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Statistical convergence of triple sequences in topological
groups

AyvHAN EsI

ABSTRACT. The idea of triple statistical convergence was introduced by Sahiner et.al [3] while
the idea of double statistical sequences was introduced by Mursaleen and Edely [4]. In this
paper, we give an extension of statistical convergence of triple sequences in topological groups
and give some theorems which generalize Cakalli and Savas’s theorems given by in [1] earlier.
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1. Introduction

The idea of statistical convergence for single sequences was introduced by Fast [9]
and then studied by various authors, e.g., Salat [10], Fridy [6], Connor [2], Esi [1] and
many others. This notion was used by Kolk [7] to extend statistical convergence to
normed spaces and Maddox [8] extended to locally convex spaces. Recently, Cakall
[4] extended lacunary statistical convergence to topological groups and Cakalli and
Savag [3] extended double statistical convergence to topological groups.

Let K C N x N be two-dimensional set of positive integers and let K (n,m) be the
numbers of (7, j) in K such that ¢ < n and 7 < m. Then the two-dimensional analogue
of natural density can be defined as follows:

The lower asymptotic density of a set K C N x N is defined as

5 (K) = P — lim inf 202

n,m nm

In this case (%) has a limit in Pringsheim’s sense then we say that K has a

double natural density and is defined as

53 (K) = P — lim 202

n,m nm
For example, let K = {(i?,5%) : 4,j € N}. Then
K
53 (K) = P — lim 200y, VIV
n,m nm n,m nm

i.e., the set K has double natural density zero, while the set L = {(4,2j) : 4,j € N}
has double natural density %
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A real double sequence x = (z,1) is said to be statistically convergent to a number
L provided that, for each € > 0, the set

{G: k) : Jaje — L[ > e}

has double natural density zero. In this case, one writes sto — limz = L, [9].

A real double sequence = = (z,1) is said to be statistically Cauchy provided that,
for every € > 0 there exist M = M (¢) and T = T (¢) such that for all j,p > M,
k,q > T, the set

{(j,k) e Nx N: |zj5 — xpg| > €}

has double natural density zero, [9].
A subset K of N x N x N is said to be natural density s (K) if

55 (K) = Tim K (p,g,r)

p,g,r—00  pqr

exists,

where K (p, q,r) denotes the number of (j, k,1) in K such that j <p,k <gandl <r,
[12]. For example, let K = {(j3, k3,l3) s gkl € N}, then

3/0.3/q
b (K) = lim B2 o, IPVAVT

P,q,m—00 pqr T pgr—oo  pqr

i.e., the set K has triple natural density zero, while the set L = {(4, 3k, 5l) : j, k,l € N}
has triple natural density %

In a topological group, double sequence = = (z,i) is called statistically convergent
to a point L of X if for each neighbourhood U of 0 the set

{(G,k):j <n,k<m; zj, — L €U}

has double natural density zero. In this case we write sty (X) — lim; 2, = L and
we will denote the set of all statistically convergent double sequences by sty (X) .

A triple sequence x = (xjx;) is said to be convergent if for every ¢ > 0 there exists
N € N such that |z — L| < € whenever j, k,l > N. A triple sequence = (k)
is said to be Cauchy sequence if for every € > 0 there exists N € N such that
|Tpgr — x| <eforallp>j>N,qg>k>N,r>1>N.

A real triple sequence x = () is said to be statistically convergent to the number
L if for each € > 0

(53({(],k,l> eNxXxNxN: |x]kl_L| 25}):0

In this case, one writes sts — limz = L, [12].

The concept of statistical convergence for triple sequences was first introduced by
Sahiner et. al. [3] who have given main definition of statistical convergence and
statistical Cauchy for triple sequences @ = (x;i;) as follows: a real triple sequence
x = (x;p) is said to be statistically convergent to the number L if for each € > 0

I3 ({(4,k, 1) e NxNxN: |z;p—L| >¢€})=0.

In this case, we write st3 — limxz = L.
A triple sequence x = (1) is said to be statistically Cauchy sequence if for every
€ > 0, there exists N = N (¢),M = M (e) and Z = Z (¢) € N such that

53 ({(],k,l) ceNxNxN: |1'jk'l 7IL'NMz| > E}) =0.

The purpose of this paper is to study statistical convergence of triple sequences in
topological groups and to give some important theorems.
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2. Definitions and Notations

By X, we will denote an abelian topological Hausdorff group, written additively,
which satisfies the first axiom of countability.

A triple sequence x = (x;i) is said to be convergent in a topological group X if
for every neighbourhood U of 0 there exists N € N such that x5, — L € U whenever
J.k,l > N. L is called a triple limit of = (x;x;). For a subset A of X, S3(A4) will
denote the set of all triple sequences x = (x1;) of points in A and C5 (X) will denote
the set of all convergent triple sequences of points in X.

A triple sequence x = () is said to be a Cauchy sequence if for every neigh-
bourhood U of 0 there exists N € N such that x4 — z; € U whenever p > j > N,
q>k>N,r>1> N.

In a topological group, triple sequence x = (x;x;) is called statistically convergent
to a point L of X if for each neighbourhood U of 0 the set

{(jakal) jgn,kgm,lgr, m]kl_L¢U}

has triple natural density zero. In this case we write st3 (X) — lim; ;25 = L and
we will denote the set of all statistically convergent triple sequences by st3 (X). If
x = (xj) is statistically convergent, then = (z;1;) need not be convergent. For
instance, let
) gkl 5 j,k,l are cubes
Lkl = z otherwise

where z is a fixed non-zero element of X. It is easy to see that st (X)—lm; s zp =
z, since the cardinality of the set

HG kD) s g<nk<m, I <r; zj—2¢ U} < YiVEV

for every neighbourhood U of 0. But « = (z,;) is neither convergent nor bounded.
In a topological group, triple sequence z = (x;i;) is called statistically Cauchy if
for each neighbourhood U of 0 there exist N = N(U), M = M(U), Z = Z(U) such
that for all j,p > N,k,q > M,l,r > Z the set
{(]7kvl) : J»PZ vavq 2 M,l,’]" 2 Z7 xjkl _qur ¢ U}

has triple natural density zero. In this case we denote the set of all statistically
Cauchy triple sequences by st3C(X).

3. Main Results

Theorem 3.1. A triple sequence x = (z;p1) of points in X is statistically convergent
to L if and only if there exists a subset K C N x N x N such that 43 (K) = 1 and
lim; ;@0 = L where the limit is being taken over the set K, i.e., (j, k1) € K.

Proof. Let x = (1) be statistically convergent to L and (U;) be a base of nested
closed neighbourhood of 0. We write for ¢ = 1,2, ...

Ko ={(j,k,1) e NxNxN: zjiy — L ¢ Uy}
and
M, ={(j,k, 1) e NxNxN: a2y —LeU,}.
Then 63(K,) = 0 and
My DMy D...DOM; DMy D ... (3.1)
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and
S3(My) =1, ¢=1,2, ... (3.2)
Now we will show that for (j,k,1) € My, x = (%) is convergent to L. Suppose that
x = (xj) is not convergent to L so that there is a neighbourhood U of 0 such that
zji — L ¢ U, for infinitely many terms. Let U, C U for ¢ = 1,2, ... and
My ={(j,k,]) e Nx Nx N: $jkl—L€U}.

Then d5(My) = 0 by (3.1), M, C My. Hence d3(M,) = 0 which is contradiction to
(3.2). Thus = = (z,) is convergent to L.

Conversely, suppose that there exists a subset K C N x N x N such that d5 (K) =1
and lim; ;. ; xp = L; i.e., there exists N € N such that for each neighbourhood U of
0, xjp — L €U for j,k,l > N. Now

KU = {(]’kvl)eNxNXNl']kl—L¢U}
C NxNxN\{(nt1,knt1,Int1), N2, knto, INg2), ).

Hence d3(Ky) < 1—1 = 0. It follows that = (z;) is statistically convergent to
L. O

Corollary 3.1. If a triple sequence x = (1) is statistically convergent to a point
L, then there exists a sequence y = (y;k) such that im; gy, = L and

(53 ({(j,k,l) eNxNxN: Tkl = yjkl}) =1
i.e., Tjr = Yjr for almost all j,k,1 € N.

Theorem 3.2. Let X be complete. A triple sequence x = (x;11) of points in X is
statistically convergent if and only if x = (zk1) is statistically Cauchy.

Proof. Suppose that the triple sequence z = (z,;) is statistically convergent to L.
Let U be any neighbourhood of 0. Then we may choose a symmetric neighbourhood
W of 0 such that W + W C U. Then for this neighbourhood W of 1, the set

{, k1) j<nk<m,I<r; 2j;y—LeW}
has triple natural density 0. For each neighbourhood U of 0, the set
{(,k,0): j<nk<m,l<r; zj;y —L¢U}
has triple natural density zero. Then we may choose numbers N, M and Z such that
xnmz — L ¢ U. Now we write
Ay ={(, k1) s j<nk<m, I <r; im0 —2nmz €U},
Bw ={(j,k,1): j<nk<ml<r zju—L¢gW}
and
Cw={(,k,): j=N<nk=M<mil=Z<r, eyuz—L¢&W}.
Then Ay C By C Cyw and hence §3(Ay) < §3(Bw) < 03(Cw ) = 0. Therefore we get
that @ = () is statistically Cauchy.
Conversely, suppose that there is a statistically Cauchy sequence x = (z;;) but it

is not statistically convergent. Then we may find natural numbers N, M and Z such
that the set

Ay ={G, k1) j<nkE<m,l<r; zju—anmz €U}
has triple natural density zero. It follows from this the set

Ey={(.k1): j<nk<mI<r; zjp—axNnmz €U}
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has triple natural density one. Now, we may choose a neighbourhood W of 0 such
that W +W C U. Now take any fixed non-zero element L of X. Write xjr —2nmz =
Zjpi—L+L—x N 7. It follows from this equality that zju—2npmz € U ifxjp—L € W.
Since x = (z;) is not statistically convergent to L, the set

BW = {(],kvl) : jgnvk Smal ST; Tkl —L ¢ W}
has triple natural density one. Hence the set
Ey ={(,k1): j<nk<m,l<r; zj;—anmz €U}

has triple natural density zero, i.e., the set Ay has triple natural density one, which
is contradiction. This completes the proof. O

Now from Theorem 3.1 and Theorem 3.2 we can state the following theorem and
since the proof is easy, then we omit it.

Theorem 3.3. If X is complete, the the following conditions are equivalent:
a) v = (xjm) is statistically convergent to L,
b) x = (z,k1) is statistically Cauchy,
¢) There exists a subsequence y = (yjr) of © = (xjr1) such that lim; g yp = L.
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