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1. Introduction

In this paper, we consider the inhomogeneous and nonlinear Neumann boundary
value problem:

—Apyu + [ulP@ "2y + a(u)|VulP@) = f inQ

(1)
|Vu|p(m)2(;:; +y(u)=g on 01,

where Q C IRN(N > 3) is a bounded open domain with Lipschitz boundary 99, n
is the outer unit normal vector on 9, o, « are real functions defined on IR or IRY,
f € LYQ) and g € L1 (09Q).

The operator —A,yu = —div(|Vu[P®)=2Vu) is called p(x)-Laplacian which be-
come p-Laplacian when p(x) = p (a constant). It possesses more complicated nonlin-
earities than the p-Laplacian. As the exponent which appear in (1) depends on the
variable z, the functional setting involves Lebesgue and Sobolev spaces with variable
exponent LP() and W1»(), The study of PDEs with variable exponent as experienced
a revival of interest over the past few years (see [1, 2, 3, 7, 8, 12, 13, 16, 18, 19, 20, 22,
24] and references therein). The interest of study problem involving variable exponent
is due to the fact that they can model various phenomena which arise in the study of
elastic mechanics (see [6]), electrorheological fluids (see [21] ) or image restauration
(see [12]).

In this paper, we study the existence of renormalized solutions of problem (1). The
concept of renomalized solution in the context of variable exponent was for the first
time studied by wittbold and Zimmerman [23] where they considered an homogeneous
Dirichlet boundary condition. In our paper, we consider an inhomogeneous Neumann
boundary condition which bring some difficulty to treat the term at the boundary. in
order to get our main result, we define a new space which will help us to take into
account the boundary condition. This space in the context of variable exponent was
for the first time introduced by Ouaro and Tchousso (see [18]).
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The remaining part of the paper is the following: in section 2, we introduce some
notations/functional spaces. In section 3, we show some basic assumptions on the
data and we define the notion of renormalized solution. We end in section 4 by
proving the existence of renormalized solutions for problem (1).

2. Preliminaries

As the exponent p(x) appearing in (1) depends on the variable z, we must work
with Lebesgue and Sobolev spaces with variable exponents, under the following as-
sumptions on the data:

(2)

p(.) : @ = IR is a continuous function such that
1 <p- <py <+ox0,
where p~ := ess inf p(z) and pT := esssup p(x).
zeQ z€Q
We define the Lebesgue space with variable exponent LP()(Q) as the set of all
measurable function u : 2 — IR for which the convex modular

poior () 1= [ fuP o
Q
is finite. If the exponent is bounded, i.e., if p™ < +oo, then the expression

[l [p(zy == IF{A > 0 : py(ay (u/A) < 1}

defines a norm in L) (), called the Luxembourg norm. The space (LP®)(Q), ||. lp))
is a separable Banach space. Moreover, if 1 < p~ < pT < 400, then LP(I)(Q)
is uniformly convex, hence reflexive, and its dual space is isomorphic to Lp/(””)(Q)7

1 1
where —— + —— = 1. Finally, we have the Holder type inequality:
p(z)  p(x)
1 1
Q p p

for all u € LP(*)(Q) and v € L¥' (*)(().
Let

WhP@(Q) = {u € LP®)(Q) and |Vu| € LPP(Q)},

which is a Banach space equipped with the following norm
Hqu,p(r) = Hqu(r) + ||VU||p(z)-

The space (WP (Q),||.||1 () is a separable and reflexive Banach space.
An important role in manipulating the generalized Lebesgue and Sobolev spaces is
played by the modular p,, of the space LP®)(Q). We have the following result :

Proposition 2.1. (see [14, 25)) If u,,u € LP®)(Q) and pt < 400, then the following
properties hold true:

) - +
(Z) Hqu(x) >1= HU||§(? < pp(z)(u) < ”qu(@;
(i) |[ullp(ey < 1= Nlullpy < ppa (W) < llull),):
111) ||u||pe) < 1 (respectively = 1;> 1) & poy(u) < 1 (respectively = 1;> 1);
p(z) Pp(z)
(iv) ||un|lp@) — 0 (respectively — +00) < ppizy(un) — +00 (respectively — +00) ;

(v) pp(a) (w/||ullpa)) = 1.



RENORMALIZED SOLUTION FOR NEUMANN PROBLEMS ... 11

For a measurable function v : 2 — IR, we introduce the following notation:
P1,p(z)(U) = / ulP®) da +/ |Vu|P®) da.
Q Q

Proposition 2.2. (see [22, 24]) If u € WP (Q), then the following properties hold
true:

. - +
(i) [[ullp) > 1= Mullf o) < Prp@) (@) < lullf )

. + -
(it) |ull1pe) < 1= 11ullf o) < P1pe) (W) < Mullf )5
(i) |[ul|1 p@) <1 (respectively = 15> 1) < py p(ay(u) < 1 (respectively = 1;>1).

Put

(N = Dp(z) .
pa(x) = (p(l,))a — W, ifp(z) < N
oo, if p(z) > N.

Proposition 2.3. Let p € C(Q) and p~ > 1. If ¢ € C(00Q) satisfies the condition
1 <q(x) < p?(x), Vo € o9,

then, there is a compact embedding WhP(#)(Q) — L) (9Q).
In particular, there is a compact embedding WP*) (Q) — LP*)(9Q).

Let us introduce the following notation: given two bounded measurable functions
p(z),q(x) : Q = IR, we write

q(z) < p(x) if ess 1r€1£(p(:c) —q(z)) > 0.
xr
Proposition 2.4. ([11]) Let V be a uniformly convex Banach space.
Let x,, be a sequence in' V' such that x,, — x in the weak topology o(V, V') and
lim sup 12| < 2],
Then x, — x strongly.

Lemma 2.5. Let £,n € RN and let 1 < p < co. We have
1 1 _
—[€[P — =|n” < |E[PT2E(¢ = ).
p p

Proof. We consider the function f : IRT™ — IR defined by z +— 2P — pz + (p — 1). We
have

f(z) > min f(y)=f(1)=0forallz € R".
yeR*

Therefore, we take x = % (if |€] = 0, the result is obvious) in the inequality above
to get the result of the lemma by using Cauchy-Schwarz inequality. ]

In the sequel, we need the following two technical lemmas (see [15, 20]).

Lemma 2.6. Let (vy,)nemn be a sequence of measurable functions in Q. If v, converges
in measure to v and is uniformly bounded in LPC)(Q) for some 1 < p(.) € L=(R),
then vy, strongly converges to v in L*(£2).

The second technical lemma is a well known result in measure theory (see [15]):

Lemma 2.7. Let (X, M, ) be a measure space such that u(X) < 4+o0o. Consider a
measurable function v: X — [0, +o0] such that

n({z € X :7(2) = 0}) =0,
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Then, for every e > 0, there exists 6 > 0 such that

w(A) <€ for all A € M with / ydp < 9.
A

3. Basic Assumptions on the data and definition of a renormalized solution

In this part, we define the associated renormalized solution to the problem (1).
We begin by stating the following assumptions:
(H1) f and g are positive functions such as f € L*(Q2) and g € L'(99).
(H2) a and ~ are increasing continuous functions defined on IR such that a(0) =
~v(0) = 0.

We first recall some notations.

For any k > 0, we define the truncation function T} by T (s) := max{—k, min{k, s}}.
For any u € WHP(®)(Q), we denote by 7(u) the trace of u on 9 in the usual sense.
In the sequel, we will identify at the boundary u and 7(u).

Set

TP (Q) = {u : Q — IR, measurable such that Ty (u) € WP@(Q), for any k > 0}.
As in [9], we can prove the following result.

Proposition 3.1. Let u € Tl’p(w)(Q). Then, there exists a unique measurable func-
tion v : Q — RN such that VTj(u) = VX {|u|<k}, for all k > 0. The function v is
denoted by Vu.

Moreover if u € WHP@)(Q) then v € (LP@)(Q))N and v = Vu in the usual sense.

Following [4, 5, 16, 18, 19], we define ﬁi’p(m)(ﬂ) as the set of functions u €
T1P@)(Q) such that there exists a sequence (un)ney C WHPE)(Q) satisfying the
following conditions:

(C1) up, — uw a.e. in Q.
(Cy) VTi(uyn) — VT (u) in (LY (Q))N for any k > 0.
(C5) There exists a measurable function v on 0%, such that u, — v a.e. in 9.

The function v is the trace of u in the generalized sense introduced in [4, 5]. In the
sequel the trace of u € ;" I)(Q) on 9Q will be denoted by tr(u). If u € WHPE)(Q),
tr(u) coincides with 7(u) in the usual sense. Moreover, for u € 7;1’1) (@) (Q) and for every
k>0, 7(Tk(uw)) = Th(tr(u)) and if o € WHPE)(Q)N L®(Q) then (u—¢) € ﬁi’p(I)(Q)
and tr(u — @) = tr(u) — tr(p).
We can now introduce the notion of renormalized solution of (1).
Definition 3.1. A measurable function u :  — IR is a renormalized solution of
problem (1) if
ue T,"(9), (4)
lim 1 \Vu\p(”’) =0, (5)
h—+oco h {h<|u|<2h}

and

/|Vu\p(x) 2VuV(S(u) d:l?—l—/ lu[P@ =248 (u )(pdx—i—/ (w)|VulP® S (u)p dx

+/Bﬂw< WS )cpda—/fS wdfﬂ+/8 95 (u)p do, .
6
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for every ¢ € WHP(#)(Q) N L>(Q) and for any smooth function with compact support
Sin R.

4. Existence result

Now we announce the main result of this section.

Theorem 4.1. Let assumptions (H1)-(H2) hold true. Then there exists at least one
renormalized solution u of the elliptic problem (1).

Proof. The proof of Theorem 4.1 consists into two steps.

Stepl. Regularization of the problem. We define the following reflexive space
E = W@ (Q) x LP®) (9Q).

Let X be the subspace of E defined by
Xo={(u,v) € E:v=1(u)}.

In the sequel, we will identify an element (u,v) € Xy with his representative u €
WLP)(Q). We define the operator A,, by

Apu = Ay, (u, Tu) = Au + Ty, ()| VulP@) + T, (y(u)), for all u € X,
where

(Au,v) = Au,v) :/ |VulP@® =274V dx—i—/ [uP@ =2y de Yo € Xo.
Q Q

Lemma 4.2. The operator A, is bounded, hemi-continuous and is of type (M) from
Xo into X|. Moreover, A, is coercive in the following sense
(Anv,v)

o] — 400 as vl p@) — +o0 forall wve Wol’p(z)(Q).
v

1,p(z)

Proof of Lemma 4.2. Using the Holder type inequality, we have
(Anu,v) =/ |VulP®) 2Ty Vo dx—i—/ Ju|P@ =2y v da

+ [ Tp(e(w)|VulP ) dz + j T, (y(u))v do
Q o
< CpllIVulP @™ ooy @) | V0 o ) + Coll[ulP O™ ooy ) [0 o )
+n/\v|dm+n/ |v| do
Q oN

then A, is bounded and hemi-continuous. For the coerciveness, thanks to (H2) we
have for any X,

(Agu,u)y = [ |[Vu|P®) da:+/|u|p(x) dx+ /Tn(a(u)|Vu|p(m))u dm+/ T (v(u))u do
Q Q Q lo)

2/|Vu|p($) da:+/ |u[P®) d.
Q )

‘We deduce that
<Anua u>

”u”Lp(a:)

— +00 as ||ully,pezy — +oo.
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It remains to show that A, is of type (M).
Let (ug)x a sequence in Xy such that

U — U in Xo,
An’l,tk — X in X67 (7)
lim sup(A, ug, ug) < (x, u).

k—o00

We will prove that x = A,u.
By (H1), we have T, (a(ug )| Vug [P®)up > 0, T (v(ug))us > 0, and using the Fatou’s
lemma, we deduce that

liminf( /Q T, () [ Veug [P g, d + /a T () da)

k—o0

a(w)|Vu|P@Ny de w))u do.
z/QTn( ()| ")) d +/89Tn<v< Dud (8)

On the other hand, thanks to the Lebesgue dominated convergence theorem, we have

lim (/QTn(a(uk)WukP(m))v dm+/an(7(Uk))v da>

k—o0

:/Tn(a(u)|Vu|p(z))v dx+/ T (y(w)) do
Q

o0

for any v € Xy, consequently
T (@) Vel @) + T (7 (ur)) = T (@) VulP™) + To(7(w)  weakly in X
Thus, it follows that
Aug — x — T (a(w)|[VulP@) + T, (v(u)) weakly in X,
As the operator A is of type (M), so we have immediately
Au = x = Ty (al(w)|Vul"™) + T, (v(w)).

Therefore we deduce that A,u = x.
Hence, the operator A, is of type (M), which completes the proof of the Lemma 4.2.
Let F,, = (T, (f), Tn(g)) which satisfy (H1); in view of the Lemma 4.2, there exists at
least one solution w, € Xy (cf. [17]) of the problem

(Apty,v) = (F,,v) for all v € X,
ie.

/ Vi, P2V, Vo de + [ |un P2, Vo dz + / T ()| Vg [P0 da
Q Q )

+/ Tn(v(un))vdUZ/Tn(f)v d$+/ Tn(g)v do.
a0 Q a0

(9)
Step2. A priori Estimates. Assertion 1. (VT}(uy)), ¢ is bounded in (LP@®) ().
Let f,, = T,.(f) and g, = T, (g) for all n € IN, then (fn)new and (gn)nemw are

sequences of bounded functions which converges strongly to f € L'() and to g €
L1(09) respectively. Moreover

I fullzr@)y < Il and [gnllzra0) < llgllzi(aq) for all n € IN.
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We now take v = Ty (u,,) as test function in (9) to get
/ VT () P i + / 1 [P iz + / T (011 |Vt [P T (1)
Q Q Q

+ [ DT do = [ 0T do+ [T @) Tiun) do

a0
The third and fourth terms in the left-hand side of above equality are nonnegative,
then

(10)

[ 9T P dot [ (D) P do < (o +lallon) (1)
Relation (11) implies, by the Proposition 2.2, that

1T (w)ll] pwy < B f i) + lgllzr o)

< Ck forall k>, (12)

with )
v = { D+ if ||Tk(un)||1,p(w) S ]-7
p_ if 1Tk (un) [|1,p(z) > 1
We deduce that for any k > 0, the sequence (T (un))nemn is uniformly bounded in
Wl’p(m)(Q). Then, we can assume, up to a subsequence that,
Te(up) = vp  in WHPE@(Q)
and by the compact imbedding theorem, we have

Ti(upn) = vg in Lp(’”)(Q) and a.e. in Q.

Assertion 2. (uy), .y converges in measure to some function u.
To prove this, we show that u,, is a Cauchy sequence in measure.
Let k > 0 be large enough. Relation (11) gives

k meas({|un| > k}) = / T (un)| do < / | Tk (un)| dz,
Hun >k} £

(13)
< Ck~
Therefore )
meas{|u,| >k} < Ckv ' — 0 as k — +4oo. (14)
Moreover, for every fixed ¢t > 0 and every positive k > 0, it is clear that
{lun = um| >t} C {Jun| >k} U{|um| > £} U {[Th(un) = Tp(um)| >t}
and hence
meas ({|un, — um| > t}) < meas ({|u,| > k}) + meas ({|um,| > k}) (15)
+meas ({|Tk(un) — Tr(um)| > t}).
Let € > 0, using (14), we choose k = k(e) such that
meas({|un| > k}) < % and  meas({|um| > k}) < § (16)

Since T} (u,) converges strongly in LP(*)(Q), then it is a Cauchy sequence in LP(*) (),
thus

meas ({|Tk(un) — Ti(um)| > t}) < for all  n,m >ng(k,t,e).  (17)

Wl m

Finally, from (15), (16) and (17) we obtain
meas({|un — um| > t}) <e for all n,m > ng(t,e) (18)
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which proves that the sequence (uy),emn is a Cauchy sequence in measure, and then
converges almost everywhere to some measurable function u. Therefore,

Tk(un) - Tk(u) in WLP(E) (Q)7 (19)
Ti(un) = Ti(u) in LP®)(Q) and ae. in Q.

Assertion 3. (VT (un)),cn converges strongly to (VT (u)) in LP(*)(Q).
To get this result, we need the following lemmas

Lemma 4.3. For all k > 0, we have

/{ o (HVTk(Un)I”(”CHVTk(Un)*IVTk(U)Ip(mHVTk(U)]V(Tk(Un)*Tk(U)) = e1(n),

w}
(20)

m ¢e1(n)=0.

where i
n—-+oo

Proof. For the sake of simplicity we will write ¢;(n, m) for any quantity such that

lim lim &(n,m)=0
m——+o00 n——+400

and we will denote by &;(n) for any quantity such that

ngl}_loo g;(n) =0.

Let § > 0, we shall use in (9) the test function ¢ (T (un ) — Tk (w)), with px(s) = se*s”
to get

/Q VT3 (1 ) [P =2V T () Voo (Te () — Ti(w)) daz

+ / 1 Pt 0 (T (t0m) — T () + / (T (0t [Vt P )5 (Ti () — T ()
9] Q

" / T (3 (11n) o (Ti (1) — T (1)) di
aN

= / To(f)pa(Ti(un) — Tic(u)) do + / Ta(9) A (Ti(un) = Ty (u)) do.
Q G19)
(21)
Note that the sign of @ (T% (uy) —Tk(u)) is the same as that of w,, in the set {|u,| > k},
then

/ |t [P =20 05 (Tho (un ) — Tio(u)) da
{lun|>k}

+ (T (ct(un) |Vt [P o (Ti () = Ti(w)) dz > 0
{lun|>k}

and

/ T, (3 (1)) (T (1) — Ti()) > 0.
oQN{|un |>k}
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From (21) we deduce
/ |V T () P =2V T ()05 (Tho(n) = Tie(w) V(T (un) — Ti(w)) d
Q

+ / T (1) [P 2T (1o (Ti (1) — T () diz
QN{|un|<k}

+ / T, (0T (1)) [ T () P o (Ti (t1n) — T () (22)
QN{|u, | <k}

+ T (4 () or (T () — Ti(w)) do
80N {|un|<k}

< | Tu(F)oa(Ti(un) — Tu(w)) dz + / T (9)or(Th (1) — Ti(u)) dor
Q oN

For the third term of the left-hand side of (22), we can write

|/ (T (Ti( (T ) [V T 1) P o2 (T ) — Ti())
Qnfluy, |<k}

(23)
<My [ VT )" (Til) = Ta(u) da
Q
with My, = sup |a(s)| and since
|s|<k
/ T (1) P22 (o (T (1) — T(w)) d
QN{|un|<k}
< (k+1)p+*1 loa(Tk(un) — Ti(uw))| de — 0 as n — 00
QN{|un|<k}
and
lim T (v(un))oa(Ti(un) — Tie(u)) do = 0,
ILm T (f)oxTr(un) — Tk (u)) de =0,
n oo Q
lim T (9)er(Ti(upn) — Ti(uw)) do = 0.
So, we get from (22),
/ VT () [P 72V T () Voo (T (un) — Ti(w)) da
@ (24)

< er(n) + M, / IV T (1) P o (T 11) — T (1)) dz
Q
On the other hand,
/QHVTk(Un)lp(x)_QVTk(un) — |V T () [P =2V T () V(Ti () — T (1)) (t, 1) dw
= /Q IV T () [P 2V T (1) V (T (1) — T (1)) (T () — T (1)) dax
A /2 IV T (11) [P [0 (Th (1) — T ()| d
+ Mk/ IV Tk () [P 2V T () VT (w) |04 (T (1) — Tho(w))| daz

Q
- /Q VT () P92V T (1) ¥ (T 1) — T (0)) o5 11 ) i,
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Xhere OA(un, u) = @\ (T (un) — Ti(u)) — Miloa(Ti(un) — Ti(u))

M, /Q |V T () [P =2V T (1) VT () [ (Tie () — Tio(w))| d = ea(n),

and
/Q VT () P2V T () V(T (1) — T ()05 (s ) e = 23(m),

then, according to (24), we get

A[IVTk(un)\p(w)_2VTk(un) = [VT3(w) [P 2V T3 ()] V (T (un) = T ()9 (un, w) dae

< 84(’17/).
(26)
My 2
Choosing A = (716) , it is well known ([10], lemma 1) that,
1
PA(s) = Milgpa(s)] = 5, Vs € IR. (27)

It follows that,

/Q (VT (1)) [P =2V T (1) — |V Tk (w)|[P@ 2V T (0))V (Th (1) — Tie () dz < 2e4(n).

(28)
Thus

/Q |V Tk (1) PO 2V T (1) — VT () P92V T (w)]V (T () — Tie(w)) daz — 0
as n — oo. O

Return now to the proof of assertion 3. According to (28), we have
/Q VTe(un)|?® dz < 2e4(n) — /Q VT ()| da
+ /Q VT (w)|P®) =2V T () VT () da (29)
+ /Q VT3 (un ) [P =2V T () VT (1) da.

Since | VT (un)|P@ 2V T (un) — |VTk(u) [P 2V T, (u) weakly in LP' ) (Q) and
VT (un) = |VTi(u)| weakly in LP(®)(Q), then we get

/ VT (u,) [P dae < / VT (w)|P®) da + eg(n).
Q Q
i.e.
timsup [ V73 ()P do < [ [VT(0)7 da
Q Q

n— oo

Therefore, thanks to the Proposition 2.4, we deduce that
VT (un) = VTi(u) strongly in (LP™) (Q))N.

Assertion 4. (uy), .y converges a.e. on df) to some function v.
We know that the trace operator is compact from Wh1(Q) into L'(9Q), then there
exists a constant Cs > 0 such that

1Tk (tn) — Tie(u) || L1 00y < Csl|Th(un) — T(u) lwra (-
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Therefore,
Ty (un) — Ti(u) in L'(09Q) and a.e. in 9.

we deduce that, there exists A C 9 such that Tk (u,) converges to Ti(u) on 9O\ A
with u(A) = 0, where p is the area measure on 9.
For every k > 0, let Ay = {x € 99 : [T (u(z))| < k} and B = 90 \ U Ay

k>0
We have

1 C
Cs
S?“Tk(u)||1,p(x)~

We know that py () (Tk(un)) < kM where M is a positive constant that does not
depends on n, then,

(30)

/ Ty (un) [P dz + / VT (1) [P da < kM. (31)
Q Q
We now use the Fatou’s lemma in (31) to get
T (w)|P) da + / VT (w)|P) dae < kM,
Q Q
which is equivalent to
Prp() (Th(w)) < kM. (32)
According to (32), we deduce that
a E
1T ()l 0y < Cr (K7~ + k7).
Therefore, we get by letting & — +o00 in (30) that pu(B) = 0.
Let us now define in OS2 the function v by
v(z) = Ty (u(x)) if x € Ay.
We take x € 90\ (AU B); then there exists k > 0 such that € Ay and we have
un () = v(x) = (un(2) = Ti(un(2))) + (T (un () = Ti(u(x))) -

Since x € Ay, we have |Ti(u(x))| < k and so | Tk (un(x))| < k, from which we deduce
that |uy,(z)] < k.
Therefore,

un(x) —v(z) = (Tr(un(x)) — Tr(u(z))) = 0, as n — +o0.
This means that wu, converges to v a.e. on 0f).
Assertion 5. u is a renormalized solution of the problem (1).

Let ¢ € WP (Q) N L®(Q) and let S be a smooth function with compact support
in IR. We take v = S(uy,)p as a test function in (9) to get

/Q |Vt [P =2V, V(S (un ) dz + /Q [t [P 20, (S (un ) ) da
+ / T (110 |Vt |"2) S (1) i + / T (1(un))S(u)pdo  (33)
Q

o0

- / To(£)S (un)p di + / T, (9)S (un) 0 dor
Q o0
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The function S has compact support, then there exists a positive real number k such
that supp(S) C [—k, k] which leads to

/ |Vt PP 2V, V(S (un ) de = / VT (1) [P®) 2V T (1) S (1 ) Vi da
Q Q

—I—/ \VTk(un)|p(I)S’(un)cp dz.
Q

(34)
As
IV T () [P 2V T (1) — |V Tk () [P 2V T, (1) weakly in (LP' ) (Q)V,
and
S(u,) Ve — S(u)V strongly in LP™) (Q),
hence

/ VT () [P®) 2V T (1) S (1 ) Vi da — / VT3 (w)|P®) =2V T (1) S (w) Vi da,
Q Q
and as
VT3 (un) [P — | VT (w)|P®) in L(Q)
it follows that
/ VT (1) [P S (un ) da: — / VT (w)|P@) S (u)p da,
Q Q
Then
/ IVt [P =20V (S () 0) dr — / VP2V (S(u)p) da.
Q Q

In the same way, it is easy to see that

[ 1wl 2un (S de — [ P 2u(s(up) de,

Q Q

and
/Tn(a(un)|Vun|p(w))S(un)<pdx—>/a(u)|Vu|p(w)S(u)g0dx.
Q Q

Moreover, we have

U, converges to u on Of.

So, by continuity of -y, it follows that

| mw)seds [ St do
oQ o0

We can then pass to the limit as n — oo in the equality (9), on the basis of results
below and the facts that

T, (f) converges to f in L'()
and
T,.(g) converges to g in L' (99),

to concludes that u satisfy relation (6).

According to the Assertions 2,3,4, we deduce that u € Ttlr’p(x)(Q).
Now, we claim that

1
lim — IVulP®) dz = 0. (35)

m—+oo m {m<|u|<2m}
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Indeed, by taking v = Sy, (un) = Ton(Un — T (uy)) in (9), where

we get,

s—m.sign(s) if m<|s| <2m,
T (s — Tin(s)) = & m.sign(s) if |s| > 2m,
0 it |s| <m,

/ V8 (1) [P diz < / F1Sum () d + / 1915 (1) do
Q Q o0

Passing to the limit as n — oo, we obtain

/Q|vsm(u)|f’<“’> dazg/Q|f|Sm(u) dx+/m |9Sm (1) do.

Then, it follows that

1
lim — [ |VS,(u)P® de <0,
Q

m—00 M,
which completes the proof of Theorem 4.1. O
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