomorphism f; : A; — B; such that, for alli,j € I with

i < g, Yij 0 fi = [j o ¢ij, then there exists an isomorphism f : A — B such that, for all

i€1, fodi=1iof;

We say that a category C is a category with inductive limits iff every inductive system
in C has an inductive limit. The category of sets, the category of residuated lattices and
the category of bounded distributive lattices are categories with inductive limits. Indeed,
[4, Example 4.7.2] contains the construction of the inductive limits in any equational class
of algebras.

In the following, we shall present a construction for the inductive limit in the category
of residuated lattices. As we believe that this construction is known, we shall not give
any proofs here. See also [4].

Let (A;, ¢i;) be an inductive system in RL. We denote by HAi the disjoint union
iel
of the family (A;);er. Let us consider the following relation on HAZ-: for all 4,5 € I,
iel
all a € A; and all b € A, a ~ b iff there exists & € I such that i+ < k, 7 < k and
dik(a) = ¢;r(b). It is immediate that ~ is an equivalence relation on H A;. We denote
i€l

by A the quotient set (H A,;) / ~ and by [a] the equivalence class of an element
iel
a€ HAZ" For any i € I, let ¢; : A; = A, for all a € A;, ¢;(a) = [a].
il

Let us define residuated lattice operations on A. We define 0 = [0] and 1 = [1].
Obviously, this definition does not depend on the residuated lattice A; the 0 and the 1
are taken from. Let [a],[b] € A. Let ¢,j € I such that a € A; and b € A;. Then, by the
definition of the directed set, there exists k € I such that i < k and 7 < k. We define
[a] V [b] = [pir(a) V ¢, (D)] and [a] A [b] = [¢ix(a) A ¢jx(b)]. The same for © and —. Here
is the definition of the partial order relation: for all [a], [b] € A with a € A; and b € A,
for some i,5 € I, we define: [a] < [b] iff there exists k € I such that i <k, j < k and
dir(a) < ¢oji(b).

Then (A, (¢;)icr) is an inductive limit of the inductive system (A;, ¢;;) in the category
RL.

A similar construction can be done for inductive limits in the category DO1.

Now let P(B) be the set of the finite partitions of a Boolean algebra B, that is P(B) =

{1,y I n €N @y, an € B\{0}, \/ i =1,(Vi,j € ,n)i # j = x: Az =0},
i=1
We define the partial order < on P(B) by: for all p,q € P(B), p < ¢ iff ¢ is a refinement
of p, that is: p = {z1,...,2z,} and ¢ = {ys; | i € I,n, (Vi € I,n)j € 1,k;}, where
k

n,ki,...,k, € N* and, for all i € 1,n, \/ yij = x;. For all p,q € P(B) with p < ¢, we
j=1
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define k,q : ¢ — p, for all @ € g and b € p, kpqe(a) = b iff a < b (it is easily seen that,
for every a € q, there exists a unique b € p such that a < b; namely, with the notations
above for the elements of p and those of g, for all i € T,n and all j € 1,k;, kpq(yij) = x:).
The fact that the functions k,, are well defined is obvious (if, for an a € ¢, there exist
b1,00 € p, by # by and a < by, a < by, then a < by Aby = 0, so a = 0, which is a
contradiction to the definition of P(B)).

Let us now turn our attention to the reticulation of a residuated lattice. The reticu-
lation of an algebra was first defined by Simmons ([25]) for commutative rings and then
by Belluce for MV—algebras ([2]). Later, it was extended by Belluce to non—commutative
rings ([3]) and then it was defined for quantales ([11]) and for BL-algebras ([19], [20]).
In each of the papers cited above, although it is not explicitely defined this way, the
reticulation of an algebra A is a pair (L(A), \) consisting of a bounded distributive lat-
tice L(A) and a surjection A : A — L(A) such that the function given by the inverse
image of A induces (by restriction) a homeomorphism of topological spaces between the
prime spectrum of L(A) and that of A. This construction allows many properties to be
transferred between L(A) and A, and this transfer of properties between the category
of bounded distributive lattices and another category (in our case that of residuated
lattices) is the very purpose of the reticulation.

Here is the definition that we gave in [21] for the reticulation of a residuated lattice.

Definition 2.15. [21] Let A be a residuated lattice. A reticulation of A is a pair (L, ),
where L is a bounded distributive lattice and A : A — L is a function that satisfies
conditions (1)—(5) below:

(1) for all a,b € A, A(a ®b) = A(a) A A(b);

(2) for all a,b € A, /\(a Vv b) = Aa) vV \(b);

(3) A(0) = 0; A(1) =

(4) X is surjective;

(5) for all a,b € A, Ma) < A(b) iff (3n € N*)a™ <b.

In [21] and [22] we proved that this definition is in accordance with the general notion
of reticulation applied to residuated lattices, more precisely that, given a residuated
lattice A and a pair (L, A) consisting of a bounded distributive lattice L and a function
A: A — L, we have: if \ satisfies conditions (1)—(5) above, then its inverse image
induces (by restriction) a homeomorphism between the prime spectrum of L and that
of A (regarded as topological spaces with the Stone topologies); and conversely: if the
function given by the inverse image of A takes prime filters of L to prime filters of A
and its restriction to the prime spectrum of L is a homeomorphism between the prime
spectrum of L and that of A (with the Stone topologies), then \ satisfies conditions
(1)—(5) from the definition above.

Lemma 2.17. [21] With the notations in Definition 2.15, a function X that fulfills con-
ditions (1)-(3) also satisfies:

(a) A is order—preserving;

(b) for all a,b € A, AMa Ab) = Xa) A A(D);

(c) for alla € A and all n € N*; \(a") = A(a).

We shall keep the notations of the conditions (1)—(5) and of the properties (a)—(c)
throughout the rest of this paper.

The following theorem states the existence and uniqueness of the reticulation for any
residuated lattice.
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Theorem 2.18. [21] Let A be a residuated lattice. Then there exists a reticulation of
A. Let (L1, A1), (Lo, A2) be two reticulations of A. Then there exists an isomorphism of
bounded lattices f : L1 — Lo such that f oAy = As.

Until mentioned otherwise, let A be a residuated lattice and (L, A) its reticulation.
Lemma 2.19. [21] For any filter F of A, A\(F) is a filter of L.
Lemma 2.20. [21] For any filters F, G of A, we have: \(F) = X(G) iff F = G.
Remark 2.21. [21] For all a € 4, A\(< a >) =< A(a) >.

For any filter F of A, let us denote u(F) = {A(a) | a € F} = A(F). By Lemma 2.19,
we have defined a function p : F(A) — F(L).

Proposition 2.22. [21] The function p : F(A) — F(L) defined above is a bounded
lattice 1somorphism.

In [21] and [22], we defined the reticulation functor L : RL — DO1. If A is a residuated
lattice and (L(A), A4) is its reticulation, then £(A) = L(A). If B is another residuated
lattice, (L(B), Ap) is its reticulation and f : A — B is a morphism of residuated lattices,
then L£(f): L(A) = L(A) —» L(B) = L(B), for all a € A, L(f)(Aa(a)) = Ag(f(a)). This
definition makes £ a covariant functor from RL to DO1.

Here is an alternate definition of £, which is in accordance with the one above:

Proposition 2.23. Let A, B be residuated lattices, f : A — B a morphism of residuated
lattices and (L(A),Aa), (L(B), Ap) the reticulations of A and B, respectively. Then there
exists a unique bounded lattice morphism h : L(A) — L(B) such that ho g = Ao f (i
e. that makes the diagram below commutative).

A ! - B
)\Al l)\B
L) )

Definition 2.16. With the notations in Proposition 2.23, set L(f) = h.

Out of the two constructions for the reticulation of a residuated lattice that we have
provided in [21], we present here the second one: let A be a residuated lattice, PF(A)
be the set of the principal filters of A and A : A — PF(A) the function given by: for all
a€ A Na)=<a>.

Theorem 2.24. [21] ((PF(A),N,V, A, {1}), ) is a reticulation of A.

Notice that the partial order relation of the lattice (PF(A4),N,V, A, {1}) is D.

Here is an example of reticulation of a residuated lattice that we will use in the sequel:
Example 2.8. [21] Let A be the residuated lattice in Example 2.3. The principal filters of
this residuated lattice are: < 0 >=<b >= A, < a >=< ¢ >={a,¢,1}, < d >= {d, 1},
<1>={1},s0 L(A) = {< 0 ><a> <d>< 1>} with the following lattice

structure:
<1l>

<a> <d>

<0>
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Here are three preservation properties of the reticulation functor for residuated lattices.

Proposition 2.25. [23] £ preserves finite direct products. More precisely, if n € N*,
n
A1, As, ... A, are residuated lattices, A = HA“ for each i € 1,n, (L(A;),N\;) is a

i=1
reticulation of A;, and A : A — HE(Ai), for all (a1,...,a,) € A, Mai,...,a,) =
i=1
(M(a1), ..., Anlan)), then (H L(A;), A) is a reticulation of A.

i=1
Proposition 2.26. [23] L preserves quotients. More precisely, if A is a residuated lattice,
F is a filter of A, (L(A),\) is the reticulation of A, (L(A/F), 1) is the reticulation of
A/F and h : LIA)/NF) — L(A/F), for alla € A, h(A(a)/NF)) = M(a/F), then h is
a bounded lattice isomorphism.

Proposition 2.27. [23] L preserves inductive limits. More precisely, if ((Ai)icr, (9i5)i jer)
1<j
is an inductive system of residuated lattices and (A, (¢;)icr) is its inductive limit, then

(L(A), (L(¢i))ier) is the inductive limit of the inductive system ((L(A;))ier, (£(¢ij))i,.j€.1)‘

l i<j
3. Co—Stone Algebras

This section contains several properties transferred between D01 and RL through L,
related to co—Stone structures.

Concerning co—-Stone and strongly co—Stone structures (by structure we mean here
bounded distributive lattice or residuated lattice), the first question that arises is whether
they exist. Naturally, any strongly co—Stone structure is co-Stone and, by Remark 2.13,
any complete co—Stone structure is strongly co—Stone; in particular, any finite Stone
structure is strongly co—Stone.

Example 3.1. The answer to the question above is given by the fact that the trivial
structure (having cardinality 1) is strongly co-Stone and, moreover, any chain is strongly
co—Stone, because a chain A clearly has all co-annihilators equal to {1} =< 1 >, except
for 17, which is equal to A =< 0 >.

Remark 3.1. Also, notice that a residuated lattice A is co—Stone, respectively strongly
co—Stone iff its lattice reduct is co-Stone, respectively strongly co—Stone. This is because
the co—annihilator of any subset of A equals the co—annihilator of that subset in the lattice
reduct of A, the Boolean center of A equals the Boolean center of the lattice reduct of A
and, by Lemma 2.9, (i), and Lemma 2.6, for every e € B(A), the principal filter generated
by e in A equals the principal filter generated by e in the lattice reduct of A.

The second natural question is whether there exist structures that are not co—Stone,
and the third immediate question is whether there exist co—Stone structures that are not
strongly co—Stone. As shown below, the answer is affirmative for both of these questions.

Example 3.2. The residuated lattice in Example 2.2 is not co-Stone. Indeed, B(A4) =
{0,1} and, for instance, b7 = {c,1} ¢ {<0>,< 1 >}.

Example 3.3. In order to find a co—Stone structure which is not strongly co—Stone,
let (A,V,A,—,0,1) be a Boolean algebra which is not complete. Then it is known and
easy to prove that (4,V,A,® = A, —,0,1) is a residuated lattice, where, for all a,b € A,
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a—b=-aVb,and B(A) = A. Since ® = A, it follows that the filters of the residuated
lattice A coincide with the filters of its lattice reduct, and the same goes for principal
filters (which also results from the fact that B(A) = A, as we have noticed in Remark
3.1). In this case, for every z € A, 27 =< -z > (see Remark 2.3), and -z € A = B(A),
thus the residuated lattice A is co—Stone. Since A is not complete, it follows that there
exists Y C A such that ¥ has no supremum in A. Let X = {-y |y € Y}. Then
Y = {-2 | # € X}. Assume by absurdum that X7 =< e >= {f € A | e < f}, with
e € A= B(A). Then e = min{f € A | (Vo € X)fVa = 1}. For every f,x € A,
fVvae=1iff ~x < f; thus, for every f € A, we have the equivalence: (Vz € X)fve=1
iff(VeeX)mz<f Soe=min{f € A| (Ve e X)-a< f}=sup{-z|zeX}=
sup(Y). We have obtained a contradiction. Hence there exists no e € A = B(A) such
that < e >= X 7. Therefore the co-Stone residuated lattice A is not strongly co-Stone.

Until mentioned otherwise, let A be a residuated lattice and (L£(A), A) its reticulation.

Lemma 3.2. For any a € A, we have: A(a) =1 iff a =1, and A(a) = 0 iff there exists
n € N* such that a™ = 0.

Proof. By conditions (3) and (5), we get: A(a) = 1iff 1 < A(a) iff A(1) < A(a) iff there
exists n € N* such that 1" <qiff 1 <qaiff a = 1.

Again by conditions (3) and (5), we have: A(a) = 0 iff A(a) < 0 iff A(a) < A(0) iff
there exists n € N* such that a™ < 0 iff there exists n € N* such that a™ = 0. O

Lemma 3.3. Let a € A. Then:
(i) if a € B(A), then A(a) € B(L(A));
(ii) A(a) € B(L(A)) iff there exists an n € N* such that a™ € B(A).

Proof. (i) By properties (2), (b) and (3).
(ii) If, for a certain n € N* o € B(A), then, by (i) and property (c), A(a) = A(a™) €
B(L(A)).

If A(a) € B(L(A)), then, by condition (4), there exists b € A such that A(a) VA(D) =1
and A(a) A A(b) = 0. Using conditions (2) and (1), Lemma 3.2 and Lemma 2.2, (ii) and
(i), we find that this is equivalent to A(a V b) = 1 and A(a ® b) = 0, which in turn is
equivalent to a Vb =1 and (a ® b)™ = 0 for some n € N*, hence o™ V b" > 1" = 1 and
a"©b"=0,s0a” Vb =1and a" ©®b" =0, so a” Ab" = 0. Hence a" € B(A). O

Proposition 3.4. X\ |gay: B(A) — B(L(A)) is an isomorphism of Boolean algebras.

Proof. By Lemma 3.3, (i), for all a € B(A), A(a) € B(L(A)). Properties (2), (b) and
(3) imply that A also preserves the complement, hence it is a Boolean morphism. Let
a,b € B(A) such that A(a) = A(b). By property (5) and Lemma 2.9, (i), A(a) = A(b)
iff A(a) < A(b) and A\(b) < A(a) iff a” < b and b* < a for some n,k € N* iff ¢ < b and
b < aiff a =b. Therefore X |p(4) is injective. Let f € B(L(A)). By condition (4), there
exists a € A such that A(a) = f. By Lemma 3.3, (ii), there exists an n € N* such that
a" € B(A), and A(a") = Aa) = f, by property (c), so A [pa): B(A) — B(L(A)) is also
surjective. O

Remark 3.5. For any subset X of A4, A(X ") = A(X)T.

Proof. By conditions (4) and (2) and Lemma 3.2, we have: A(X)T = {\(a) | a € A, (Vx €
X)Aa)VA(z) =1} ={Ma) |a € A, (Vx € X)ANaVzx) =1} = {A(a) | a € A,(Vz €
X)avae=1}=XXT). O

Proposition 3.6. A is a co-Stone residuated lattice iff L(A) is a co—-Stone lattice.
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Proof. Assume that A is a co-Stone residuated lattice and let I € L(A). A is surjective,
hence there exists a € A with A(a) = [. By Definition 2.9, there exists e € B(A) such
that a” =< e >. By Lemma 3.3, (i), A(e) € B(L(A)). By Remarks 3.5 and 2.21,
I"=Xa)" = Aa") =A< e >) =< Ae) >. Therefore L(A) is a co-Stone lattice.

Now conversely: assume that £(A) is a co-Stone lattice and let a € A. By Definition
2.9, the surjectivity of A and Remark 3.5, there exists e € A, such that A(e) € B(L(A))
and A(a') = Aa)" =< A(e) >. By Lemma 3.3, (ii), there exists an n € N* such that
e" € B(A). By property (c) and Remark 2.21, AMa") =< Ae) >=< Ae") >= \(<
e™ >). By Proposition 2.12 and Lemma 2.20, we get a' =< e" >. So A is a co-Stone
residuated lattice. (]

Proposition 3.7. A is a strongly co-Stone residuated lattice iff L(A) is a strongly co-
Stone lattice.

Proof. Similar to the proof of Proposition 3.6. ([

Proposition 3.8. Let A be a residuated lattice, (L(A), X) be the reticulation of A and i :
CoAnn(A) — CoAnn(L(A)), for all F € CoAnn(A), u(F) = A(F). Then CoAnn(A) and
CoAnn(L(A)) are isomorphic Boolean algebras, with u an isomorphism between them.

Proof. Proposition 2.22 and Remark 3.5 show that p is injective, preserves the inter-
section, the first and the last element and the complement of CoAnn(A), hence it is
an injective morphism of Boolean algebras. For all F € CoAnn(L(A)), there exists
X C L(A) such that F = X . By the surjectivity of A, there exists Y C A such that
AY)=X. YT € CoAnn(A) and, by Remark 3.5, u(Y ") =AY ") =AY) = X" =F.
So p is also surjective, hence it is a Boolean isomorphism. O

Corollary 3.9. With the notations in Proposition 3.8, for all F € CoAnn(L(A)),
o FT) = p (F)T.

Proof. By Remark 3.5. O

Theorem 3.10. Let A be a residuated lattice and m an infinite cardinal. Then the
following are equivalent:

(1) for each nonempty subset X of A with | X | < m, there exists an element e € B(A)
such that XT =< e >;

(IT) A is a co—Stone residuated lattice and B(A) is an m—complete Boolean algebra;
(III) Art ={a"" | a € A} is an m—complete Boolean sublattice of F(A);

(IV) for all a,b € A, (aVb)" =a' Vb and, for each nonempty subset X of A with
| X | <m, there exists an element © € A such that X'T =z ;

(V) for each nonempty subset X of A with | X | <m, X" vXTT = A.

Proof. Let (L(A),\) be the reticulation of A. Let us denote by (i), (i), (i), (iv'),
(v") the equivalents of conditions (i), (ii), (iii), (iv), respectively (v) from Theorem 2.15
for £L(A) instead of L. By Theorem 2.15, it is sufficient to prove that condition (I) is
equivalent with condition (i) and the same is valid for conditions (II), (III), (IV), (V)
with conditions (i4'), (i#i"), (iv'), respectively (v').

(I) = (i'): Let 0 # X C L(A) with | X | < m. The fact that A is surjective implies that
there exists 0 #Y C Awith |Y | = | X | <mand \(Y) = X. By (I), there exists
e € B(A) such that YT =< e >. By Lemma 3.3, (i), A(e) € B(£(A)). By Remarks 3.5
and 221, XT = A(Y)T =AY T) = A< e>) =< A(e) >.

()= (I): Let 0 # X C Awith | X | <m. Then A\(X) #Qand | NX)| < | X | <m,
so there exists f € B(L(A)) such that A\(X)T =< f >. ) is surjective, so there exists
e € A such that A(e) = f. By Lemma 3.3, (ii), there exists n € N* such that e” € B(A).
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Using Remarks 3.5 and 2.21 and property (c), we get A(X ') = AM(X)T =< Ae) >=<
A(e™) >= \(< e™ >), which, by Proposition 2.12 and Lemma 2.20, implies X " =< e" >.
Propositions 3.6 and 3.4 ensure us that (II) and (i7) are equivalent.
(I1I) < (ii7’): Let us consider the posets (ArT,C) and (L(A)TT,C). By Proposition
212, Att C F(A) and L(A)TT C F(L(A)). Let p be the bounded lattice isomorphism
from Proposition 2.22 and ¢ : At+ — L(A)7T be the restriction of y to A+, that is: for
alla € A, (@' ") = pu(a™") = Aa"") = A(a)" T, where the last equality was obtained
from Remark 3.5 and shows that v is well defined. Propositions 2.12 and 2.22 imply that
1 is an injective order—preserving function, and the fact that A is surjective implies that
1) is surjective; this and Proposition 2.22 show that v is an order isomorphism. Therefore
A+ is an m—complete Boolean algebra iff L(A)7T is an m—complete Boolean algebra.
(IV) = (iv'): Let a,b € A. We will use the surjectivity of A\. By condition (2), Remark
3.5 and Proposition 2.22, (A(a) VA(b))T = AMaVvb)T = A(aVvb)T) = Aa' Vb)) =
MaT)VADLT) = Aa)T VAD)T. Let ) # X C L(A) with | X | < m. By the surjectivity
of A, there exists 0 #Y C Awith A(Y)=Xand |Y | = |[AY)]| = | X | <m (Y can
be obtained by choosing, for each x € X, only one y € A such that A(y) = « and taking
Y to be the set of all these elements y). This implies that there exists y € A such that
YT =yT, which in turn, by Remark 3.5, implies that X7 = A(Y)TT =AY TT) =
Ay")=Ay)"
(iv') = (IV): Let a,b € A. We have: (A(a) VA(B))T = Xa)" vV A(b)T, which, by
computations similar to the ones above, is equivalent to: )\(( Y )T = Aa" vbh).
This, by Proposition 2.12 and Lemma 2.20, implies that (a V b)T = a’ vV b'. Let
0#Y CAwith |Y | <m. Then A(Y) # 0 and | AY)| < |Y | < m, so, by
the surjectivity of A, there exists y € A such that A(Y)TT = A(y)T. By Remark 3.5,
this is equivalent to A(Y ') = A(y "), which, by Proposition 2.12 and Lemma 2.20, is
equivalent to YT T =y T.
(V)= (v'): Let ) # X C L(A) such that | X | < m. The surjectivity of A implies that
there exists 0 ZY C Awith A(Y) =X and | Y| = | ANY)| = | X | <m (Y can
be chosen as in the proof of (IV) = (iv')). Therefore YT VY TT = A. By Remark 3 5,
Proposition 2.22 and condition (4), this implies that X"V XTT = AXY)T v A(Y)TT =
AY D VAY T =AY TvYTT) =)A) = L(A).
(v') = (V): Let @ #Y C Asuch that |Y | <m. Then A\(Y) # 0 and | A(Y) | <
Y| <m, 50 AM(Y)TVAY)TT = L£(A). By Remark 3.5, Proposition 2.22 and condition
(4), this is equivalent to A(YT VY TT) = A(A), which, by Lemma 2.20, is equivalent to
YTvYTT = A O

A residuated lattice will be called an m—co—Stone residuated lattice iff the conditions
of Theorem 3.10 hold for it.

Proposition 3.11. A is an m-co—Stone residuated lattice iff L(A) is an m—co—Stone
lattice.

Proof. This is a paraphrase of the equivalences established in the proof of Theorem
3.10. 0

The following two remarks show that co—Stone residuated lattices do not have a charac-
terization like the one in [1, Theorem 8.7.1, page 164] for co-Stone pseudocomplemented
distributive lattices.

Remark 3.12. There exist co-Stone residuated lattices A with elements a € A that do
not satisfy the identity —a VvV —-—a =1.
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Proof. Let us counsider the residuated lattice A from Example 2.1. B(A) = {0,1}, <
0>=A, <1>={1},0" =a” =b" =c" = {1}, 17 = A, therefore A4 is a co-Stone
residuated lattice. But ~a =b, ~—ma=-b=a,s0 ~aV-—a=bVa=c#1. (]

Notice that A from the proof above is strongly co—Stone.

Remark 3.13. There exist residuated lattices A that satisfy the identity —aV—-—-a =1
for all @ € A and that are not co—Stone.

Proof. Let A be the residuated lattice in Example 2.5. A satisfies the identity in the
enunciation. B(A) = {0,1}, < 0 >= A, < 1 >= {1}, but ¢" = {d, 1}, hence A is not
co—Stone. O

Remark 3.14. There exist residuated lattices A that do not satisfy the identity —a V
——a =1 for all a € A, but whose reticulations L(A) are pseudocomplemented lattices
and satisfy this identity: I* vV I** =1 for alll € L(A).

Proof. Let A be the residuated lattice in Example 2.3. For instance, bV —-—-b=cVb=
c# 1.

See its reticulation £(A) in Example 2.8. One can see that £(A) is pseudocomple-
mented and satisfies the identity in the enunciation, as it is a Boolean algebra. O

The remark above shows that the alternate definition of co-Stone algebras, from [6],
is not transferrable through the reticulation, which is the reason why we have chosen our
definition over it.

4. A Possible Construction for the Strongly Co—Stone Hull of a Residuated
Lattice

In this section we associate with every residuated lattice A a strongly co—Stone resid-
uated lattice A, using a construction suggested by the construction provided in [9] for
the strongly Stone hull of an MV-algebra. We prove that A has some good properties,
including the fact that it is preserved by the reticulation functor, and we conjecture that
A might be the strongly co-Stone hull of A.

In the following, let A be a residuated lattice. Let B = CoAnn(A), which is a complete
Boolean algebra according to Proposition 2.14. Let us consider the poset II(A) = P(B)
of the finite partitions of B (see Section 2 for the definitions). For any C € II(A), set
Ac = H A/(CT). For every C,D € TI(A) with C < D, we shall consider the map

cecC
Pep : Ac — Ap, for all (ac)cec C A, Pcp(((lc/(c—r))c.gc) = (bD/(DT))Dep, where,
by definition, for all D € D, bp = ac, where C is the unique member of C such that
D C C. Tt is immediate that P¢p is an injective morphism of residuated lattices and that
((Ac)ceri(ay, (Pep)e<p) is an inductive system of residuated lattices. Let A= h_H)l Ac
CeTI(A)

be its inductive limit. By the uniqueness of the inductive limit, it follows that A is unique
up to a residuated lattice isomorphism.

For every a € A and every C € II(A), we denote by €(a) the congruence class [ac]
in A of the element (a/(CT))cec, element which we will denote ac. The definition of e
does not depend on C, because, if D € II(A), then we have: [ac] = [ap] iff there exists
E e II(A) with C,D < &, such that ag = ag, which is true.

Remark 4.1. ¢: A — A is an injective morphism of residuated lattices.
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Proof. Let a,b € A, C,D € II(A) and € € TI(A) such that C,D < &. Then: €(a) V €(b) =
[ac] V [bp] = [(a V b)g] = €(a VD). One can similarly prove that e preserves the other
residuated lattice operations, hence it is a morphism of residuated lattices. For the
injectivity, we have that e(a) = €(b) iff [ac] = [bp] iff there exists F € II(A) with
C,D < F such that ar = br iff, for all F € F, a/(FT) = b/(F") iff, for all F € F,

T

a<beFliffa«be ﬂFT: (U F) = A" = {1} iff @ = b, by Lemma 2.2,
FeF FeF

(ii). O

One can identify A and e(A).

Remark 4.2. For all C € CoAnn(A), {C,C"} is a partition of B = CoAnn(A) and
cTh =c.

Proof. Obviously CNCT ={1},and CV' CT =(CTNnCTHT =1T = A,
Obviously C C CTT,but C = DT for some D C A,s0 C" = DT D D, which implies
CTTCDT" =C,hence C'T =C. O

Lemma 4.3. For all x € A, there exists n € N* and there exist eq,. .., e, € B(/Nl) and
n

ai,...,a, € A such that: for all i,j € 1,n with i # j, e; Ve; = 1, /\ei = 0 and

=1
n

x = /\(e(ai) Vo).

=1

Proof. Let z € A. Then there exists C = {C},...,Cy} € II(A) and there exist a1, . .., a, €
A such that z = [(a1/C] ,...,a,/C)].

For every i € 1,n, let D; = {C;,C;'} € I(A), so Ap, = A/C; x A/C;, Obviously,
for each i, D; < C (the distributivity of the Boolean algebra CoAnn(A) and the def-
inition of the complement imply that \/jT ,C; = C1) and Pp,c : Ap, — Ac, for all
a,b € A, Pp,c(a/Cl,b/C;) = (b/CY,...,b/C ,a/CT b/C},y,...,b/C}). For every
i €1,n,let d; = Pp,c(0/C,1/Ci) = (1/CY,...,1/CL,,0/C],1/C},,,...,1/C,]) and

n

let e; = [(0/C;",1/C;)]. Notice that: for alli,j € 1,n withi # j, e;Ve; = 1 and /\ e; = 0.

For all i € T,n, e(a;) Ve; = [(a;i/C;,a;/C:)] Vv [(0/CT,1/C;)] = [(ai/Ci—rali/:éi)] and

Pp,c(a;/C;,1/Cy) = (1/CY,...,1/CL 1 a;/C,1/C}lLy, ... 1/C)L), s0 /\(e(ai)\/ei) =

AL/ 1/C) = APo,elas/C1/C] = [\ Po,elas/CT 1/C] = [(ar/CT ...
;_nl/c; ) = z. - - 0

Lemma 4.4. A is a co-Stone residuated lattice.

Proof. For all a € A, we denote €(a)* = [(0/aTT,1/aT)]. Let a € A and let us prove
that e(a) " =< €(a)* >. Let x € A, arbitrary, so, by Lemma 4.3, there exists n € N* and

there exist eq,...,e, € B(A) and ay,...,a, € A, chosen as in the proof of Lemma 4.3,
n

such that: for all 4,5 € 1,n with i # j, e; Ve; =1, /\ e;=0and z = /\(e(ai) Voe;).

i=1 i=1
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Let i € T,n. Notice that {a' NC, ,a’ " NC,a” NC;,a™ " NC;} is a partition and

it is a refinement of each of the partitions {a",a' "} and {C;", C;}.
e(ai) Ve = [(a;/C],ai/CIV[(0/C,1/C)] = [(ai/CT,1/Cy))
=[(1/(a"nCH"1/(a"TnCT)  ai/(a" NCi) T ai/(aTT N C)T],

ea) Ve Vel@) = [1/(a" nCHT1/(a"TNCH T aif(a" N C) T ai/(a” T NCi)T)
VI0/(a"nCHT /@ T NG 0/ nG)T /(e N G)T))]
[(1/(a"nCHT /(@™ T nCH T ai/(a" NC)T 1/ (@™ N Ci)T)].
e(a;) Ve; Ve(a) = [(ai/C,1/C]V [(a/C,a/Ci)] = [((a; V @) /C 1/ Cy)).

For the following, see Lemma 2.6 and Lemma 2.7, (i). Hence: e(a;) Ve; € e(a)” iff
ela;) Ve; Ve(a)=1iff (a;vVa)/C =1/C iff a; Va € O, and, since €(a)* is obviously
idempotent, €(a;) V e; €< e(a)* > iff e(a)* < e(a;) Ve; iff €(a;) Ve Ve(a)* =e(a;) Ve
iff a;/(a’TNC)T = 1/(a"TNC)T iff a; € (¢ NCy)T. We aim to prove that
ela;) Ve; € e(a)’ iff e(a;) Ve; €< e(a)* >; it is sufficient to show that a; V a € O] iff
a; € (a"TNC;)T. Let us prove the direct implication; so let us assume that a; Va € C; .
Let t € ' T NC;, arbitrary. Since t € ' T, it follows that t Va; € a' . Since t € C;, we
get tVa;Va =1, hencetVa; €a'. SotVa; €a' "Na' = {1}, hence tVa; = 1. Therefore
a; € (a"TNC;)T. For the converse implication, let us assume that a; € (' " N Cy) .
Let t € C;, arbitrary, sotVa € C;. a€a'T,sotVaeca' . ThereforetVa cal T NC;.
Then tVaVa; =1,s0 aVa; €Cl. Thus e(a;) Ve; € e(a)” iff €(a;) Ve; €< e(a)* >.
Now we can go one step further and prove that = € e(a)’ iff * €< e(a)* >, which

leads to the conclusion that e(a)’ =< e(a)* >, as x is arbitrary in A. By Remark 2.4

and the above, z € €(a) " iff /\(e(ai) Ve;) € ela)’ iff, for all i € T,n, e(a;) Ve; € e(a)’
i=1

n
iff, for all i € 1,n, €(a;) V e; €< e(a)* > iff /\(e(ai) V) €< ela)” > iff €< e(a)* >.
i=1
Hence €(a) " =< e(a)* >.
Let y € A, arbitrary. We shall prove that y ! is generated by an element from the
Boolean center of A, which will end the proof. First, let us write y as an expresion
made of elements of A and elements from the Boolean center of A. By Lemma 4.3, there

exists m € N* and there exist fi,..., fm € B(A) and by,...,b, € A, chosen like in the

proof of the lemma, such that: for all ¢, € 1,m with i # j, fi vV f; = 1, /\ fi=20

i=1
m

and y = /\ (e(b;) V fi). Next we shall obtain a writing of ¥ depending on the b;s and
i=1
the fis. Let v € A, arbitrary. By Remark 2.4, v € yT if o vy = 1iff y € o' iff

/\(e(bi) Vfi) €vl iff, foralli € T,m, e(b;) V f; € v iff, for alli € T,m, e(b;)V fivVo =1

i=1
m

iff v e ﬂ(e(bz) V f)T. Therefore y' = ﬂ(e(bl) vi)T.
i=1 i=1
Now we shall write each co-annihilator filter from this writing of y' as a principal
filter generated by an element from the Boolean center of A.
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For every i € 1,m, let us denote d; = ¢(b;)*, which is idempotent; then, by the above,
e(b;)T =< d; >, with d; idempotent, for every i. Moreover, each d; € B(A), as Lemma
2.9, (ii) shows.

Let z € A, arbitrary. By Lemma 2.9, (iii), Lemma 2.6 and the law of residuation,
for each i € T,m, z € (e(b;) vV fi)T iff zVelb)V fi = 1iff 2V f; € e(by)T =< d; > iff
di<zVfi=-fi—=zitdo-fi <ziff z €< d; ®—f; > (remember that — f; is also
idempotent). Hence, for each i € T, m, (e(b;)V f;)T =< d;©— f; >, with d;©— f; € B(A),
as Lemma 2.9, (iv) shows.

m

Therefore, by Proposition 2.10, y = n( )V fz ﬂ <d; @ fi >=< \/
i=1

= fi) >, with \/(d; © - f;) € B(A).
i=1
Hence A is a co-Stone residuated lattice. O

Lemma 4.5. Let C,D € CoAnn(A). Then [(0/CT,1/C)] Vv [(0/DT,1/D)] = [(0/(C N
D)T,1/(Cn D)).

Proof. We will use the following refinement of the partitions {CT,C} and {DT,D}:
{c"nDT,c"nD,CNDT,CND}.

[(0/CT,1/C) v [(0/DT,1/D)]
(1/(cTnDNYT,1/(cT"nD)T,0/(CNnD")T,0/(CND)")
via/ e TnpNT 0/ nD)T,1/(CcnD")T,0/(CND)")
(1/(cTnDHT,1/(cT"nD)T,1/(CnD")T,0/(CND)")
[(0/(CnD)T,1/(CN D))

O
Here is a generalization of the previous lemma (see Proposition 2.10).
Lemma 4.6. Let I be an arbitrary index set and, for all i € I, E; € CoAnn(A),
= [(0/E,1/E;)], and e = [(0/((E:) ", 1/([ ) Ei))]. Then: (| <e; >=<e>.
iel iel i€l
Proof. Let = € A, arbitrary. We shall prove that: x € ﬂ <e; > iff x €< e >. By the
il

proof of Lemma 4.3, there exists an n € N* and, for all j € 1, n, there exists a; € A and
n

C; € CoAnn(A), such that = /\ [(aj/CJ—-r, 1/C;)]. By Remark 2.4, it is sufficient to
j=1
show that, for each j € T,n, [(a;/C, ,1/C;)] € ﬂ < e; > iff [(a;/C],1/Cy)] e< e >.
iel
Let j € 1,n. Obviously, e and each e; are idempotent (actually, by Lemma 2.9, (ii), they
belong to B(A)), therefore it is sufficient to show that e < [(aj/CjT, 1/C;)] iff, for all
1€1,e; < [(aj/CjT, 1/C;)] (see Lemma 2.6).

Let i € I. e; < [(a;/C],1/Cy)] iff [(0/E],1/E)] < [(a;/C],1/Cy)] iff [(0/(Ei N
CH)T (BT 0 C)T0/(E;n CHT /(BT nCI)N] < [(ag/(Bi 0 Cy)T, ag /(B N
Cy)T L(ENCT) T 1/(ETNCT) DL/ (ETNC)T < a;/(ETNC)) T iff 1/(ETNC;)T =
aj/(ETﬁC' )T iffa] (ETﬂC’ )T (see Lemma 2.7, (i)). Analogously, e < [(aj/C’]T7 1/C))]
iff a; € ﬂ E))" nC;)". So it remains to show that a; € ((ﬂ E)" nCy)T iff, for all

i€l el
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iel, a;€ (ET NC;) T, which is true, because, by the definition of the co—annihilator of
a set: m El U E , hence ﬂ Ei NnC; = U E‘;r N Cjy, that is ﬂ Ei NnC; =
i€l i€l i€l i€l i€l

UE NG, thus (ENTNC)T = (JETnC)) T =B nC)T. O

icl icl icl icl
Lemma 4.7. A is a strongly co—Stone residuated lattice.

Proof. Let X C A. By Lemma 4.4, X | = ﬂ x ﬂ < e, > for some e, € B(A) for

zeX zeX
every ¢ € X.

Let x € X. Using the notations from the proofs of Lemmas 4.3 and 4.4, e, is of
the form e, = \/(dz ® = fi), where d; = e(b;)* = [(0/b] T,1/b])], with b; € A, and

f = [(0/CT 1/, with Ci € CoAnn(A). So - f; = [(1/CT,0/Cy)] and

d;©=fi=[1/0] T NG /0T NC)T 0/ nCT)TL0/(bf NCi)T)]
OL0/0f TN /BT NC)T,0/(b] NCT)T /(b NCi)T]
= [0/ " NG/ TG0/ nCT)TL0/(b) N Ci) T
(b;

(
=[(0/(b) T N Cy), 1/(b] T N Ci) )] = [(0/D],1/Dy)),

where D; = (b] TNC;)T. By Lemma 4.5, for every i, j € 1,m with i # j, [(0/D,,1/D;)]v
[(O/D ,1/D; )] [(0/(D;ND;)",1/(D;ND;))], hence, by induction on m, one can show
that

m

e = \/(di©~f) =[(0/(\ D))", 1/(() D:)] = [(0/E[ , 1/E,)],

i=1 i=1 i=1
m
where F, = ﬂ D;.

Let e = [(0/( ﬂ E.)T,1/( m E,.))]. Lemma 2.9, (i) ensures us that e € B(A). B
reX rzeX
Lemma 4.6, < e >= ﬂ < ey, >=X". So A is strongly co-Stone. O
reX

Proposition 4.8. A is co-dense in A.

Proof. Let z = [a] € A\ {1}, with a = (ac/C")cec € Ac, C € TI(A). What we have to
do is prove that there exists y € A such that z < e(y) < 1.

x # 1, so there exists C' € C such that ac/CT # 1/C7, that is ac ¢ CT (see Lemma
2.7, (1)), which means that there exists an element b € C' such that bV ac # 1. Set
y=>bVac € C, since b € C and C € CoAnn(A) C F(A), by Proposition 2.12. Let
D € C\ {C}, arbitrary, so C N D = {1}, hence C C DT (see Proposition 2.14; the
complement DT of D in the Boolean algebra CoAnn(A) equals its pseudocomplement).
y € O, therefore y € DT, hence y/D" = 1/DT, by Lemma 2.7, (i). But CNCT = {1}
andy # 1,50y € C\{1},s0y ¢ CT, that is y/CT # 1/CT, by Lemma 2.7, (i).

So we have proven that (y/DT)pecc has exactly one component different from 1,
namely 5/CT, and this component equals (bV ac)/CT, so it is greater than ac/CT.
Therefore we have: x = [(ap/D ") pec] < [(y/D " )pec] = €(y) < 1. O
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In the following, unless mentioned otherwise, let L be a bounded distributive lat-
tice. We shall construct a bounded distributive lattice L in the same manner that A is
constructed from A, and we shall keep the notation L in what follows.

Let B = CoAnn(L), which is a complete Boolean algebra according to Proposition
2.14 (the notation B will only be used with this meaning in this construction). Let
us consider the poset II(L) = P(B) of the finite partitions of B (see Section 2 for the
definitions). For any C € TI(L), set L¢ = H L/(CT). Forevery C,D € II(L) with C < D,

cecC
we shall consider the map Qcp : Le — Lp, for all (Ic)cec € L, Qep((lc/(CT))cec) =
(np/(D"))pep, where, by definition, for all D € D, np = lc, where C is the unique
member of C such that D C C. It is immediate that Q¢p is an injective morphism of
bounded lattices and that ((Lc¢)cer(r), (2ep)e<p) is an inductive system of bounded
distributive lattices. Let L = hﬂ L¢ be its inductive limit. By the uniqueness of the
cen(r)
inductive limit, it follows that L is unique up to a bounded lattice isomorphism.

For every | € L and every C € II(L), we denote by 7(I) the congruence class [l¢] in L
of the element (I/(C"))cec, element which we will denote lc. The definition of 7 does
not depend on C, which can be shown in the same way that we have shown this for
¢: A— A. As in Remark 4.1, one can prove that 7 : L — L is an injective morphism of
bounded lattices, thus one can identify L and 7(L).

Proposition 4.9. £(A) and Z(\/A) are isomorphic bounded lattices.

Proof. Let L(A) be the reticulation of A and Z—(\/A) = L(A) be the strongly co-Stone
hull of the reticulation (£(A), \) of A. We will prove that there exists a bounded lattice
isomorphism from £(A) to L(A).

The order isomorphism p from Proposition 3.8 obviously induces an order isomorphism

v T(A) = I(L(A)), for all C € TI(A), ¥(C) = {u(C) | C €C}. A= lim (Ac,Pep),

cerr(A)
hence, by Proposition 2.27, £(A) = lim (L(A¢), L(Pep)), and
cen(a)
L(A) = lim  (L(A)e, Qer) = lm  (L(A)uc): Quicyw(m));
£, FEI(L(A)), ¢.Deri(4),
ELF c<

where, in conformity to the construction of the strongly co—Stone hull of a bounded
distributive lattice, the Qg¢x are defined this way: for all £, F € II(L(A)) with & < F,
for all (aE)Eeg - A, Qg]:(()\(a,E)/ET)Eeg) = ( (CLF)/F )Fe]:, where arp = ag iff
F C E. Tt follows that, for all C,D € II(A) with C <D, Q,(c D) is defined as follows:

for all z = (/\(a#(C))/M(C)T)CeC € L(A ),,(c), with (a,u(C))CEC C A, Qu(C)u(D( ) =
(Mau(p)) /(D)) pep = (Mayu(p))/MD) ) pep = ()\(%(D))//\(DT))Devv where a,,(p) =
a, ¢y iff u(D) € pu(C) iff D C C (since p is an order isomorphism); we have used Remark
3.5.

Let C € TI(A), arbitrary but fixed. A¢ = H A/CT and L(A H L(A
cec cec
H L(A)/A H L(A)/ANCT), as Remark 3.5 shows. By Proposition 2.25, £L(Ac¢) =
cec cec

H L(A/CT). By Proposition 2.26, for each C' € C, the function he : L(A)/ANCT) —
cec
L(A/CT), foralla € A, ha(Ma)/MNCT)) = Ac(a/CT) is a bounded lattice isomorphism,
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where we denoted by (L(A/CT),A¢) the reticulation of A/CT. Let fo : L(A), @) —
L(Ac), for all z as above, fe(x) = (hC(A(aH(C))/A(CT)))Cec = ()\c(au(c)/CT))ceo
The fact that each hg is well defined and it is a bounded lattice isomorphism implies
that fc is well defined and it is a bounded lattice isomorphism.

Let C, D € II(A) with C < D, arbitrary but fixed. Let x be as above and (a,,p))pep C
A, with a,(py = a, .y iff u(D) C p(C) iff D C C (since p is an order isomorphism).

Then fp(Qucyv(m)(*)) = fo((Maun))/ANDT))pep) = (Ap(au(n)/D ")) pep-

On the other hand, according to Proposition 2.25, (L(A¢), H Ac¢) is the reticulation

ceC

of A¢c and (L(Ap), H Ap) is the reticulation of Ap, thus, by Proposition 2.23 and

DED
Definition 2.16, we obtain the commutative diagram below and thus the equalities that

follow it:

Pep
Ac Ap
IR l l [I o
cec DeD

L{Ac) "2 (pep)  £lAD)

L(Pep)(fe(@)) = L(Pep)(Ao(auc)/CT))eee) = L(Pen) (][ ) (aue)/CT)eee))
ceC

= (I Ap)(Pen((a(c)/CT)oee)) = (Aplaup)/DT))pen,
DED
where again a,py = a,c) iff D C C.
So fp(Queywp)(x)) = L(Pep)(fe(x)) for all x € L(A),(c) arbitrary, hence fp o
Qucyw(p) = L(Pep) o fe, that is we have the commutative diagram below.

s
L(A)e) — L(Ac)

Qu(c)v(D) lﬁ(PCD)
L(A), (D) o L(Ap)

Let us notice that we are situated in the conditions of Lemma 2.16. By the above, we have
the inductive systems ((L(A),(c))cerays (Lucyv(p))e,pemca),c<p) and ((L(Ac))cer(a)
(L(Pep))e,perni(a),c<p) in the category of bounded distributive lattices, and their induc-
tive limits are Z(\/A) and L(A), respectively. For each C € II(A), we have the bounded
lattice isomorphism fc : L(A),) — L(Ac), and these isomorphisms verify: for all
C,D € TI(A) with C < D, fp o Quey(p) = L(Pep) o fe.

— -

Therefore, by Lemma 2.16, it follows that £(A) and L£(A) are isomorphic bounded

lattices (one isomorphism between them being ¢ : L(A) — L(A), for all C € II(A), for
all z € L(A)ycy, ¢([z]) = [fe(z)], as Lemma 2.16 shows). O

Example 4.1. In this example we will determine A for the residuated lattice A in
Example 2.2.

Let B = CoAnn(A). 0" =a' = {1}, 1T = A, b" = {¢,1} =< ¢ > and ¢ =
{b,1} =< b >, hence B = {17,b7,¢",0"} and II(A) = P(B) = {{17},{b7,c"}}.
Let C={1T}and D = {b",c'}. C<D. Ac = A/1T = AJA = {1/A} and Ap =
A/bT x AJe". As the table of the operation <+ shows, 0/b" = {0}, a/b" = {a,b} =b/b"
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and ¢/b7 = 1/b7 = b", so A/bT = {0/b7,a/b7,1/b7}, and 0/cT = {0}, a/c’ =
{a,c} = c/c” and b/c" =1/c" =¢cT,s0 A/c" ={0/c",a/c",1/c"}. Therefore Ap =
{0/67,a/b7,1/b7} x {0/cT,a/cT,1/c"} = {0, Z0a; To1, a0, Taa, Tals 10, T1a, 1}, Where
we denoted: 0 = (0/67,0/c"), 1 = (1/b7,1/c") and x;; = (i/b7,j/c") for all 4,5 €
{0,a,1} with (4,7) ¢ {(0,0),(1,1)}.

A= @ Ag = Ap, because, as it is easily seen, (Ap, {Pcp,idp}) is the inductive

ger(A)

limit of the inductive system ({Ac, Ap},{Pcp})-

The operations of Ap = A are defined componentwise from those of the quotient
lattices A/b" and A/c', hence, like in A, ® = A also in A. As shown by Lemma 2.7,
(ii), A/bT and A/cT share the same lattice structure, namely that of the three-element

chain, hence the lattice structure of Ap = A is the following:

1
Tq Lla
To1 T10
Toa T a0
0
Here is the table of the operation — in Ap = A:
— | 0 Toa Tor Tad Taa Tal Ti0 Tia 1
0 1 1 1 1 1 1 1 1 1
Toa | 10 1 1 10 1 1 10 1 1
ol | T10 ZTia 1 T Tia 1 X0 Tie 1
Tao | o1 L1 To1 1 1 1 1 1 1
Zaa | 0 ®o1r To1 z10 1 1z 1 1
Za1 | 0 Zoa Tor To Tia 1 T Tie 1
T10 | To1 Tol Lol Tal Tal Tel 1 11
Tia | 0 To1 To1 Tao Ta1 Ter T0 1 1
1 0 %oa Tor Ta0 Taa Tal T10 Tia 1

We conclude the paper with the conjecture we have already announced.

Definition 4.1. We define the strongly co—Stone hull of A to be a strongly co—Stone
residuated lattice A that satisfies the following universality property: there exists an
injective morphism of residuated lattices ¢ : A — A and, for any strongly co-Stone
residuated lattice A; and any morphism of residuated lattices f : A — A; with the
property that, for any X C A, we have f(X ) = f(X)T, there exists a unique morphism
of residuated lattices f : A — A; such that foe= f.

One can easily notice that A, if it exists, is unique up to a residuated lattice isomor-
phism.

Conjecture 4.1. A = A, that is: A is the strongly co-Stone hull of A.
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