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Entropy solution for strongly nonlinear elliptic problems with
lower order terms and L'-data

MoSTAFA EL MOUMNI

ABSTRACT. We give an existence result for strongly nonlinear elliptic equations of the type
—div (a,(x7 u, Vu) + <I>(u)> + g(z,u, Vu) + H(z,Vu) = f in Q,

where the right hand side f belongs to L' (Q), —div(a(z, u, Vu)) is a Leray—Lions type operator
with growth |Vu|P~! in Vu and ® € CO(R,RY). The critical growth condition on g is with
respect to Vu and no growth condition with respect to w, while the function H(z, Vu) grows
as |[Vu|P~1.
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1. Introduction

In the present paper, we show the existence of an entropy solution for strongly
nonlinear elliptic problem of the type

—div(a(:mu, Vu) + <I>(u)) +g(z,u,Vu) + H(z,Vu) = f in Q, (1.1)

where Q is a bounded open subset of R, N > 1. The operator —div(a(z,u, Vu)) is a
Leray-Lions operator acting from W, () into its dual W~1?'(Q), which is coercive
and grows like |Vu|P~1 with respect to Vu, p’ := ﬁ. Furthermore, the functions g
and H are two the Carathéodory functions with suitable assumptions (see Assumption
H(2)). The function ® is just assumed to be continuous on R. Main difficulties in
this work arise from the fact that we consider data f which only belong to L'().

Many physicals models lead to elliptic and parabolic problems. For instance, in
[14] the authors study the modeling of an electronically device. The derived elliptic
system coupled the temperature (denoted ) and the electronically potential (denoted
©). The temperature equation is considered as an elliptic equation where the second
member f = |Vyp|? belongs to L'(Q). In [15] a Fokker-Planck equation arising in
populations dynamics is studied. Models of turbulent flows in oceanography and
climatology also lead to such kind of problems (see [16] and the references therein).

In [17] the author studies the Navier-Stokes equations completed by an equation
for the temperature (u = 7). Note that for compressible flows the divergence of
the velocity does not vanish, and the temperature equation can be considered with
linear terms having the form b(z)Vu. These linear terms introduce new difficulties
in the sense that the compactness results, do not apply directly which needs further
technical investigations.
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We are interested in existence results for entropy solutions to (1.1). For instance,
in the variational case (i.e. when f € W~17'(Q)), existence result can be found in
[6] while if f € L*(Q) initiated basic works were given in [12, 9, 23], also an existence
result for (1.1) was proved in [8] (see the references therein). Related topics can be
found in [21, 22].

When H is not necessarily the null function and ¢ = 0, existence result for problem
(1.1) was proved first in [13] in the case where g does not depend on the gradient
and then in [20] using, in both works, the rearrangement techniques. For different
approach used in the setting of Orlicz Sobolev space the reader can refer to [3, 4]. See
also [5] for related topics.

The main features of (1.1) are both the fact that the operator has two lower order
terms, which produce a lack of coercivity and the right-hand side which is a measure.
The operator has no lower order terms (i.e. H = g = 0), in this case the difficulties
in studying problem (1.1) are due only to the right-hand side belongs to L'(£2) and
the functions a(z,u, Vu) and ®(u) do not belong to (L} .(2))" in general. In the
present paper we consider operators where both the two lower order terms ®(u)
and H(x,Vu) appear without any coerciveness assumption on the operator. Simple
examples (the Laplace operator in a ball, i.e. p =2, ® = H = g = 0, and second
member the Dirac mass in the center) show that, in general, the solution of (1.1)
does not belong to the space T/Vlloc1 (©). Thus it is necessary to change the classical
framework of Sobolev spaces in order to prove existence results. In the present paper
we consider operators where both the lower order terms H(x, Vu) appear without
any coerciveness assumption on the operator.

Our aim in this paper is to investigate the existence of entropy solutions to strongly
nonlinear elliptic equations (1.1), in the case where the right-hand side belongs to
LY(2), ® # 0. The function g(z, s,¢) is assumed to have exactly the natural growth
(i.e. of order p), but no growth assumption is imposed with respect to s to the function
g which only satisfies the sign condition and the coercivity condition. The function
H(z,&), which induces a convection term, is assumed only to grow at most as |£[P~L.

Now we state a slight modification of Gronwall’s Lemma (see [2]).

Lemma 1.1. Given the function X\,v,p,p defined on [a,+o0], suppose that a > 0,
A >0, v >0 and that Ay, \p and \p belong to L*(a,+o0). If for a.e. t >0, we have

“+oo
o(t) < plt) + (1) / A(r)p(r)dr.

Then, for a.e. t >0,

o0 < p(0)+ () [ o) ([ Aenr) ar.

We recall that, for £ > 1 and s in R, the truncation is defined as

S if [s| <k,
ms):{ sl <

ki if s > k.

2. Main results

Let us now give the precise hypotheses on the problem (1.1), we assume that the
following assumptions:
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Assumption H(1). Qisabounded openset of RY (N > 1),leta: QxRxRY — RY
be a Carathéodory function, such that

la(z, s,)| < Blk(x) + [s|P~H + €771, (2.1)

for a.e. (x) € Q, all (s,€) € R x RN, some positive function k(z) € L¥ (Q) and 8 > 0.
[ae,5,€) —a(e,5,m)] - (€ —n) > 0 for all (€,n) € R xBY, with € £, (22)
a(:v,s,{) g > a|£|p7 (23)

where « is a strictly positive constant.

Assumption H(2). Furthermore, let g(z,s,&) : @ x R x RV — R and H(z,¢) :
Q x RY — R be two Carathéodory functions which satisfy, for almost every z € Q
and for all s € R, & € RV, the following conditions

l9(z,5,8)| < Lu(ls])(La(z) + [£]7), (2.4)

g(z,8,§)s > 0, (2.5)

where L1 : Rt — RT is a continuous increasing function, while Ls(x) is positive and
belongs to L().

3 6>0,v>0: for |s]| >0, |g(x,s,8)| > VP, (2.6)
|H (,€)] < ba)lg["~, (2.7)

where b(x) is positive and belongs to L"(2) with r > max(N, p).
® € CO(R,RY), (2.8)

we point out that no growth hypothesis is assumed on the function ®. This implies
that for a function u € VVO1 P(Q), the term div ®(u) may be meaningless, even as a
distribution.

Assumption H(3). As far as the right-hand side of (1.1) is concerned, we assume
that
ferL(). (2.9)

We shall use the following definitions of entropy solutions solutions for problem (1.1)
in the following sense:

Definition 2.1. An entropy solution of (1.1) is a function u : Q@ — R such that
Ti(u) € WyP(Q), and Yo € Wy (Q) N L®(Q)

/ a(x,u, Vu) - VI (u — ) dx + / O(u) - VI (u — @) dx
Q Q

—|—/ g(x,u, Vu)Ti(u — @)dx + | H(x,Vu)Tp(u— ¢)dx = / fTe(u— ) de.
Q Q Q (2.10)

Existence result. Our main results are collected in the following theorems:

Theorem 2.2. Assume that (2.1)—(2.9) hold true. Then the problem (1.1) has at
least one solution u in the sense of definition 2.1.

Proof. The proof of Theorem 2.2 is done in five steps.
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Step 1: Approximate problem and a priori estimates. For n > 0, let us define the
following approximation of ®, g, H, and f. First, let ®,, be a Lipschitz continuous
bounded function from R into RY, such that ®,, uniformly converges to ® on any
compact subset of RV as n tends to +00. Set

9(x,s,§) H(z,¢)
L+ tlg(,s,€)| L+ o |H (2, 6)|
Note that g,(x,s,£) and H,(z,&) are satisfying the following conditions
|9n (2,5, 8)| < n and [Hy(z,§)] < n.

Let f, is a regular functions such that f, strongly converges to f in L() and
[|frnllzr < c1 for some constant ¢;.
Let us now consider the approximate problem

—div(a(:mun, Vuy,) + <I>n(un)> + gn(x, Un, Vuy,) + Hy(z, Vu,) = fr, in Q. (2.12)

gn(x’sag) = and Hn(l',f) = (211)

From the Leray-Lions existence theorem (cf. Theorem 2.1 and Remark 2.1 in chapter
2 of [19]), there exists at least one weak solution u,, € W, P(Q) of the approximate
problem (2.12).

Now, we prove the solution u,, of problem (2.12) is bounded in Wol’ P(Q2), we prove
the following

Lemma 2.3. Let u, € Wy P(Q) be a weak solution of (2.12). Then, the following
estimate holds,

||Un||wol= rg) < D, (2.13)
where D depends only on Q, N, p, p', f and |[b]|1rq)-

Proof. To get (2.13), we divide the integral / |Vu,|P dz in two parts and we prove
Q
the following estimates: for all k > 0

/ |Vu,|P de < Mk, (2.14)
{lun|<k}
and

/ [Vun|Pde < Mo, (2.15)

{lun|>k}
where M; and M, are positive constants. In what follows we will denote by M;,
1= 3,4, ..., some generic positive constants. For ¢ > 0 and s > 0, we define
sign(r) it |r|>s+e¢

sign(r)(Ir| - s)
g

Pe(r) = it s<|r|<s+e

0 otherwise.

Define € (C1(R))N as ®(s) = /Osq)n(t)goﬁl(t) dt.

Then, formally, div (®(uy)) = @y (un) - ¢}, (un) Vi, and by the Divergence Theorem
(see also [7]), we get

/ &, (un). Vn(uy,) de = / div (®(uy)) dz = 0. (2.16)
Q Q
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We choose v = ¢, (u,) as test function in (2.12), we have

/ a(x, Up, Vg - V(pe(uy)) de —|—/ D(up) - Vi(pe(uyn)) dz
Q Q

—I—/an(a:,un,Vun)gpg(un) da:—i—/QHn(x,Vun)gag(un)da::/angog(un)dx.

Using gn(x, tn, Vg )pe (urn) > 0, (2.7) and (2.16), we obtain

1

f/ a(z, Up, Vi) - Vu, dz < / b(x)\VunV’*ld:c +/ | frn] da.
€ Ms<|un|<s+e} {s<|unl} {s<lunl}

Observe that,
/ b(x)|Vu, [P~ de
{s<]unl}
L (2.17)

+oo 7d % 7d 2
< — bP dx —_— |Vu,|? de do.
s Ao J{o<iunl} Ao J{o<iunl}

Because,

+oo _
/ b(x)|Vu, [P~ de :/ - (/ b(m)VunP’_ldm) do
{s<|un|} s do \ J{o<junl}

+o0 1
= / lim — / b(x)|Vu, [P~ dz | do
s 9200 \J{o<lunl<ot6}
—+o00 1 % rd
< / lim — / bP dx / |Vu,|P de do
s 0200 \ J{o<lunl<o+s} {o<|un|<o+6}
+oo ) 1 P ) 1 rd
= lim — bP dx dt lim — |[Vu,|Pde | do
s 800 {o<|un|<o+6} 500 {o<|un|<oc+d}
1 1

7

400 _ P _ P
-/ (d / bpdx> (d / wunpdx) io.
s Ao J{o<lun} Ao J{o<lun}

By (2.3) and (2.17), we deduce that
1
f/ a|Vuy|P dz S/ | fr| d
€ J{s<|un|<s+e} {5<|“n1|} 1

+o0 _d P _d P
+ - bP dx — |Vuy|P dz do.
s\ 490 Jio<lunl} Ao J (o <tunly

Letting € go to zero, we obtain
—d
— a|Vu, P dr < | fn] do
ds J{s<un|} {s<lunl} | B (2.18)

too (g r(—d ’
+ —_— b? dx — |Vuy,|? de do,
s Ao J{o<lunly Ao Jio<tun)y

where {s < |uy|} denotes the set {(x) € Q,s < |u,(x)|} and u(s) stands for the
distribution function of w,, that is u(s) = [{(z) € Q, |u,(z)| < s}| for all s > 0.
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Now, we recall the following inequality (see for example [18]), we have for almost
every s > (

=

1< (NCF) ™ (u(s) A (a () (d /{ . l}mwm) L (219)

Using (2.19), we have

e
S f

—d aulrar=a( 28 [ vupa) (] @
ds Jis<lunly ds J{s<lunly ds J{s<funl} 1

< < /{ Kunl}lfndx) (VOF) ™ ) () (; /{s<1|un.}vun'pdf>p
2 d

+(NCF) T ) ) (;8 /{ s Vunl”dw>p

too (g P (—d v
></ —/ b dx —/ [V, |P dx do.
s do Jio<lunl} do Jio<lunl}

Which implies that,

[

(2.20)

.
o7

a <_d/ [V, |P dw)
ds {s<]unl}

< (VOF) " usn R ) ( . 1 dx> £ (veF) A

1
Y

N +o0 —d % _d ?
()P @ W d - AP d do.
) / (d" /{a<|un|} x) (d" /{a<|un|}vu | :E) 7

(2.21)
Now, we consider B and v (see Lemma 2.2 of [1]) defined by

n(s)
/ b (z) dax = / BP(0)do, and 9(s) = / | fru| dex. (2.22)
{5<|un|} 0 {5<|“n|}

We have
1Bllzr(e) < [Ihllze@) and [(s)] < || fallzr(o)- (2.23)
From (2.21) and (2.22)

1
Y

a<d/{ < }Vunl”dx)p < (NCF) M () =1 (=4 (5)) 7 (s)

1
7

L 1 a1 [t 1 d
HINCT) () H(=p'(5)) ¥ B(M(V))(—M/(V))’(—dy/ |Vunpdx> dv.

{V<|un|}

]
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From Lemma 1.1, we obtain

1
7

o ( / |Vunpdw> "< (NOE) ) d I ()P e
{s<]unl}

HINCE) ) A )7 [ [(NER) T o) F (o)
xB(u(o))(—p'(0)) exp (/ (NC&lv)‘l)B(u(r))(u(T))fb‘l(—u’(r))dr> do.

(2.24)
Now, by a variable change and by the Holder inequality, we estimate the argument of
the exponential function on the right hand side of (2.24)

o

[ B @) e = [ BE

S

| L

1
e L\
e / 2\NT r .
0

Raising to the power p’ in (2.24) and we can write
—d
A5 J{s<lunl}

IN

IN

|B]

|Vu,|P de < M. (2.26)

where M7 depends only on Q, N, p, p/, f, @ and ||b]
k, and then (2.14) is proved.
We now give the proof of (2.15), using Ty (u,) as test function in (2.12), gives

/a(m,un,Vun) . VTk(un)dx—i—/
Q

Q

+/Q @(un)-VTk(un)dz:/anTk(un)dx.

(@), integrating between 0 and

(gn(glc7 Up, Vuy) + Hy(z, Vun))Tk(un) dx

By the divergence theorem, we get

/ B(up) - VT (1) = 0,
Q

using (2.7), we deduce that,

/ a(x, Up, V) - Vuy, do + / D (uy,) - VI (uy) dz

+ In (T, Up, Vg )y, dz+/ In (T, U, Vg ) T (uy) do
{lun|>k}

{“n‘gk}
< fnTk(un)dx+/b(x)|Vun|p_1\Tk(un)|dx
Q Q

(2.27)
and by using in the fact that g, (x, un, Vu,)u, > 0 and (2.3), we have

of wwpPdet [ g V) Tie) ds
{lun|<k} {lun|>k}

< E[[fllzr + kr/ b(x)|Vu, [P~ do + k/ b(@)| V[Pt da,
{Jun|<k} {lun| 2k}
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which implies that,
/ 9(x, Un, Vg )Ty (uy,) d
{lun|>k}
< kaHle/ b(x)|Vu, [P~ de + k/ b(@)| V[P~ da.
lun|<k} {Jun| >k}

By the Holder inequality and (2.14), we obtain

/ 9(x, up, Vun )Ty (uy,) dzx
{lunl>k}

(2.28)
1 _
< HIf sy + B Ml + k[ bV da
{lun|>k}
From (2.6) and applying Young’s inequality, we get for all k > §
V/k/ Vunl? de < k|| £l 210y + &7 Myl 1o oy + k/ b(x)|Vu, [P~ da
{lun|>k} {lun|>k}

1
< K[| fllor) + kY Mu[bl| o) + Mek|[b|IF, + plfl//f/{' | k}|Vun|” dx.
Up | >

(2.29)
Hence
1
1-2) /{ [Tl S M)+ Moy + MBI (230
Un|>k
and Lemma 2.3 is proved. (I

Step 2: Almost everywhere convergence of u,. We prove that u, converges to some
function u locally in measure (and therefore, we can always assume that the conver-
gence is a.e. after passing to a suitable subsequence). We will show that w, is a
Cauchy sequence in measure in any ball Bg.

Let £ > 0 large enough, we have

k meas({|u,| > k} N Bg)

/ Ty ()

|un|>k}NBr
< /;R T (un)|d (2.31)
< of [ wrwras)
< c. “
Which implies
meas({|u,| > k} N Br) < &, forall & > 1. (2.32)

We have, for every ¢ > 0,

meas({|um — up| >0} N Br) < meas({|u,| > k} N Br) + meas({|un,| >k} N Bg)
+ meas({|Tk(un) — T (wm)| > 0}).
(2.33)
Since T} (uy) is bounded in W, (), there exists some v, € W, ?(Q), such that

T (up) — vg weakly in Wy P (Q),
Ty (un) — vy, strongly in LP(Q) and a.e. in Q.

Consequently, we can assume that Ty (u,) is a Cauchy sequence in measure in .
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Let ¢ > 0, then, by (2.32) and (2.33), there exists some k(g) > 0 such that
meas({|un, — um| > 6} N Br) < ¢ for all n,m > no(k(e),d, R). This proves that
(up,) is a Cauchy sequence in measure in By, thus converges almost everywhere to
some measurable function u. Then

Tk (un) — Tk (u) weakly in Wol’p(Q)7
Tk (un) — Tk (u) strongly in LP(Q2) and a.e. in Q.

Which implies, by using (2.1), for all k¥ > 0 there exists a function
hy, € (L¥ ()N, such that

a(z, T (tn), VT (un)) = hy weakly in (LP' (). (2.34)

Step 3: Strong convergence of truncations. Let k > 0, we consider the function
B(s) = se*” | with A > (Llo(tk))Q, we have the following inequality

o5~ W o) 2 L (2.35)

holds for all s € R. Here, we define w,, = Tog(un — Th(un) + Tk (un) — Tk(u)) where
h > 2k > 0, and the following function

Using v, as test function in (2.12), we obtain

l\D

/a(x,un,Vun) Vwp,¢' (wy,) dw+/ ®,,(un) - ¢’ (un)Vu, dr
Q

—|—/ Gn (T, Un, Vg ) o(wn,) da:—l—/ H,(z,Vu,)p(w,)dx = / fno(wy) dz
(2 37)
Using the fact that / ®,,(s) - ¢'(s)ds € Wy (Q) and Stokes formula, we get
0

/ () - & (1n) Vit d = / div U "B (s) - ¢ (s) ds] dr=0. (238
Q Q 0
Note that, Vw, = 0 on the set where {|u,| > h+ 4k}, therefore, setting M = 4k + h,

and denoting by af,(n), a3 (n),..., various sequences of real numbers which converge
to zero when n tends to infinity for any fixed value of h, we get by (2.37) and (2.38)

/a’(l‘vTM(un)vaM<un)>an(b/(wn) dx+/gn($7unvvun)¢(wn)d$
Q Q2 (2.39)
g/angzﬁ(wn)dx—i—/ﬂ|Hn(x,Vun)¢>(wn)|dx.

Since

/ Ho (2, Y )o(wn) de| < [V |7k [166(Ton(u — Ti(w)l o, (2.40)

(where bp(wy,) — bp(Tor(u — Th(w))) in LP, by Lebesgue’s dominated convergence
theorem, because ¢(wy,) is bounded ).

(, Vun)p(wn) dz| = Mo|[bd(Tor(u — Tn(w)))l|Lr + ajh(n),  (2.41)
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and since g, (x, un, Vup)d(w,) > 0 on the subset {z € Q : |u,(x)| > k}, we deduce
from (2.39) that

/ CL(;C, TM(un)’ VTM(UH)) : vwn¢/(wn) dx + / gn(xa Un,, Vun)¢(wn) dx
Q {lun(2)|<k}

< / Fnd(wn) da + Mol[bd(Tor,(u — Ty (u))||» + a4 (n).
Q

(2.42)
Splitting the first integral on the left hand side of (2.42) where |u,| < k and |u,| > k,
we can write, by using (2.3)

/a(x,TM(un), VT (un)) - Vwnd' (wy,)dz
Q

> /a(x,Tk(un)7 VTi(un)) - (VT (un) — VT (u)) ¢ (wy,)dx (2.43)

Q
~Cu [ ale Tar ), VT ()| [V ) o
{lun|>k}

where Cy = ¢/(2k). Since, when n tends to infinity, we have VT (u)Xx{ju,|>k} tends
to 0 strongly in (L?(€2))N while, (a(z, Ths (un), Vs (un)))n is bounded in (L (Q))N

hence the last term in the previous inequality tends to zero for every h fixed as n
tends to infinity. Now, observe that

/Qa(;v,Tk(un), VT (un)) - [VTk(un) — VTi(w)]¢' (wy,)dz
= /Q[a(:z:,Tk(un), VTi(un)) — a(x, Ti(uy), VIk ()] - [VTk(un) — VT (u)]¢ (wy,)dz

+/Qa(x, Ty (un), VTk(w)) - [VTk(un) — VTk(uw)]¢' (wy,)dx.

(2.44)
By the continuity of the Nymetskii operator, we have for all i =1, ..., N,

ai(, T (un), VI ()¢ (wn) = ai(x, T(w), VT3 (1))@ (Tor (u — Ti(u))

strongly in L?' (Q), and since a(Tga(f")) — a(g,;(iu)) weakly in LP(Q), the second term

of the right hand side of (2.44) tends to zero as n tends to infinity. So that (2.43)
yields

/Qa(x,TM(un), VT (w)) - [VTi(un) — VTi(uw)]e (wy,)dx

> /Q [0, Te(ttn), VT (1)) — (e, T (1), VT ()]
(VTk(un) — VTi(u)]¢ (wy)dz + az (n).

(2.45)

For the second term of the left hand side of (2.42), we can estimate as follows

{lun|<k} {lun|<k}

Ly (k)

< Li(k) /Q Lo ()| p(wn)|de + /Q (@, T (1), VT (1)) - VT 11) (a0 .

(2.46)
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Remark that, we have

/Qa(x, T (), VT () - VT ()| () dz
= /Q[a(%Tk(un)aVTk(un)) —a(x, T (un), VI (u))] - VT (un) — VI (u)]|¢(wy)|dx
+/ a(x, Tr(un), VI (un)) - VIg(u)|d(wy,)|dx
Q

—l—/ﬂa(m, Ti(un), VT (w)) - [VTk(un) — VI (uw)]|d(wy)|dz.
(2.47)
By the Lebesgue’s Theorem, we have
VTio(u)|¢(wn)| = VTi(w)|¢(Tor(u — Ti(u)))| strongly in (LP(2))™

Moreover, in view of (2.34) the second term of the right hand side of (2.47) tends to

[ 10V 0016(Tar 0~ Ty

The third term of the right hand side of (2.47) tends to 0 since for all i =1, ..., N,
ai(x, Tp(un ), VI (w))¢(wn) = ai(z, T (u), VI (w))d(Tor (v — Ti(u)))
strongly in Lp'(Q), while

O(Tk(un)) . O(Tk(u))
&mi 0.’1%

weakly in LP(Q).
From (2.46) and (2.47), we obtain

’/ 9(x, U, V) o(w,)dz
{‘unlgk}

< [ Jat@ T, VT1(ua)) = alo. Tufua), 9T@)]- [T (1) = Vi) )

+ / i VT ()] (Tt — Th(w)))| daz + L () / Lo(2)|(wn)|dx + al(n),
Q Q

(2.48)
Now, by the strongly convergence of f, and in fact that

wy, — Tog(u — Tj(u)) weakly in Wy (Q) and weakly, in L*(9Q), (2.49)

moreover, combining (2.45) and (2.48), we conclude that

/Q [a(x, T (tn), VTi(un)) — a(z, To(un), VTk(u))}
VT () = VI() | (¢ (1) = 28 g (aw, )
< Ll(k)/g Lo(2)[¢(Tor(u — Th(u)))|dz + /Q fo(Tor(u—Th(u)))|dx

+/Qhk-VTk(U)|¢(T2k(u = Th(w))l dz + Mo[bd(Tor(u — T(w)))l e + a3 (n),

(2.50)
which and (2.35), implies that
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/Q [a(x, Ti(tn), Vi (un)) — alz, T (), VTk(u))] : [VTk(un) _ VTk(u)} dx
< 2L1(’€)/Q La(2)|¢(Tor(u — Th(u)))|dz + 2/Q fo(Tar (v — Th(u)))|dx

+ 2/QthTk(u)|¢(T2k(u — Th(u)))| dzx + 2M9||b¢(T2k(’u, — Th(u)))HLp + a,112(n)7

(2.51)
hence, passing to the limit over n, we obtain

lim sup /Q [a(x,Tk(un),VTk(un)) - a(x,Tk(un)NTk(u))] : [VTk(un) - VTk(u)}dx

n—-+4oo

< 2L1(k)/QL2($)|¢>(T2k(u—Th(U)))\dfrJr?/Q fo(Tax(u = Th(u)))|dx

+2Mg||bd(Tap (u — T ()| e + Q/Qhk.VTk(uﬂqS(Tgk(u — Ty (u))| dz + o} (n).

(2.52)
It remains to show, for our purposes, that the all terms on the right hand side of
(2.52) converge to zero as h goes to infinity. Therefore by (2.52), letting h go to
infinity, we conclude,

lim [a(x, T (tn), VT (tn)) — a(z, Ti(un), VTk(u))] (VT (un) — VT (u)]da = 0.

n—-+oo Q
(2.53)
Then, Lemma 5 of [11] implies,

Ti(un) — T (u) strongly in WyP(Q). (2.54)

Step 4: Equi-integrability of H,, and g,. We shall now prove that H,(x,Vu,) con-
verges to H(x, Vu) and g, (x, un, Vu,) converges to g(x,u, Vu) strongly in L'(Q) by
using Vitali’s theorem. Since H,(z, Vu,) — H(z,Vu) a.e. Q and g (2, upn, Vuy,) —
g(x,u, Vu) a.e. Q, thanks to (2.4) and (2.7), it suffices to prove that H,(z, Vu,) and
gn (T, Up, Vu,) are uniformly equi-integrable in 2. We will now prove that H,, (z, Vuy,)
is uniformly equi-integrable, we use Holder’s inequality and (2.13), we have for any
measurable subset E C
/\H,L(a:,Vun)\da:
E

1
v

([Ebp(x) dz);(/QWunP”)p
C’(/Ebp(z) dx)%

which is small uniformly in n when the measure of E is small.

IN

(2.55)

IN

To prove the uniform equi-integrability of g, (z,u,, Vu,). For any measurable
subset £ C 2 and m > 0,

/|g(x,un,Vun)|dx:/ \g(x,umVunﬂdx—l—/ lg(z, wn, Vuy,)| dz
E En{|un|<m}

En{|un|>m}

< Ly(m) (La(@) + IVun|?) da + / 192, tn, V)| da
E{lunl<m} B juy|>m}
< Li(m) La(z) + |VTm(un)|p) dz + 19(2, tn, Viun)| dz
En{|un|[<m} En{|un|>m}
=K + K.
(2.56)
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For fixed m, we get
K 2 Lim) [ (La(o) + [VEn(un)P) do
E

which is thus small uniformly in n for m fixed when the measure of E is small (recall
that Ty, (u,) tends to Tp,(u) strongly in Wy ?(Q)). We now discuss the behavior of
the second integral of the right hand side of (2.56), let 1, be a function such that

Ym(s) =0 it |s|<m-—1,
U (s) =sign(s) if |[s| > m, (2.57)
Ph(s) =1 if m—1<]|s| <m.

We choose for m > 1, ¥, (un,) as a test function in (2.12), we obtain

/ a(z, up, Vuy,) - Vuphl, (u,) do + / D, (up) - Vuppl, (uy,) dx
Q Q

+/an(xaunavun)¢m(un) dx"’/QHn(mavun)wm(un)dx:/anwm(un) dx.

By the divergence theorem, we get
/ D, (up) - Vupl, (uy,) de = 0.
Q

Using (2.3) and Holder’s inequality

/ g0 (2 0y V)| d < / |Ho (2, V)| da + / \fld,
{m—-1<|un|} E {m—-1<|un|}

and by (2.13), we have

lim sup/ |gn (2, Up, Vuy,)| dz = 0.
{lun|>m~—1}

m— oo neN

Thus we proved that the second term of the right hand side of (2.56) is also small,
uniformly in n and in E when m is sufficiently large. Which shows that g, (z, u,, Vu,)
and H,(z,Vu,) are uniformly equi-integrable in {2 as required, we conclude that

H,(z,Vu,) — H(x,Vu) strongly in  L1(Q),

Gn (T, Un, Vu,) — g(x,u, Vu) strongly in  L(Q). (2.58)

Step 5: Passing to the limit. We take Tj(u, — v) as test function in (2.12), with
v e WyP(Q) N L®(Q), we can write

/Qa(vakH\vlloc(“n)a VTt o] (Un)) - VIk(tn — v)do —|—/ D, (up) - VI (up — v)de

Q
+/ (9(x, un, Vuy) + H(z, Vup)) Tk (un — v) de = / Tk (uy — v)dz.
Q Q

(2.59)
By Fatou’s lemma and in fact that
(@, Ty o] oo (Un), Ve o] (un)) = (@, Thp o)) () Vg o (w)
weakly in (LP ())V. It easily see that
/a(m, TkJrHva(u), VTkJrHUHOO (u)) . VTk(u — U)dl‘
Q (2.60)

< liminf, / a(x, Trpfo))oe (Un)s Vo) o (Un)) - VT (un — v)dz.
Q



224 M. EL MOUMNI

For the second term of the right hand side of (2.59). Since VT (u, —v) = VTi(u—v)
weakly in (LP(2))%, for the second term of the left hand side of (2.59), we have

/ D, (up) - VI (up — v)de — / O(u) - VI (u —v)dr as n — +oo. (2.61)
Q Q
On the other hand, we have
/ foTk(up —v)de — / fTx(u —v)dr as n — 4oo0. (2.62)
Q Q

Thanks to (2.58) and (2.60)-(2.62), we can pass to the limit in (2.59), and we obtain
that u is a solution of the problem (1.1). This completes the proof of Theorem 2.2. O

Remark 2.4. The condition (2.4) can be replaced by the weaker one
lg(z,5,8)] < La(x) + Li(|s][E]", (2.63)

where Ly : R* — R¥ is a continuous increasing function and Ls(z) € LY(Q).
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