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Spherical functions on transitive groupoids
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ABSTRACT. Let G be a topological locally compact, Hausdorff and second countable groupoid
with a Haar system and K a compact subgroupoid of G with a Haar system too. (G, K) is a
Gelfand pair if the algebra of K-biinvariant functions is commutative under convolution. In
this paper, we study spherical functions on groupoids and generalize some well-known results
on groups.
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1. Introduction

Since the works of E. Cartan and H. Weyl around 1930, the theory of spheri-
cal functions plays an important part in non commutative harmonic analysis. They
showed that spherical harmonics arise in a natural way from the study of functions
on n— dimensional sphere. The first generalization of the theory were given by I.M.
Gelfand in 1950. In [6], Gelfand considers a Lie group G (not necessarily compact)
and a compact subgroup K of G such that the bi-K-invariant integrable functions
on G, L}(G\\K), forms a commutative Banach algebra for the convolution product.
Such a pair (G, K) is called Gelfand pair. Under this condition, a function ¢ from
G to the complex field is spherical if it is continuous, bi-K-invariant and the linear
form f — ¢(f) = [ f(z)p(z)dz is a homomorphism of L'(G\\K) onto the com-
plex field. The spherical functions play the role of the exponential function for the
Gelfand pairs. The theory was extended to locally compact group and several other
generalizations exist in the literature. For more details on Gelfand pairs and spher-
ical functions the reader can consult [2, 3, 5, 6, 7]. Groupoids are generalizations of
groups. Thus in [15, 16], we have extending the notion of Gelfand pair from groups to
groupoids. In this paper, our main goal is to study spherical functions associated to
Gelfand pairs on groupoids and establish some classical theorems of harmonic anal-
ysis including Bochner theorem. As in [15] we are interested in transitive groupoids.
More precisely, this paper is a continuation of [15]. The outline of this work is as
follows. In the following section we give notations and setup useful for the remainder
of this paper. In section 3, we establish the basic properties of spherical functions on
groupoids including functional equation characterizing them. Also the closed connec-
tion between positive definite spherical functions and irreducible representations with
K — fixed vector is proved in groupoids context where K — fixed vector is replaced by
K — fixed square integrable section. The notion of positive definite function has been
extended to groupoids by Ramsay and Walter [12]. In section 4, thanks to the main
result of [15] which asserts that for transitive groupoids G, (G, K) is a Gelfand pair if
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and only if for each m € G, (G, KI") is a Gelfand pair, we establish a correspon-
dence between the positive definite spherical functions on G and the positive definite
spherical functions on Gj!. Thanks to this correspondence, we have generalized to
groupoids some classical theorems of harmonic analysis on groups.

2. Preliminaries

We use the notations and setup of this section in the rest of the paper without
mentioning. We shall use definition of a locally compact groupoid and the definition
of a Haar system on groupoid giving by J. Renault in [14]. Let G be a locally compact,
Hausdorff, second countable groupoid. G(©) denotes the unit space of G and G(?) the
set of composable pairs. For z € G, r(z) = zz~! and d(z) = 71z are respectively
the range and the domain of . For u,v € GO, let us put G* = r~(u), G, = d~'(v),
G* = G*'N G, and for each unit element u, G* = {z € G : r(z) = d(z) = u}
is the isotropy group at u. The group bundle G’ = {& € G : r(z) = d(z)} is
called the isotropy group bundle of G. There exists an equivalent relation on G(©)
defined as follows: u,v € GO, u ~ v iff G* # §. The equivalence class of u is
denoted by [u] and is called the orbit of u. As a subset of G(® x G(©) the graph
R = {(r(z),d(z)) : + € G} of this equivalent relation is a groupoid on G(®). The
anchor map 6 = (r,d) is a continuous homomorphism of G into G(9) x G(°) with image
R. A groupoid is transitive if @ is onto i.e. the range of 0 is equal to G(© x G,
Otherwise, the groupoid is transitive if it has a single orbit. Let {\*, u € G®} be a
left Haar system on G. For v € G(©, )\, will denote the image of \* by the inverse
map and {\,, u € G} is a right Haar system on G. Let u be a quasi-invariant
measure on G for the Haar system {\*,u € GO}, v = [ Adu(u) be the induced
measure by pon G, v=! = [ A\, du(u) be the inverse of v, v* = [ A* x A\, du(u) be the
induced measure by 1 on G and A the modular function of p. In [9], it was proved
that A is a homomorphism »? a.e from G to R, the group of multiplicative positive
real numbers. There is a decomposition of the left Haar system {\*,u € G(»} for
G over R. Firstly, there is a measure 8% concentrated on G for all (u,v) € R such
that:

e 3 is a left Haar measure on G,

e O is a translate of 8} i.e. 8 =20, if x € G}

Notice that g is independent of the choice of x € G. Then, there is a unique Borel
Haar system a = {a% : u € GV} for R with the property that for every u € G,
we have \* = [ f%da"(w,v). Renault [13] proves that there exists a continuous
homomorphism & of G to R such that for any quasi-invariant measure z on G(9), the
modular functions A of G, defined by p and A, and A of R, defined by i and «, satisfy
A = §A 0. We can also notice that for all u € G, § | G¥ is the modular function
of G¥ relatively to the left Haar measure 8. It is proved in [12, 13] that there is a
transitive quasi-invariant measure fi (i.e. a quasi-invariant measure concentrated on
an orbit) such that A =1 and so A=6. In particular, for a transitive groupoid there
is a unique quasi-invariant measure on G(©) with full support such that the modular
function A is a continuous homomorphism of G. C.(G) will denote the space of
complex-valued continuous functions on G with compact support, endowed with the
inductive limit topology and L' (G, ) the space of v— integrable functions on G. In [8],
P. Hahn defines the following norm on L*(G,v): || f ||r=max(|| f ||1.+; ]| f ||1.a) where

I £ llr.e= sup{ [ f(@)dX“(2),u € GO}, || £ llr.a= sup{[y, fx)dAu(@),u € GO}
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and introduces the following groupoid algebra,
HG A\ p) = {f e LYG,v):| [ [l1< o0}

I(G, )\, ) is a Banach x-algebra under the following convolution product: for all
f7g E I(G7 A’M)?

Fro@) = [ f@elna )
The involution is defined by: for f € I(G, \, ),

frx) =A™ fe™1) = A f(2).
Let K be a compact subgroupoid of G with unit space G(?). We shall assume that
K is equipped with a normalized Haar system v = {+% u € G(O)} that means
Yu(Ky) = y“(K") = 1, for each u € G(V). As it is explain above, {7*, u € G(?} has a
decomposition {(V;)(u,v)erxs (P*)uecc© }, Where Ry is the graph of the equivalence
relation on G(9) seen as unit space of K, such that yi=[~2dp*(w,v). We put

I(G\K) = {f € I(G,\, ) : f(kak') = f(z)Vx € G,Vk € K, (s, Vk' € K@)}

the space of bi-K — invariant integrable functions which is a Banach x-subalgebra of
I(G,\, u). For any f € I(G,\, ), let us denote by f% the bi-K-invariant function
defined by: for all z € G,

fi(z) = / / Fkak! Y oy (k) ) ().

If I(G\\K) is commutative for convolution product, we say that (G, K) is a Gelfand
pair. This notion in groupoids case has been studied by authors in [15, 16]. Let
H = (Hu)yeqo be a Hilbert bundle over G(® and U(H) the unitary groupoid of
the bundle H. (7,H) is a unitary continuous representation of G if 7 is a groupoid
morphism of G into U(H) such that for all square integrable sections £ and 7 of H,
the map x —< m(x)&(d(x)),n(r(x)) > is continuous. A closed nonzero subbundle M
of H (i.e. M, is a nonzero closed subspace of H, for each u € G(9) is invariant under
7 if m(x)Myp)y C M,(s), for each 2 € G. If 7 admits a non trivial closed invariant
subbundle M, it is called reducible. Otherwise it is called irreducible. If £ is a section
of H, the subbundle M, whose leaf at u € G is the closed linear span of the set
{m(z)¢(d(z)) : * € G"} is called the cyclic subbundle generated by £. We say that &
is cyclic if (M), is dense in H,, for each u € G(*). We denote by I',,(#), the Hilbert
space of square integrable section of H. In [14], J. Renault associates to any unitary
representation (7, H) a representation L of C.(G) on I',(H) defined by:

(L(f)&:m) = /f(x) < m(x)§(d(x)), n(r(z)) > dvo(x),

for all f € C.(G), &n € T',,(H), where vy = AT v. L is a bounded non-degenerate
s-representation of C.(G) where C.(G) is equipped with the norm | - ||;. We may
also define L by: L(f)&(u) = [ f(x)w(x)ﬁ(d(x))A_Tl(a:)d/\“(x) In [12], the authors
extend the notion of positive definite function to groupoids. In fact, a bounded
continuous function p : G — C is positive definite if for each v € G(©) and for each

f € C.(G) we have
/ / @) Fw)p(y™ 2)dN ()N (y) > 0.

Ramsay and Walter establish for groupoids the well-known correspondence between
positive definite functions and representations. In fact, for any bounded continuous
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positive definite function p : G — C, there exists a unitary representation 7 of G on a
Hilbert bundle H, and a bounded continuous cyclic section & of H such that for each

v € G, p(z) =< m(2)(d()), &(r(x)) >.
3. Spherical functions

Throughout this section and the followings G is Hausdorff, second countable, tran-
sitive locally compact groupoid with a left Haar system A = {\*, v € GO}. K is
a compact subgroupoid of G' containing G(©). Tt follows that G(?) is the unit space
of K. Let u be the quasi-invariant measure on G®) such that supp(y) = G© and
the modular function A associated to (A, u) is a continuous homomorphism. Since
K contains GO, it follows that G(©) is compact. So we assume that x is normalized.
For each u € G(©, the measure a* is concentrated on u x [u], and ® = &, X p, where
£, 1s the unit point mass at u. So \* = [ Stdu(w). K is equipped with a normalized
Haar system v = {7*, v € G(O'}. In this section, (G, K) is a Gelfand pair. It follows
that u is invariant (see [15]) i.e v = v71. Let ¢ : G — C be a bounded continuous
bi- K-invariant function.

Definition 3.1. ¢ is a spherical function if the map x, : f — [ f(y)e(y)dv(y), from
I(G\\K) to C, is a non-trivial character of I(G\\K).

We will study some properties of these spherical functions, in particular, extend to
groupoids case some well-known results on groups. The following result extends to
groupoids the classical functional equation of spherical functions.

Theorem 3.1. ¢ is a spherical function if and only if for all x,y € G

/Kdm pla ky)dVr(y)( ) = p(@)e(y).

r(y)

Proof. Let f,g be in I(G, A\, p). We will first compute Xw(fh * gh).
W) = [ Pl el @)
— [ Pl )pleix (@ ()duu

/ F k) g(ksyka)p(@y)dyal (ky)dns (ks)dyd® (ky)dH o 0

[ aka)gtuha)olaks ) ()i, (k) &) (ko dE

/ Flaka)g(yka) (ks 'y)dnt, (ha) s (ks)dny i) (ky)d 5 )

/ F(@)g(yka)p(hy iy Ly dn, (k) dn® (ks ) 00 (g AL (0

/ F(@)g(yks)o(xky ty)dy (kg)d’y“’3(k4)dHur(k4)

_ / F@)g(y)p (ks y)dy ) (s)dne? () d LA

JEEY xky)dvd(“;(k)du(x)du(y)
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dHr(kz) r(ks) Ay ()N (y)dp(wa)dp(ws)dp(wy ) dp(u)

Ap

and dH”t = d\, (z)d)\(y)dp(ws)dp(ws)du(u).
Then we compute o (Fh) X0 (g%).

Xe / F (ks ()™ (k) A iy () () X

/ 9(yka)e(y)dy® (ka)dy oy (y)dp(v)

— [ F@)pl@dy (k) @) x [ 9wy (e)dae ()di(v)
— [ £@e@tru k)i @dita) x [ gy)ely)drk)dha @)du(v)
— [ £@e@drae k) (w)dio) x | gly)elo)dvag (n)d ()du(v)
~ [ @5 @s @)

Thus if ¢ is spherical then x,(f% * ¢%) = X (f%)xx(g?). So according above calcu-

lations, we have fcp(xky)d’yf((;))(k) = p(x)p(y) for all z,y € G. Conversely if the

equality of theorem is verified then ¢ is spherical always according above calcula-
tions. O

The next result shows that spherical functions are eigenfunctions of certain convo-
lution operator.

Theorem 3.2. Let ¢ be a bi-K-invariant, bounded continuous function on G. We

suppose @ is not identically zero. Then the function ¢ is spherical if and only if
(i) p(u) =1 for all u € G
(i3) for every f € I(G\\K) there is a complex number x(f) such that f* ¢ = x(f)e.

Proof. Let ¢ be a spherical function. Then by the previous theorem, we have for
all 2,y € G, [o(zky)dy ((y))(k:) = p(z)p(y). In particular for y = v € GO, we
have ¢(x) = @(x)p(u) for all x € G and since ¢ # 0 we conclude p(u) = 1. For
feI(G\\K) and z € G,

Frola) = [ F)pl o), (BN ()duv)
[ Hrety k)i (a3 (o)
[ 1) [ ot ki 0)ax w)duto
— ([ 1wl dr)e()

thanks to the left K-invariance of ¢ and the previous theorem. Conversely, suppose
the conditions (i) and (i7) satisfied. Since ¢(u) = 1 for all u € G(?), we have

fxe(u) = x(f). Hence [ f(y)e(y™")dv(y) = x(f), 0 xo(f) = x(f). Let now
fyg € I(G\\K). Thanks to (it) and the associativity of convolution product, we
have (f x g) ¢ = x(f * g)p and (f = g) * o = x(f)x(9)p. So x(f xg) = x(f)x(9)-
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Consequently, we have

Xe(f *9) = x(3% ) = x(@Dx(F) = X ()Xo (9)
So the map x,, is a non-trivial character of I(G\\K). O

Theorem 3.3. Let ¢ be a bounded spherical function. The mapping
I = xo(f) = [ f@)p(x)dv(x) is a character of I(G\\K) and each non-trivial con-
tinuous character of I(G\\K) is of this form.

Proof. The proof is similar to group case. (]

Let (m,H) be a unitary representation of G where H is a Hilbert bundle on the
unit space G(©). Let us notice that any continuous section & of H is bounded since
G is compact. It follows that any continuous section & of H is square integrable
since 4 is normalized. We set

Ty (H) = {€ € Tu(H) : m(k)E(d(k)) = &(r(k))VE € K,
the space of K-invariant square integrable section of H. If ¢ € T',,(#), then the section
Pr€ defined by Pxé(u) = [ w(k)&(d(k))dy¥(k) is K-invariant and square integrable.
Also T (H) is a closed subspace of T, (H).

Theorem 3.4. Let H be a Hilbert bundle on GO Let (m,H) be an irreducible unitary
representation of G on H and let £ be a K-invariant continuous section of H such
that || £(u) |lu=1 for allu € G, Then the map

vz =< m(x)(d(x)),{(r(x)) > on G is a positive definite spherical function.

Proof. First, for all u € GO, p(u) =< 7(w)é(u),&(u) >=| &(u) [|2= 1. Now, let
z€G, k€K, and k' € KU,

p(kak’) = <m(kak')S(d(K)),&(r(k)) >
= <m(@)é(r(k), E(d(k)) >
= <7(@)§(d(@)),{(r(z)) >= o(z).

Hence ¢ is bi-K-invariant. ¢ is bounded since 7 is unitary and || £(u) ||,= 1 for all
u € GO, Since ¢ is continuous then ¢ is also continuous (see [12]). In [12] it is proved
that ¢ is positive definite. So it remains to prove that ¢ is spherical. Let L% be the
corresponding representation to m on I(G\\K) in T’} (). Note that & € TS (H) by
hypothesis. So according to theorem 3.3 in [15] dimD}f (H) = 1. Let f € I(G\\K)
and z € G, we have

Frol@) = [ 1) <w0dw).dw) > )

= <r@eda). [ e ) >
< m(x)&(d(x)), LA()é(r(x)) >
< m(x)§(d(x)), ep€(r(x)) >
= cpp(z),
where ¢; € C. From Theorem 3.2, it follows that ¢ is a spherical function. O

As we have recall in preliminaries, for any bounded continuous positive defi-
nite function ¢ : G — C, there exists a unitary representation of G on a Hilbert
bundle H, and a bounded continuous cyclic section £ of H such that: ¢(z) =<
m(x)E(d(x)),&(r(x)) > for all z € G.
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Lemma 3.5. £ belong to Fff(’}-l) if and only if ¢ is bi-K -invariant.

Proof. Since £ is bounded and the quasi-invariant measure p is normalized then £ is
square integrable. If £ is K-invariant then clearly ¢ is bi-K-invariant. Assume now
that ¢ is bi-K-invariant. Then for all k € K and z € G"®), we have

<m(@)E(d(x)),E(r(k)) > = ¢(z) = (k™ 2)
= <k~ x)g(d(x)), £(d(k))
= <m(x)§(d(@)), m(k)E(d(F))
Since ¢ is cyclic, then m(k)E(d(k)) = £(r(k)) for all k € K. Hence £ € T (H). O

>
>

Lemma 3.6. Let 7 be a unitary representation of G on a Hilbert bundle H admitting
a continuous K -invariant cyclic section £. If dz’mef(H) =1, then the representation
m 1s irreducible.

Proof. Let T = (Ty),eq be an intertwining unitary operator bundle for 7 i.e. for
all z € G, m(x)Ty(z) = Ty(ym(x). In particular for all k£ € K, we have

Ty (ym(k)E(d(K)) = (k) Ty §(d(k)). Hence T,.)&(r(k)) = m(k)[Ta)€(d(k))]. So the
section T¢ defined by T¢(u) = T,&(u) for all u € G is K-invariant. It is easy to
show that < 7(f)&, & >=< n(f)TE, TE > for all f € LY (G,v). Since T¢ is continuous
on G, which is compact, then T¢ € I'y(H). So, finally T¢ € I‘ff (H). It follows that
T¢ = A, for some complex number A. For an arbitrary z € G, we obtain:

Ty (oym(2)€(d(x)) = 7(2)Tam)&(d(x)) = Am(x)€(d()).

So, because £ is a cyclic section we have T' = AI, where [ is the identity operator.
Consequently, 7 is irreducible thanks to Schur Lemma. ([l

A positive definite function ¢ is said to be elementary if the unitary representation
associated with ¢ is irreducible.

Theorem 3.7. Let ¢ be a bi-K -invariant, continuous, positive definite function such
that p(u) =1 for all u € GO, Then ¢ is spherical if and only if ¢ is elementary.

Proof. Let ¢ be a spherical function and 7 a unitary representation of G associated
with ¢. Then ¢(x) =< 7(z)&(d(x)),&(r(x)) >, where £ is a continuous cyclic section
on G, Notice that by the Lemma 3.5, ¢ € T[S (H). For any f € I(G\\K), we have
f*p=x(f)p, where x(f) € C. So, we obtain for z € G;

< m(@)é(d(@)), L(Hé(r(z)) >= / Fly)x < wly~'2)é(d(z)),£(d(y)) > AN (y)
B / Fy) < mly~'2)é(d(y ™ 0)), €0y~ ) > dA ) (y)

= /G . F)ely™ a)d\ ) (y)
=f*p(z) =< n(2)é(d(2)), x())&(r(z)) >,

and since ¢ is cyclic then f/h( fE = mf . Now ¢ is also a cyclic section for L% in
Fff(’H), so we have diml“ff(?-[):l. By Lemma 3.6, 7 is irreducible and hence ¢ is
elementary.

Conversely suppose that ¢ is elementary, that is m is irreducible. Since £ € Fff (H),
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then dimI"[ () >0. Hence, according to theorem 3.3 of [15], dimI'S (#)=1. For any
f € I(G\\K) and for all z € G, we now have

fro(@) = <m(@)E(d@), LAfE(r(x) >
= <m(@)¢(d(@)), x(HE(r(x)) >
= x(He(a),
where x(f) is a constant depending on f. From Theorem 3.2, it now follows that ¢
is a spherical function. O

4. Harmonic analysis on pair (G,K)

In [15], the authors prove that if K is transitive then (G, K) is a Gelfand pair if
and only if (G7?, K™) is a Gelfand pair for any m € G(*). So let m € G be a fixed
unit. In the following result, we establish a connection between the positive definite
spherical function on G and those of G}.

Theorem 4.1. (a) If ¢ is a positive definite spherical function on G then the restric-
tion wm of ¢ to G is a positive definite spherical function on GJ.

(b) Given a positive definite spherical function @, on G, there is a positive definite
spherical function ¢ on G such that ¢ | GT' = @,

(¢) If ¢ and ¢’ are two positive definite spherical functions on G then ¢ = ¢ if and
only if | G = ¢ | G

Proof. (a) Let ¢ be a positive definite spherical function on G and ¢,, = ¢ | GI* its
restriction to G7,. If m denotes the irreducible unitary representation on G associated
to ¢ then p(r) =< w(x)&(d(x)),&(r(z)) > for all x € G; where £ is a cyclic continuous
section on G. In particular, for all z € G, o (v) =< T ()(m), £(m) >, where mp,
is the restriction of m to GI* and £(m) is a cyclic vector for m,,,. We know that 7, is a
unitary representation [1, 17] and it is irreducible (see [15]). So according to classical
theory of spherical functions [3, 5], ¢, is a positive definite spherical function.

(b) Let (mm, H) and h be respectively the irreducible unitary representation of G
and the cyclic vector associated to ¢, such that ¢, () =< myn(x)h,h > for all
x € G™. Let 7 be the unitary representation of G' on the Hilbert bundle H = G(©) x H
associated to m,, such that = | Gl = m, (see [1, 17]). It is irreducible (see [15]).
Put £(u) = (u,h) for any v € G©. ¢ is a section of G(®) x H which is square
integrable. Since h is cyclic, then £ is cyclic . Then the function ¢ defined by p(z) =<
m(x)E(d(x)),&(r(z)) > for all x € G is a positive definite spherical function on G
thanks to Theorem 3.4. Also, for z € G, we have p(z) =< mp,(2)€(m), (M) >=<
T () Ry b >= o ().

(c) Let ¢ and ¢’ be two positive definite spherical functions on G such that ¢ | G =
¢ |Gy Forz e G ke K,y and k' € KX*) we have kak' € G™ and since ¢ and

¢’ are bi- K —invariant then

p(x) = p(kak') = om(kak') = @'m(kaek') = &' (kxk') = ¢'(x),
where we have set ¢, = ¢ | Giv and ¢',,, = ¢’ | GI7. The part "If” is trivial. O

Denote by Z (respectively by Z,,) the set of positive definite spherical functions on
G (respectively on G). We know by classical theory (see [3, 5]) that Z,, equipped
with the topology (L, L!) is locally compact. Let us consider the map v : ¢ + ¢,
from Z to Z,,. It is bijective thanks to Theorem 4.1. If we equip Z with the coarsest
topology making continuous the map ), then it is locally compact.
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Definition 4.1. The Fourier tmnsform of a function f € I(G\\K) will be the func-
tion f, defined on Z by f(p = [ f( 2~ dy(x) for all ¢ € Z.

We have the following properties

Theorem 4.2. (1) For all f € I(G\\K), f(©) = fim(om) for all ¢ € Z;

(2) For all f,g € I(G\\K), [ *g(p) = f(¢)i(p) for all p € Z )
(3) f is a continuous function on Z, vanishing at "infinity” ; moreover || f ||co<]|

Fllr where || f lloo=sup | f(¢) |
(4) The function f > f is a linear transformation;

(5) F= (/)
Proof. (1)
f(o) / (@)l dv(z)

(&™) p(kak A, (k) dya™ (k) aX" () dpa(w)

I
—
kﬁ

(x*)w(kock’)dv:zm)(k)d 4@ (k) dBY () dpu(v) dps ()

| Il
——
—- =
5
®

() (k)i (K VB3, () dpa () dpa ()

(@™ om (@) B (x) = fin(om)

Il
—
N

)
Fro) = [(ra@e e

= [ Fwgle)eta y AN @)dx () dutu)
= [ gkl (AN ()N () duu)du(o)
= [ ata e toky i) (A ()N (0)du(wda(v)
= / FW)glz=h)( / plaky )y (k))dv(x)dv(y)
= /f(y)g(w‘l)w(w)w(y‘l)dV(x)dV(y) = f(9)a(p)

For (3), (4) and (5) we can use (1) since these properties are true on groups. [

Denote by M (Z) (respectively by M*(Z,,)) the space of bounded complex measure
on Z (respectively on Z,,). Put Mo(Z) = {u € M'(Z) : p positive, || pu ||< 1} and
Mo(Zp) = {p € M*(Zy,) : p positive, || pu [|< 1} where || . || denotes the norm of p.
The following result extends the theorem of Bochner to groupoids.

Theorem 4.3. Let ¢ be a bi-K -invariant continuous positive definite function on G
such that o(u) < 1 for all u € GO, Then there exists a unique puy € Mo(Z) such
that for all x € G,

(@) = /Z w(z)dpz(w).
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Proof. For m € G, the restriction ¢, of ¢ to G is also bi- K"'-invariant continuous
positive definite function on G} such that ¢,,(m) < 1. Then, according to the
classical Bochner theorem on groups, there exists a unique measure p,, € My(Z,,)
such that for all z € GI', p,,(z) = me Wi (2)dprm (W) The choice above of the
topology of Z makes v a continuous open bijection and therefore an homeomorphism.
Solet us put puz = ¥~ (i, ) the image measure of ji,,, by =1, Forallz € G, k € Kl

and k' € K& we have,

o(kxk") = pm(kzk)

/ Wi (k") dpm (W)
Zm

o()

/Z b(w) (k! )dpiz ()
= /w(kmk’)duz(w)
Z

~ [ wl@duz(v)
Z
O

Let f be a bi-K-invariant continuous positive definite function on G and belong
to I(G\\K). By previous theorem, there exists a unique ué € My(Z) such that for
all z € G, f(x) = fzw(m)dué(w). pd, = ' (ulr) where pfm corresponds to the
restriction fp, of f to GJ'. According to Fourier’s inversion formula on groups there
exists a unique positive measure o,, on Z,, such that du,f;m = f;ndam and f;n S
LY(Zpm,0m). Let us put o = ¢p~1(0,,). So thanks to Theorem 4.2 (1) f € L*(Z,0)
and for all 2 € G, k € K™ | and k¥ € K& we have,

r(z)
fla) = f(kak') = fon(kak')
_ / W (KK ) fo (i) A (1)
Zm
- waxkxk’)f(w)da(w)

/w(kxk')f(w)da(w)

zZ

= / w(@) f(w)do(w).
Z

Let us denote by V! the set of bi- K-invariant continuous positive definite function on
G which belong to I(G\\K). Thus we have proved the following result.

Theorem 4.4. There exists a unique positive measure o on Z such that for all f €
V1, dul, = fdo and f € L' (Z,0).

Let o be the positive measure on Z, obtained in Theorem 4.4, we have the analogue
of Plancherel formula for f € I(G\\K).

Theorem 4.5. For every f € I(G\\K) N L?(G,v) one has:
(i)f € L*(Z,0) A
(ii) Jo | f(2) > dv(z) = [, | f(w) [> do(w)
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Proof. Let us put g = f % f for f € Co(G), where f = f. We know that ¢ € C.(Q)
and is definite positive (see proposition 3.3 of [11]). So by density, for f € I(G\\K),

g € V! and hence g € L' (Z,0). Also for all z € G, g(z) = [, w(x)j(w)do(w) thanks
to Theorem 4.4. We have thanks to Theorem 4.2 (1) and (5), g(w) —| f(w) |2, so
f € L*(Z,0). And since g(u) = [ | f(z) |? dv(z), we have [ | f(z) |? dv(z) =
Tyl o | 7o . :

5. Examples

Example 5.1. Let G be a locally compact group and K a compact subgroup of G
such that (G, K) is a Gelfand pair. Let M be a topological compact space. Let us
consider the transitive trivial Lie groupoid M x G x M with groupoid structure which
is defined in the following way: d(m,g,n)=(n,e,n),

r(m, g,n)=(m,e,m), (m,g,n)(n,h,p) = (m,gh,p) and (m,g,n)~" = (n,g~",m)
where m,n,p € M, g,h € G and e the identity element of G. The set M x K x M
equipped with the above groupoid structure is a compact subgroupoid of G. (M x
Gx M, M x K x M) is a Gelfand pair. If w is a spherical function for (G, K) then the
function ¢ defined by : ¢(m, g,n) = w(g) is spherical for (M x G x M; M x K x M).

1

This method of construction can be generalized.
Theorem 5. 1 If wy, is a spherical function on G for m € GO then w defined for
z€ Gbyw)= [wn( (kxk")d)l, (k)d’yd(r)(k’) is a spherical function on G.

Proof. 1t suffices to prove the functional equation of Theorem 3.1. For z,y € G, we
have

[ tokn)are) @) = [ kgt (k)i k) 0

= / o (ke vk) (ki ek ™) (k) ) T (ke )dye® (k)
(ko x m
A2 (R) Ay ()t (Rs)
- / o (1 0h ) (K )T (k) 20 (K )

Ay (k) dyt, (ks)

= [ o rha) i ()i ()¢

/ o (ks )AL (K )y () = co(w)wly):
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