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On (semi)topological residuated lattices

N. KOUHESTANI AND R.A. BORZOOEI

ABSTRACT. In this paper, we define the notions of semitopological and topological residuated
lattices and derive here conditions that imply a residuated lattice to be a semitopological or
topological residuated lattice. Also, we study the relationship between separation axioms Tp,
T1, T> and (semi)topological residuated lattices.
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1. Introduction

Algebra and topology, the two fundamental domains of mathematics, play comple-
mentary roles. Topology studies continuity and convergence and provides a general
framework to study the concept of a limit. Algebra studies all kinds of operations
and provides a basis for algorithms and calculations. Because of this difference in
nature, algebra and topology have a strong tendency to develop independency, not
in direct contact with each other. However, in applications, in higher level domains
of mathematics, such as functional analysis, dynamical systems, representation the-
ory, and others, topology and algebra come in contact most naturally. Many of the
most important objects of mathematics represent a blend of algebraic and of topolog-
ical structures. Topological function spaces and linear topological spaces in general,
topological groups and topological fields, transformation groups, topological lattices
are objects of this kind. In the 20th century many topologists and algebraists have
contributed to topological algebra. Some outstanding mathematicians were involved,
among them J. Dieudonné, L. S. Pontryagin, A. Weyl.

Residuated lattices have been introduced by M. Ward and R.P. Dilworth [10] as
generalization of ideal lattices of rings with identity. Residuated lattices are a com-
mon structure among algebras associated with logical systems. The main examples
of residuated lattices related to logic are MV-algebras and BL-algebras. In [4] Bor-
zooei et.al introduced (semi)topological BL-algebras and in [5] and [6] they studied
metrizability and separation axioms on (semi)topological BL-algebras. In section 3 of
this note, we define semitopological and topological residuated lattices, and we state
and prove some theorems that determine the relationships between them. It is quite
clear that a topological residuated lattice is a semitopological residuated lattice, but
the converse is not true. In this paper we find certain conditions under which the
converse is true. In section 4 we deal with relations between T; spaces and residuated
lattices endowed with a topology. We bring a condition that T} spaces are equivalent
to Hausdorff spaces on residuated lattices endowed with a topology.
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16 N. KOUHESTANI AND R.A. BORZOOEI
2. Preliminary

Recall that a set A with a family U of its subsets is called a topological space,
denoted by (A,U), if A, € U, the intersection of any finite numbers of members of U
is in ¢ and the arbitrary union of members of ¢/ is in &. The members of U are called
open sets of A and the complement of U € U, that is A\ U, is said to be a closed set.
If B is a subset of A, the smallest closed set containing B is called the closure of B
and denoted by B (or cl,B). A subfamily {U,} of U is said to be a base of U if for
each x € U € U there exists an a € I such that x € U, C U, or equivalently, each U
in U is the union of members of {U,}. A subset P of A is said to be a neighborhood
of x € A, if there exists an open set U such that € U C P. Let U, denote the
totality of all neighborhoods of z in A. Then a subfamily V, of U, is said to form a
fundamental system of neighborhoods of z, if for each U, in U,, there exists a V
in V, such that V, C U,. A directed set I is a partially ordered set such that, for any
i and j of I, thereis a k € I with k > ¢ and k > j. If I is a directed set, then the
subset {x; : i € I} of A is called a net. A net {x;;i € I} converges to x € A if for each
neighborhood U of x there exists a j € I such that for alli > j, x; € U. If B C A and
x € B, then there is a net in B that is converges to x.[See, [7]]

Definition 2.1. [4] Let (4, *) be an algebra of type 2 and U be a topology on A.
Then (A, x,U) is called:

(1) left (right) topological algebra if for each a € A, the map I, : A<= A (rq : A — A)
is defined by ¢ — a*x ( ¢ — x % a) is continuous, or equivalently, for any = € A,
and any open neighborhood U of a * x (z * a), there exists an open neighborhood V'
of z such that axV C U (V xa C U.) In this case we also call that the operation x is
continuous in the second(first) variable,

(ii) semitopological algebra if it is right and left topological algebra. In this case we
also call that the operation * is continuous in each variable separately,

(i31) topological algebra if the operation # is continuous, or equivalently, if for any z,y
in A and any open neighborhood W of x * gy, there exist two open neighborhoods U
and V of x and y, respectively, such that U « V C W.

Proposition 2.1. [4] Let (A, %) be a commutative algebra of type 2 andU be a topology
on A. Then right and left topological algebras are equivalent. Moreover, (A, *,U) is a
semitopological algebra iff, it is right or left topological algebra.

Definition 2.2. [4] Let A be a nonempty set, {*;};,c; be a family of operations of
type 2 on A and U be a topology on A. Then:

(1) (A, {*i}ier,U) is a right(left) topological algebra if for any i € I, (A4, *;,U) is a
right (left) topological algebra,

(i3) (A, {*;}ier,U) is a (semi)topological algebra if for all i € I, (A, *;,U) is a
(semi)topological algebra.

Definition 2.3. [12] A residuated lattice is an algebra (L,A,V,®,—,0,1) of type
(2,2,2,2,0,0) such that (L,A,V,0,1) is a bounded lattice, (L, ®, 1) is a commutative
monoid and for any a,b,c € A, c <a—biff, a®c <b.

Let L be a residuated lattice. We set ' = a — 0 and denote (a’)’ by a”. We call
the map p : L — L by p(a) = o/, for any a € L, the negation map. Also, for each
a € L, we define ¢ =1 and a™ = a"~ ! @ a, for each natural numbers n.
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Example 2.1. [12](i) Let ® and — on the real unit interval I = [0, 1] be defined as
follows:
. _J 1 z<y,

v Oy =min{r,y} &z —y= { y , otherwise.
Then Z = (I, min, max, ®, —,0,1) is a residuated lattice,
(#7) Let ® be the usual multiplication of real numbers on the unit interval I = [0, 1]
and x — y = 1 iff, x < y and y/x otherwise. Then Z = (I, min, max, ®,—,0,1) is a
residuated lattice.
(#i) Let L ={0,a,b,c,1}. Define ® and — as follows :

®l0 a b ¢ 1 — 10 a b ¢ 1
0/0 0 O 0 O o1 1 1 1 1
a|l0 a 0 a a a|b 1 b 1 1
b{0 0O b b b bla a 1 1 1
c|0 a b ¢ c c |0 a b 1 1
10 a b ¢ 1 110 a b ¢ 1

Easily we can check that (L, ®, —, 0, 1) is a residuated lattice, whose lattice (L, A, V,0,1)
is given by the partial order 0 < a < ¢ < 1,0 <b<c¢ <1 and z Ay = min{z,y},
xVy=mazx{x,y},aANb=0and aVb=1.

Example 2.2. [2] Let ® and — on the real unit interval I = [0,1] be defined as
follows:
< <
x@y—{o Tty <1/2, T SY,

{ max{1/2 —z,y} , otherwise.

Then Z = (I, min, max, ®, —,0, 1) is a residuated lattice.

x ANy , otherwise, brz—y=

Proposition 2.2. [3] Let (L,A,V,®,—,0,1) be a residuated lattice. The following
properties hold.

() z—=(y—2)=(z0y) >z

Ry) z<yiffvt - y=1,

3) 1xx =z, where x € {\,®,—},

x®0=0,1=0,0 =

)
|
;x@ygx/\yﬁx,y, and y < (z = y),
)
)
)

ot

(z—y)oz<y,

7 xSy—)(m@y),

s) @ <y implies x x 2 < yx z, where x € {A,V, O},
9) x <y impliesz >z < z—=yandx — 22> y— 2,
wz—y=z— (xAy),

11) ¢ <y implies x < z — vy,

12) 20 (@A y) < (O 2) A (2O Y),

13) T =y <(202) = (yo2),

W) (@) 6y —2) <o 2,

15 ZL’@iC_O,

)
)
)
)
)
)
gx—>y (zOy),
)
)
)
)
) @

(=]

=
(=2}

17) 2O (Y Vz) = (z0y) V(z0=2),

18) (xVy) = z=(z—=y)A(x— 2),
wxr—=yYNz)=(@ =y V(z—z2),

20) (@Vy) =2’ Ay, and (x Ny) > 2’ VY,
fo\/y—l thenx - y=y andz Oy =2aVy,

"
=a'.
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18 N. KOUHESTANI AND R.A. BORZOOEI

Definition 2.4. [11] Let (L,A,V,®,—,0,1) be a residuated lattice. A filter is a
nonempty set F' C L such that for each z,y € L :

(a) x,y € F impliesx ©y € F,

(b) if x € F and ¢ < y, then y € F.

Lemma 2.3. [11] Let L be a residuated lattice and F C L. Then:
(1) if 1 € F, then F is a filter if and only if x € F and v — y € F imply y € F,
(ii) if F is a filter in L, then for each x,y € F, x Ay, x Vy and x — y are in F.

Let (L,A,V,®,—) be a residuated lattice. Then a € L is called complemented if
there is an element b € L such that a Vb =1 and a A b = 0. If such element b exists
it is called a complement of a. We denote b = a® and the set of all complemented
elements in L by B(L).[See, [12]]

Proposition 2.4. [12] Let (L,A,V,®,—) be a residuated lattice. Then for each
e, f € B(A), the following properties hold.

(i) e2 =e, e =¢ and e’ = e,

(i) ex f € B(L), where x € {A\,V,®, =},

(i5i) (eV f)e=e A fC and (e AN ) =€V f€,

(v) e® f=eAf.

Notation. From now on, in this paper we let L be a residuated lattice and U be a
topology on L, unless otherwise state.

3. (Semi)topological residuated lattices

In this section we define the notions of semitopological and topological residuated
lattices and state and prove some theorems about them. Semitopological residuated
lattice is a notation weaker than of topological residuated lattice. A topological
residuated lattice is always a semitopological residuated lattice, but the converse is not
true as shown by an example. We derive here conditions that imply a semitopological
residuated lattice is a topological residuated lattice.

Definition 3.1. Let (L, {*;},U), where {*;} C {A,V,®,—}, be a (semi)topological
algebra. Then (L, {*;},U) is called a (semi)topological residuated lattice.

Example 3.1. Let Z be the residuated lattice as Example 2.1(¢), and U be a topology
on Z with the base S = {[a,b] NI : a,b € R}. We prove that (Z,U) is a topological
residuated lattice. For this, we must prove that the operations A,V,® and — are
continuous. First, we show that A is continuous. Let Ay € U € U, where z,y € 1.
W.OLG,let x <y. ThenzAy==x € U. Since z € [0,z] NU € U,y € [z,1] €U
and ([0,2] " U) A [z,1] C U, the operation A is continuous. Now, we prove that
V is continuous. Let x Vy € U € U, and let + < y. Then zVy = y € U. Now,
[0,y] and [y,1] N U are two open neighborhoods of x and y, respectively, such that
[0,y] V ([y,1] NU) C U. Hence V is continuous. Since ® = A, the operation © is
continuous. Finally to complete the proof, we have to show that — is continuous.
Let «+ — y € U € U, where z,y € I. If z < gy, then [0,y] and [y,1] are two
open neighborhoods of = and y, respectively, such that [0,y] — [y,1] = {1} C U.
If x >y, thenz - y =y € U. Hence z € [y,z] € U, y € [0,y NU € U and
[y,z] = ([0,y]NTU) C U. Thus, we proved that — is continuous. Therefore, (Z,U) is
a topological residuated lattice.

In the following Example we introduce a semitopological residuated lattice which
is not a topological residuated lattice.
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Example 3.2. Let Z be the residuated lattice as Example 2.2 and U be a topology
on Z with the base S = {[a,b]NI:a # b€ R}. Clearly, {0} and {1} are in U, and if
x € I, then [a,z] and [z,b] are two open neighborhoods of . We prove that (Z,U) is
a semitopological residuated lattice which is not a topological residuated lattice. For
this, first we prove that the operations A, V,® and — are continuous in each variable
separately. Let x <y and x Ay =z € [a,b] € U. If x = y and a # z, then [a,z] is
an open neighborhood of x such that [a,z] Az = [a,2] C [a,b]. If x = y and b # =z,
then [z, b] is an open neighborhood of x such that [z,b] Az = {z} C [a,b]. Let = # y.
If y < b, then [z,y] is an open neighborhood of x such that [x,y] Ay = [z,y] C [a,b],
and if y > b, then [a, b] is an open neighborhood of « such that [a,b] Ay = [a,b]. Thus,
A is continuous in first variable. By Proposition 2.1, A is continuous in each variable
separately. By the same argument as above, we can prove that V is continuous in
each variable separately. Now, we prove that (Z, ®,U) is a semitopological residuated
lattice. For this, we prove that ® is continuous in first variable. We consider the
following cases:

Casel.let x =y € I. Then x ®a =0 if z < 1/4 and x otherwise. If t©a =0 € [0, ],
then [0, z] is an open neighborhood of z such that [0,z] @z = {0} C [0,b]. f x © = =
x € [a,b], then [z, 1] is an open neighborhood of z such that [z, 1] ©® x = {z} C [a, }],
Case2.let randybein I and < y. Then 20y =0ifz+y < 1/2and zif x4y > 1/2
(2-1)if x+y <1/2, then z ©y = 0. Let @y = 0 € [0,b]. Then [0, ] is an open
neighborhood of « such that [0,2] ® y = {0} C [0, ],

(2-2) if t+y > 1/2, then z ©y = z. Now, [a,z] and [z, b] are two open neighborhoods
of z. First, let x @y = = € [a,z]. If a > 1/2, then [a,z] is an open neighborhood
of x such that [a,z] ©y = [a,2]. If @ < 1/2 and = # 1/2, then [1/2,x] is an open
neighborhood of x such that [1/2,2] @y = [1/2,2] C [a,z]. If a < 1/2 and = = 1/2,
then [a,1/2] is an open neighborhood of x such that [a,1/2] ® y = [a,1/2]. Now,
let x ®y = x € [z,b]. If y < b, then [z,y] is an open neighborhood of z such that
[z,y] ©y = [z,y] C [z,b]. If y > b, then [z,b] is an open neighborhood of x such that
[Cﬂ,b] Oy= [xa b]

Thus, in Cases (1) and (2), we can prove that ® is continuous in first variable. By
Proposition 2.1, the operation ® is continuous in each variable separately. In con-
tinue, we prove that (Z,—,U) is a semitopological residuated lattice. For this, let
x,y € I. Then [a,z — y] and [x — y,b] are two open neighborhoods of x — y. We
consider the following cases:

Casel. let z — y € [a,2 — y]. Then:

(1-1) if ¢ < y, then x — y = 1 € [a,1]. Now, [0,2] and [x,y] are two open
neighborhoods of x and y, respectively, such that [0,2] — y = {1} C [a,1] and
z — [z,y] = {1} C [a,1]. Let z = y. Then ¢ — = =1 € [a,1]. If  # 0,1, then
[0,2] and [z,1] are two open neighborhoods of = such that [0,z] — « = {1} C [a, 1]
and x — [z,1] = {1} C [a,1]. If x = 0 or x = 1, then {0} and {1} are two open
neighborhoods of 0 and 1, respectively, {0} — {0} C [a,1] and {1} — {1} C [a, 1],
(1-2) let * > yand c +y < 1/2. Then z — y = 1/2 —z € [a,1/2 — z]. [0,y] is
an open neighborhood of y such that « — [0,y] = {1/2 — 2} C [a,1/2 — z]. This
shows that — is continuous in second variable. we prove that — is continuous in
first variable. If y < a, then [z,1/2 — a] is an open neighborhood of x such that
[2,1/2—a] = y C [a,1/2 —z], and if y > a, then [z,1/2 —y] is an open neighborhood
of  such that [z,1/2 —y] — y C [a,1/2 — z]. Hence — is continuous in first variable,
(1-3) let x >y and x +y > 1/2. Then x — y = y € [a,y]. First, we prove that — is
continuous in first variable. If y < 1/2 — y, then [1/2 — y, ] is an open neighborhood
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of x such that [1/2 —y,z] = y = {y} C [a,y], and if 1/2 —y < y, then [z + y/2, z]
is an open neighborhood of x such that [z 4+ y/2,2] — y = {y} C [a,y]. Thus, the
operation — is continuous in first variable. Now, we prove that — is continuous in
second variable. If 1/2 — 2 < a, then [a + y/2,y] is an open neighborhood of y such
that ¢ = [a+y/2,y] = [a +y/2,y] C [a,y], and if a < 1/2 —z and 1/2 —z < ¢ < ¥,
then [c,y] is an open neighborhood of y such that @ — [¢,y] C [¢,y] C [a,y]. There-
fore, — is continuous in second variable,

Case2. let  — y € [x — y,b]. Then:

(2-1) if x <y, then by the same argument from (1-1) of Casel, we can prove that —
is continuous in each variable separately,

(2-2)let c <yand x+y <1/2. Thenzx - y=1/2—z € [1/2—a,b. Ify <1/2—b,
then [1/2 —b, x] is an open neighborhood of x such that [1/2—b,2] - y C [1/2—z, ],
and if y > 1/2 — b, then [z + y/2,z] is an open neighborhood of x such that
[z +y/2,2] =y C[1/2 — z,b]. Hence — is continuous in first variable. On the other
hand, [0, y] is an open neighborhood of y such that x — [0,y] = {1/2—z} C [1/2—z,}].
This proves that — is continuous in second variable,

(2-3) let « > y and x +y > 1/2. Then © — y = y € [y,b]. Then by the same ar-
gument of (2 — 2) of Case2, we can prove that — is continuous in first variable. If
x < b, then [y,z + y/2] is an open neighborhood of y such that z — [y,y + /2] C
v,y + /2] C [y,b], and if z > b, then [y, b] is an open neighborhood of y such that
x — [y,b] C [y, b]. Hence — is continuous in second variable. Thus, we can prove that
(Z,U) is a semitopological residuated lattice.

Now, we prove that (Z,U) is not a topological residuated lattice. For this, let
1/4©1/4 =1/2 € [3/8,1/2]. Let 1/4 € U € U. Then there is a ¢ > 0 such that
[1/4,1/44+ € C U or [1/4 —¢,1/4] C U. It is easy to prove that [1/4,1/4 + €] ©
[1/4,1/4+ €| and [1/4 —€,1/4] © [1/4 —¢,1/4] and [1/4 —€,1/4] © [1/4,1/4 + €] are
not subsets of [3/8,1/2]. Therefore, the operation ® is not continuous in (1/4,1/4),
and so (Z,U) is not a topological residuated lattice.

Example 3.3. Let Z be the residuated lattice in Example 2.1(7), and U be the
subspace topology induced from R. Then for each a,b € I, the intervals (a,b), [0, a)
and (b, 1] form a base of U. We prove that the operations A,V,® are continuous in
each variable separately but the operation — is not. First, we prove that (L, A,U) is
a semitopological residuated lattice. For this, let x,y € I,z <yandzAy e U e U. If
x =y and x Ay = 0, then U is an open neighborhood of  such that U Ay = {0} C U.
If x # y and 2 Ay = 0, then there is an a < y such that z Ay € [0,a) C U. Now [0, a)
is an open neighborhood of x such that [0,a) Ay = [0,a) C U.

If £ Ay = 1, then by (Rs5), x = y = 1. Hence U is an open neighborhood of x such
that U Ay = {1} CU.

Now, let Ay # 0,1. Then there are a,b € I such that z Ay € (a,b) CU. If x =y,
then (a,b) is an open neighborhood of « such that (a,b) Ay C (a,b). Let « # y. Then
if y < b, then (a,y) is an open neighborhood of x such that (a,y) Ay C (a,b), and
if y > b, then (a,b) is an open neighborhood of x such that (a,b) Ay C (a,b). Thus,
we can prove that the operation A is continuous in first variable. By Proposition 2.1,
(L, A\, U) is a semitopological residuated lattice. By the same argument as above, we
can prove that V is continuous in each variable separately. Since ® = A, the operation
©® is continuous in each variable separately. But — is not continuous in first variable,
because let 0 = 0 =1 € (1/2,1], and [0,b) be an open neighborhood of 0. Then for
each z € (0,b), x > 0=0¢ (1/2,1].

Recall, a function f : X — Y between topological spaces is homeomorphism if
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f71:Y < X exists and f and f~! are continuous.[See, [7]]

Proposition 3.1. Let (L,U) be a semitopological residuated lattice. Then:

(i) if 1l € U € U and x € L, then there is an open neighborhood V' of 1 such that
xxV C U, where x € {V,—},

(i1) if 1 € U € U, then there is an open neighborhood V of 0 such that V' C U,

(#i1) if € U € U, there is an open neighborhood V' of 1 such that V x x C U, where
x € {N\,©,—},

(i) if x € U € U, there is an open neighborhood V' of x such that V x x C U, where
* € {\,V},

(v) the negation map p: L — L by p(xz) = ' is homeomorphism iff, is one to one iff,
18 onto.

Proof. (i) Let x € {V,—},x € Land 1 € U € Y. By (Ry) and (Rg), xx1=1€U.
Since * is continuous in second variable, there is an open neighborhood V of 1 such
that x x V C U.

(73) Let 1 € U € U. By (R4), 0 - 0 =1 € U. Since the operation — is continuous in
first variable, there is an open neighborhood V of 0 such that V! =V — 0 C U.

(73i) Let x € {A\,©®,—} and 2 € U € U. By (R3), 1 * & = z. Since * is continuous in
first variable, there is an open neighborhood V of 1 such that V xx C U.

(iv) The proof is similar to the proof of (ii7).

(v) If p is homeomorphism, it is clear that P is an one to one map. Let p be one to
one. We prove that p is onto. For this, let y € L. By (Ra21), ¥’ = y"”’. Since p is one
to one, y = y” = p(y’). Hence p is onto. Now, let p be onto and let y be an arbitrary
element of L. Since p is onto, there is a € L such that y = p(x). Now, by (Ra1),

/! n

y' = 2" = 2’ = y. Hence for each z € L, p(p(x)) = 2" = z, which implies that

p~! = p. Since p is continuous, p is homeomorphism. (I

Proposition 3.2. Let (L,U) be a topological residuated lattice. Then,

(1) if 1 € U € U, then there is an open neighborhood V' of 1 such that V «V C U,
where x € {A\,V,©, =},

(i) if 1 €e U € U and x € L, then there is an open neighborhood V' of x such that
V-VCU,

(i3) if 1 € U € U, then there is an open neighborhood V' of 0 such that V' C U,

(iv) if x € U € U, there are two open neighborhoods V. and W of 1 and x, respectively,
such that V-« W C U, where x € {\,®,—1},

(v) if € U € U, there is an open neighborhood V' of x such that V xV C U, where
x € {A,V}.

Proof. The proof is similar to the proof of Proposition 3.1. (|

Proposition 3.3. Let F be a Filter in a topological residuated lattice (L, ®,—,U).
If F is an open neighborhood of 1, then F', closure F in L, is a filter in L. Moreover,
if {1} is an open set in L, then for each filter F in L, F is a filter.

Proof. Since ® is continuous, we get that FOF C FOF. Let ¢ < y and z € F.
There is a net {z; : ¢ € I} in F such that is converges to z. Since — is continuous,
the net {z; — y : ¢ € I} is converges to © — y = 1. Since F is an open neighborhood
of 1, there is a j € I such that z; — y is in F. Hence y € F' C F. Therefore, F is a
filter. The proof of other case is clear. (]

Theorem 3.4. Let L be a residuated lattice. Then there is a topology U on L such
that (L, \,V,®,U) is a topological residuated lattice and (L, —,U) is a left topological
residuated lattice.
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Proof. Let a € L, Ly ={x € L:a <z} and B ={L, : a € L}. It is easy to prove
that L C UaeL L., and for each a,b,c € L if c € L, N Ly, then L. C L, N L. Hence
B is a base for a topology U on L. Let a,b € L and * € {A,V,®}. Then by (Rg)
and (Rg), we can prove that L, x L, C La. and a — Ly C L, 5. These relations
prove that (L,A,V,®,U) is a topological residuated lattice and (L,—,U) is a left
topological residuated lattice. O

Example 3.4. In Example 2.1(¢), for each a € I, L, = [a,1]. By Theorem 3.4,
(L,A,V,®,U) is a topological residuated lattice and (L,—,U) is a left topological
residuated lattice. We show that (L, —,U) is not a right topological residuated lattice.
For this, let 1 # y € L and 2 — y € [x — y,1]. Then it is easy to prove that
[z,1] = y € [z — y,1]. This proves that — is not continuous in first variable.

Proposition 3.5. Let (L, A\,U) be a topological residuated lattice, and the negation
map p: L — L by p(z) = 2’ be continuous. Then if Up is the induced topology from
L on B(L), then the operations N\, V,®,— are continuous on (B(L),Ug).

Proof. By Proposition 2.4, A,V,®, — are operations on B(L), and the negation map
p is also a continuous map of B(L) onto B(L). Since A is continuous on L, by [[4],
Proposition 3.9], the operation A is continuous on B(L). On the other hand, since
A = ® on B(L), we conclude that ® is continuous on B(L). Now, we prove that
V is continuous in B(L). Let x,y € B(L), and U be an open set in L such that
xVy € B(L)NU. By Proposition 2.4(i), (zVy)" = vy € B(L)NU. By (R20), (z'Ay’)' €
U. Since the negation map p is continuous in L, there is an open neighborhood V'
of ' Ay’ in L such that V' C U. Since A is continuous in L, there are two open
neighborhoods W7 and W5 of 2’ and ¥ respectively, in L such that W3 A Wy C V.
Since the negation map p is continuous in L, there are two open neighborhoods U; and
Us of x and y, respectively, in L such that U] C Wy and US C Ws. Now, B(L)NU; and
B(L) N Us are two open neighborhoods of = and y, respectively, in B(L). We prove
that (B(L)NU,)V ((B(L)NUsz) € B(L))NU. Let z; € B(L)NU; and 29 € B(L)NUs.
Then z; € Wi and 2z, € Wa. Hence 2] A Z5 € W1 A Wy C V. Thus, (2] A 25) € U.
Since 21 V 29 = (21 V 22)" = (2] A 25)’, it follows that z; V 2o € B(L) N U. Therefore,
V is continuous in B(L). Finally, to complete the proof, we have to show that —
is continuous in B(L). Let z,y € B(L) and U € U and z — y € B(L) N U. By
Proposition 2.4(i), x — y” € B(L)NU and by (Ri6), (x ©y') € B(L) NU. Since the
negation map p is continuous on B(L), there is an open neighborhood B(L) NV in
(B(L), of z ® ¢y such that (B(L)NV) C B(L)NU. Since ® is continuous in B(L),
there are two open neighborhoods B(L)NW; and B(L)NWx of x and y', respectively,
such that (B(L) N Wy) ® (B(L) N W5) C B(L) N V. Since the negation map p on
B(L) is continuous, there is an open neighborhood B(L) NU; of y in B(L) such that
(B(L)NUy) € B(L)NW,. We show that (B(L)NW;) — (B(L)NU;) € B(L)NU. For
this, let z; € B(L)NW; and 2o € B(L)NU;. Hence 2z, € B(L)NWa, and so (21 ©25)’
isin (B(L)NW1) ® B(L)NW,) C B(L)NU. Since 21 — 20 = 21 — 25 = (21 ® 24)’,
we conclude that z; — zo € B(L)NU. O

In Proposition 3.5, if (L, A,U) is a semitopological residuated lattice, then by the
same argument,we can prove that A, V, ®, — are continuous in each variable separately
in B(L).

Example 3.5. Let L be the residuated lattice in Example 2.1(iii). Then:
(1) it is easy to prove that the set {{0}, {a}, {b}, {¢, 1}} is a base for a nontrivial topol-
ogy U on L such that (L,A\,U) is a topological residuated lattice and the negation
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map p is continuous. By Proposition 3.5, the operations A, V, ®, — are continuous on
B(L) = {0,a,b,1},

(i) the set U = {{a}, {a, b}, L, ¢} is a topology on L such that (L, A,U) is a semitopo-
logical residuated lattice and the negation map p is continuous. Hence the operations
A, V,®,— are continuous in each variable separately in B(L) = {0,a,b,1}.

Theorem 3.6. Let (L, A\, ®,U) be a (semi)topological residuated lattice, and the nega-
tion map p : L — L by p(x) = a’ be continuous. If for each a € L, a’' = a, then
(L,U) is a (semi)topological residuated lattice.

Proof. Suppose (L, A\, ®,U) is a topological residuated lattice. We prove that (L,U)
is a topological residuated lattice. The proof of other case is similar. First, we show
that V is continuous. For this, let x,y € L, U € U and z V y € U. Then by (Ra),
(@' Ay') = (& Vy)' € U. Since the negation map p is continuous, there is an open
neighborhood V of 2’ Ay’ such that V’ C U. Since A is continuous, there are two open
neighborhoods Vi and V5 of 2’ and ¢/, respectively, such that V3 A Vo C V. Since the
negation map p is continuous, there are two open neighborhoods W7 and W5 of & and
y such that W] C V; and W) C V5. Now, W, and W; are two open neighborhoods of
x and y, respectively, such that W7 V Wy C U because if z; € W and zo € Ws, then
by (Ra0),

21 Vza=(21Vz)' = (1 AN2) € WIAWS) C(ViAVe) CV CU.

Now, we prove that — is continuous. For this, let x,y € L and x — y € U € U. Then
by (Rig), (x @ y') =2 — y” = x — y € U. Since the negation map p is continuous,
there is an open neighborhood V' of x @ 3’ such that V' C U. Since ® is continuous,
there are two open neighborhoods Wy and W5 of x and 3/, respectively, such that
W1 ® Wy C V. Since the negation map p is continuous, there is an open neighborhood
W3 of y such that W5 C Ws. Now, W; and W3 are two open neighborhoods of z and
1y, respectively, such that W7 — W3 C U because if z; € Wi and z; € W3, then by
(Rlﬁ)a

21— 22 =21 — Zé/ = (Zl @Zé)/ S (W1 @Wé)/ - (Wl @Wg)/ - % cU.
O

Theorem 3.7. Let L be a residuated lattice. Then there is a nontrivial topology U on
L such that the negation map p: L — L by p(x) = a’ is continuous in L. Moreover,
if the negation map p is an open map in (L,U) and (L,A,—,U) is a semitopological
residuated lattice, then (L,U) is a topological residuated lattice.

Proof. Let U ={U C L:2 €U < a’ € U} U{¢}. It is clear that L and the empty
set ¢ are in U. Let {U; : i € I} be a family of members of U. If 2’ € (U;c;U;)’, then
thereis a ¢ € I and z € U; such that 2’ = 2’. Since 2’ € U/, we get that 2’ € U;. Hence
x € U; C UjerU;. Thus, we can prove that U;crU; is in U. Now, if 2’ € (N;erU;)’, then
there is a z € N;crU; such that ' = 2’. Since for each ¢ € I, 2/ € U/, and U; € U,
we get that x € U;. Hence x € N;c;U;. Thus, N;c;U; is in U. This proves that U is a
topology on L. Since ¢ Z{x € L:2' =0} e Y and 0 &€ {z € L : 2’ = 0}, we get that
U is a nontrivial topology on L. Now, we prove that the negation map p is continuous.
For this, let U € U and 2’ € (p~*(U))’. Then there is a 2 € p~1(U) such that 2’ = 2’.
Since 2’ € U, we get that x € p~}(U). Hence p~*(U) € U and so p is continuous.

Let the negation map p be an open map and (L, A, —,Uf) be a semitopological resid-
uated lattice. First, we prove that (L,U) is a semitopological residuated lattice. For
this, we have to show that V and ® are continuous in each variable separately. Let
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z,y € Land xVy € U € U. Then by (Ryg) and hypothesis 2’ Ay’ € U’ € U. Since A is
continuous in first variable, there is an open neighborhood V of 2’ such that V Ay’ C U.
Since the negation map p is continuous, there is an open neighborhood W of x such
that W’ C V. Now, W is an open neighborhood of x such that W VvV y C U. Hence V
is continuous in first variable. By Proposition 2.1, V is continuous in each variable
separately. In continue we will prove that ® is continuous in each variable separately.
Let z,y € L and x ®y € U € U. Then by (R16) and hypothesis, x — ¢y’ € U’ € U.
Since — is continuous in first variable, there is an open neighborhood V of = such
that V' — ¢/ C U. Thus, V is an open neighborhood of z such that V ©®y C U.
Hence ©® is continuous in first variable. By Proposition 2.1, ® is continuous in each
variable separately. Finally, to complete the proof, we have to show that (L,U) is a
topological residuated lattice. Let * € {A,V,®,—} and xz,y € Land x xy € U € U.
Since * is continuous in first variable, there is an open neighborhood V of x such
that V xy C U. Since * is continuous in second variable, for each z € V, there is an
open neighborhood W, of y such that z+« W, C U. Let W = N <y W,. Since arbitrary
intersection of members of U is in U, we get that W € U. Thus, V and W are two
open neighborhoods of x and y, respectively, such that V' « W C U. Therefore, * is
continuous and so (L,U) is a topological residuated lattice. ([l

If F is a filter in a (semi)topological residuated lattice L, then by [[4], Proposition
3.9] F, endowed with the topology induced from L, is a (semi)topological algebra.
In this case we say that F' is a (semi)topological filter in (semi)toplogical residuated
lattice L.

Theorem 3.8. Let L* = L\{0}, be a filter in a residuated lattice L. LetU be a topology
on L such that {0} is an open and closed set in L. Then (L,U) is a semitopological
residuated lattice iff, there is a chain F of proper open semitopological filters in L
such that L* = UF.

Proof. Let p be the negation map. Since L* is a filter in L, we get that for each
x € L*, p(z) = 0 and p(0) = 1. We prove that p is continuous. Let U be an open set
in L. If 0 € U, then p~1(U) = L* which is an open set in L. If 1 € U and 0 ¢ U, then
p~1(U) = {0} which is an open set in L. If 0,1, both are not in U, then p=*(U) = ¢
which is an open set in L. Thus, the negation map p is continuous. Now, let (L,U)
be a semitopological residuated lattice. Then F = {L*} is a chain of proper open
semitopological filters in L such that L* = UF.

Conversely, Let F be a chain of proper open semitopological filters in L such that
L* = UF. We prove that (L,U) is a semitopological residuated lattice. First, we show
that A is continuous in each variable separately. Let z,y € L and x Ay € U € U.
If x = 0, then {0} is an open neighborhood of = such that {0} Ay CU. If y = 0,
then L is an open neighborhood of x such that L Ay C U. Let = and y are nonzero.
Then there is a F' € F such that z,y € F. Since x Ay € FNU and A is continuous
in F, there is an open neighborhood V of x in L such that (FNV) Ay C U. Now,
since F' is an open set in L, we get that F NV is an open neighborhood of = such
that (FNV) Ay CU. Hence A is continuous in first variable. By Proposition 2.1, A
is continuous in each variable separately. By the same argument we can prove that Vv
and ® are continuous in each variable separately. Finally, to complete the proof, we
have to show that — is continuous in each variable separately. For this, let x,y € L
and x -y €U eU. If x =0, then {0} and L are two open neighborhoods of z and
y, respectively, such that {0} -y CU andx - L CU. If y =0, then x — y = a’.
Since the negation map p is continuous, there is an open neighborhood of x such that
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V' C U. Now, V and {0} are two open neighborhoods of x and y, respectively, such
that V' — y C U and © — {0} C U. Let = and y both are nonzero. Then there is a
F € F such that z,y € F. Since x — y € FFNU and — is continuous in each variable
in F, there are two open neighborhoods V and W in L of x and y, respectively, such
that (FNV) -y C U and ¢z — (FNW) C U. Now, since F is an open set in L,
FNV and FNW are two open neighborhoods of x and y in L, respectively, such that
(FNV)—y CUand x — (FNW) C U. Therefore, — is continuous in each variable
separately in L. O

4. Hausdorff (semi)topological residuated lattice

In this section we study the relationship between separation axioms Ty, 77 and T5
and (semi)topological residuated lattice. We bring some conditions under which a
(semi)topological residuated lattice becomes a Ty or T; or Hausdorff space.

Definition 4.1. Let L be a residuated lattice, & be a topology on L, and f be a
function from L into L. We call that L is a f-open if f is an open map.

Notation. Let L be a residuated lattice. From now on in this paper, for each
a € L, we let mg, ja,ta,ls and 7, be the functions from L into L by m.(z) = a A z,
Ja()=aVaz, ty(xr) =a@uz, l(z) =a— z and r,(x) = — a.

It is easy to see that (L,U) is a semitopological residuated lattice iff, for each a € L,
the mappings myg, ja, ta,lqs and 7, are continuous.

Proposition 4.1. Let L be a residuated lattice, and p : L — L be the negation map.
Then:

() there is a nontrivial topology U on L such that L is a p-open,

(i1) if f € {m,j,t,1}, then there is a nontrivial topology U on L such that for each
a €L, fo,: L= L is continuous and L is f,-open.

Proof. (i) LetUd ={U C L:U' CU}. It ie easy to prove that U is a topology on L.
Since {0} ¢ U and {0,1} € U, it follows that topology is nontrivial. Since for each
Uel,U CU, we get that U” C U’. Hence U’ is an open set in L.
(i7) Let F # {1} be a proper filter in L, x € {A,V,®,—} and U, = {U C L :Vx €
U, Fxx CU}. Tt is easy to prove that U, is a topology on L. If x € {A, V,®}, since
is associative, it is easy to see that for each a € L, F xa € U,. If x =, then by (Ry),
foreachae Landye F - a, F>yCF - (F—>a)=F0F)—>aCF —a
which implies that FF — a € U,. Therefore, U, is a nontrivial topology on L. Let
x* € {A\,V,0} and f € {m,j,t}. lf z,y € L and x xy € U € U,, then F xx is an open
neighborhood of = such that (F *x z) xy C U. Hence (L, *,U,) is a semitopological
residuated lattice and so for each a € L, f, is continuous. Now, we prove that L is
f-open. For this, let a € L and U € U,. If y € a = U, then there is a x € U such that
y=ax*x. Since F xx C U, it follows that F'xy = Fxa*xx C a*xU. Hence a*U is an
open set in L. This proves that L is f,-open.

Let *+ =— . We show that for each a € L, [, is continuous and L is [,-open. Let
a € L and U € U,. First, we prove that [, is continuous. Let a — x € U. Then F — z
is an open neighborhood of x such that by (R1),a = (F - 2)=F — (a - z) CU.
Hence [, is continuous. Now, we prove that L is [,-open. For this, we have to prove
that a — U is an open set in L. Let y € a — U. Then there is a x € U such
that y = a — x. Now, F' — z is an open neighborhood of z such that by (R;),
F—sy=F—=(a—>z)=a— (F—z) Ca— U. Therefore, L is [,-open. O
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Proposition 4.2. Let U be a topology on a residuated lattice, and let p : L — L by
p(x) = a’ be the negation map. If L is p-open and for each A € L, o' = a, then:

(i) L is t-open iff, L is r-open,

(1) if L is j-open, then L is m-open.

Proof. (i) Let L is t-open, U € U and a € L. Since p and t, are open and by (Ris),
U—a=U—d =(U®oda), weget that U — a is an open set in L which implies
that L is r-open. Conversely, Let L be r-open, U € U and a € L. Since p and r, are
open and by (Ri6), U ®a = (U ®a)’ = (U — da’), we get that U ® a is an open set
in L which implies that L is t-open.

(7) By (Ra20), the proof is similar (7). O

Let A be a topological space. Recall that A is a
(i) To-space if for each = # y € A, there is at least one in an open neighborhood
excluding the other,
(i1) Ty-space if for each x # y € A, each has an open neighborhood not containing
the other,
(#i1) Ty-space if for each x # y € A, there two disjoint open neighborhoods U,V of z
and y, respectively.
A Ty-space is also known as a Hausdorff space.[See, [7]]

Proposition 4.3. Let U be a topology on a residuated lattice L. If L is t-open or
r-open, then L is a Ty-space.

Proof. First, let for each a € L, the mapping t, is open, and x # y € L. If U is an
open neighborhood of 1, then U ® x and U ® y are two open neighborhoods of x and
y, respectively. But x U @y ory € U ®x because if t € U ®y and y € U ® x, then
by (Rs), x = y which is a contradiction. Hence L is a Ty-space. Let for each a € L,
the mapping r, be open and let z # y € L. Then U — = and U — y are two open
neighborhoods of x and y, respectively. We show that ¢ U — y or y ¢ U — z. Let
z €U —yandy € U— z. Then by (Rs5), x = y which is a contradiction. Hence L
is a Ty-space. (I

Theorem 4.4. Let L be a residuated lattice. Then there is a nontrivial topology U
on L such that L is a Ty-space.

Proof. Let F # {1} be a proper filter in L. By Proposition 4.1(ii), 4 = {U C L :
Ve € U,F ®x C U} is a nontrivial topology on L such that L is t-open. Now, by
Proposition 4.3, L is a Ty-space. (I

Proposition 4.5. Let (L,—,U) be a left topological residuated lattice. If for each
x € L\ {1}, there is an open neighborhood U of 1 such that x € U, then L is a
To-space.

Proof. Let x #y € L. Thenz -y # lory — x # 1. W.O.L.G,let z — y # 1. Then
there exists an open neighborhood U of © — y such that 1 ¢ U. Since (L, —,U) is
a left topological residuated lattice, there exists an open neighborhood V' of = such
that V' — y C U. We prove that y € V. If y € V, then by (Rs), 1 =y — y € U, which
is a contradiction. Hence (L,U) is a Tp-space. O

Theorem 4.6. Let L be a residuated lattice such that for each a # 1, there is ab € L
such that a < b < 1. Then there is a nontrivial topology U on L such that L is a
To-space.
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Proof. Let for each a € L, L, = {z : a < z}. Then by Theorem 3.4, B={L,:a € L}
is a base of a nontrivial topology U on L such that (L,—,U) is a left topological
residuated lattice. Let 1 # a € L. Then there is a b € L such that a < b < 1.
Now, L is an open neighborhood of 1 such that a ¢ L;. By Proposition 4.5, L is a
To-space. (Il

Theorem 4.7. Let L be a residuated lattice. Then, there is a nontrivial topology U
on L such that L is a Ty -space.

Proof. Let F # {1} be a proper filter in L. By Proposition 4.1(ii), Y = {U C L :
Ve € U,F — x C U} is a nontrivial topology on L. For each x € L, F — z is an
open set because if y € F' — z, then there is a z € F' such that y = z — « and by
(Ri),F5y=F = (z—2z)=(F0©®z) 52 CF — x Now, if ¢ # y € L, then
F — x and F' — y are two open neighborhoods of = and y, respectively, which by
(Rs),z¢ F —>yandy¢ F — x. O

Proposition 4.8. Let (L, ®,U) be a semitopological residuated lattice. If L is t-open
and r-open, then L is Ty-space iff, for each 1 # x € L, there is an open neighborhood
U of 1 such that x ¢ U.

Proof. If L is a Ty-space, then the proof is clear. Conversely, Let for each x # 1 there
exists an open neighborhood U of 1 such that x ¢ U. We prove that L is a Tj-space.
Let x,y € L and x # y. We consider the following cases:

Case 1. Let x = 1. Then y # 1. Hence there is an open neighborhood U of x = 1 such
that y ¢ U. Since L is t-open, y ® U is an open neighborhood of y. But 1 € y © U
because if 1 € y® U, then there is a z € U such that 1 = y® z. By (R5), 1 = y which
is a contradiction.

Case 2. Let z,yy # 1 and x < y. Then there is an open neighborhood U of 1 such that
y & U. Since L is t-open and r-open, U ® x and U — y are two open neighborhoods
of x and vy, respectively. But y € U © x and © ¢ U — y because if y € U ® x or
x € U — y, then by (Rs5), x <y which is a contradiction. If y < x, then the proof is
similar.

Case 3. Let z,y # 1 and = £ y and y £ . Then there is an open neighborhood U of
1 such that y ¢ U. Since L is t-open, z ® U and y ® U are two open neighborhoods
of z and y, respectively. Now, by (Rj5), we get that x € y© U and y € x © U. O

Proposition 4.9. Let (L,—,U) be a semitopological residuated lattice. Then (L,U)
is a T1-space if and only if for any x # 1 there are neighborhoods U and V of x and
1, respectively, such that 1 ¢ U and x ¢ V.

Proof. If L is a Ty-space, then the proof is clear. Conversely, let for any = # 1 there
are two open neighborhoods U and V of x and 1, respectively, such that 1 ¢ U and
x ¢ V. We prove that L is a Ti-space. Let z,y € L and © # y. Then z — y # 1
ory = x # 1. W.O.L.G, let £ — y # 1. Let U be an open neighborhood of x — y
such that 1 ¢ U. Since — is continuous in each variable separately, there are two
open neighborhoods V' and W of x and y, respectively, such that V — y C U and
r—WCU Butz ¢ W and y €V because ify ¢ Vorx e W, thenl=y —-yecU
or 1 =2 — x € U which both are contradictions. Hence (L,U) is a Tj-space. O

Proposition 4.10. Let (L,—,U) be a topological residuated lattice. Then (L,U) is
a Hausdorff space iff, for each x # 1 there exist two open neighborhoods U and V' of
x and 1, respectively, such that U NV = ¢.
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Proof. If L is a Ty-space, then the proof is clear. Conversely, let for each x # 1, there
exist two open neighborhoods U and V of z and 1, respectively, such that UNV = ¢.
Let z,y € Land z #y. Thenz - y# lory - x # 1. WO.LG,let z — y # 1
and U and V be two disjoint open neighborhoods of 2 — y and 1. Since (L, —,U)
is a topological residuated lattice, there are two open neighborhoods W7 and W5 of
x and y, respectively, such that W7 — Wy C U. Wy and W5 are disjoint because if
z € WiNWs, then 1 = z — z € U, which implies that 1 € UNV, a contradiction. O

Proposition 4.11. Let L be an ordered residuated lattice i.e, for each x,y € L, x <y
or y < x. Then there is a nontrivial topology U on L such that (L,U) is a Hausdorff
space.

Proof. Let for each a,b € L, [a,b] = {x € L : a < x < b}. Then it is easy to prove
that B = {[a,b] : a,b € L} is a base of a nontrivial topology U on L. Let =,y € L
and z < y. Then [0,z] and [y, 1] are two disjoint open neighborhoods of z and y,
respectively. Hence (L,U) is a Hausdorfl space. O

Recall that a topological space (A,U) is regular if for each z € U € U, there is an
open set V in A such that z € V C V C U, where V is closure of V in A.[See, [7]]

Theorem 4.12. Let (L,—,U) be a reqular topological residuated lattice. Then the
following statements are equivalent:

(1) (L,U) is a Hausdorff space,

(1) (L,U) is a Th space,

(ii1) Nyey U = 1, where U is a fundamental system of neighborhoods of 1.

Proof. (i = i) The proof is clear.

(74 = 4ii) The proof is clear by Proposition 4.9.

(iii = i) Let Ny U =1, 2#y € L. Thenx =y # 1lory —z#1 WO.LG, let
x — y # 1. Then there exists an open neighborhood U of 1 such that x — y € U.
Since (A,U) is a regular space, there is a V € U such that 1 € V. C V C U. Since
L\ V is an open neighborhood of  — y, and (L,—,U) is a topological residuated
lattice, there exist two open neighborhoods W7 and Ws of x and y, respectively, such
that W, — Wy C A\ V. W; and W, are disjoint because if z € W7 N Wy, then
l=2z—2¢€W; = Wy C L\V, which is a contradiction. O

Proposition 4.13. Let (L,®,U) be a Hausdorff semitopological residuated lattice.
Then for eacha € L, J, ={x € L:a®x = a} is a closed filter in L.

Proof. Let a € L and z,y € J,. Then a © (z @ y) = (a0@2) 0Oy =a0y = a. If
x <yand z € L, then by (Rs) and (Rg), a =a®x < a®y < a, which implies that
a®y = a. Hence J, is a filter in L. Since L is Hausdorff and ¢, is continuous, we get
that J, =t (a) is closed in L. O

Proposition 4.14. Let (L,®,U) be a Hausdorff compact semitopological residuated
lattice. If {1} € U and for each 1 # a € L, there is a z € L\ {1} such that a ® z = a,
then there is a filter J # {1} in L such that for each a € J\ {1}, a is a mazimal
idempotent.

Proof. Let F = {F C L:1# Fis a closed filter} and A= {F*: F € F}, where
F* = F\ {1}. Since for each 1 # a € L, by hypothesis and by Proposition 4.8,
Jo={x €L:a®x=a}isin F, we get thate F and A are nonempty. Since for
each F € F, F* = FN L\ {1}, we get that each of members of A are closed in L. Let
S = {F} :i € I} be a chain in partial order set (A, C). Since L is compact, and finite
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intersection of members S is nonempty, we get that N;erF}* is a nonempty closed set
in L. On the other hand, since N F;* = (Nier F;)*, we conclude that N;er F; # {1}.
Hence NjcrF} is a lower bound of S in A. By zorn’s Lemma, A has a minimal, say
J*. Thus, J # {1} is a filter in L. We prove that all of members of J are idempotent.
Let a € J. It is easy to prove that J, = {x € L : a ® x = a} is a closed filter in L
which is contained in J. Hence J; is a member of A which is contained in J*. Since
J* is minimal, J, = J. This follows that a ® a = a. To complete the proof, we have
to prove that all of members of J are maximal idempotent. Let 1 # a € J and b be
an idempotent in L such that a < b. Since J is filter, b is in J. Since b is idempotent
and J* is minimal in A, it is easy to prove that < b >= J. Thus, b = b® a < a which
implies that a = b. O

5. Conclusion

In this paper we introduced (semi)topological residuated lattices and studied sepa-
ration axioms Ty, T} and T on them. Next researches can study normality, regularity,
metrizability and uniformity on (semi)topological residuated lattices.
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