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Congruence relations on pseudo BE—algebras
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ABSTRACT. In this paper, we consider the notion of congruence relation on pseudo BE—
algebras and construct quotient pseudo BFE-algebra via this congruence relation. Also, we
use the notion of normal pseudo filters and get a congruence relation.
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1. Introduction

Some recent researchers led to generalizations of some types of algebraic structures by
pseudo structures. G Georgescu and A. Torgulescu [3], and independently J. Rachunek
[11], introduced pseudo MV —algebras which are a non-commutative generalization of
MV —algebras. The notions of pseudo BL-algebras and pseudo BC K-algebras were
introduced and studied by G. Georgescu and A. Torgulescu [9, 10, 4]. A. Walendziak
gave a system of axioms defining pseudo BCK— algebras [12]. Y, B. Jun and et
al. introduced the concepts of pseudo-atoms, pseudo BC'I-ideals and pseudo BCI—
homomorphisms in pseudo BC'I- algebras and characterizations of a pseudo BCI—
ideal, and provide conditions for a subset to be a pseudo BCI-ideal [5]. Y. H. Kim
and K. S. So [7], discuss on minimal elements in pseudo BCI-algebras.

The notion of BFE-algebras was introduced by H. S. Kim and Y. H. Kim [6]. We
generalized the notion of BFE-algebras and introduced the notion of pseudo BE-
algebras, pseudo subalgebras, pseudo filters and investigated some related properties
[1]. We introduced the notion of distributive pseudo BE-algebra and normal pseudo
filters and prove some basic properties. Furthermore, the notion of pseudo upper sets
in pseudo BE— algebras introduced and prove that the every pseudo filter F' of X is
union of pseudo upper sets. We show that in distributive pseudo B F—-algebras normal
pseudo filters and pseudo filters are equivalent [2].

In the present paper, we apply the notion of congruence relations to pseudo BE—
algebras and discuss on the quotient algebras via this congruence relations. It is a
natural question which is the relationships between congruence relations on pseudo
BE-algebras and (normal)pseudo filters. From here comes the main motivation for
this. We show that quotient of a pseudo BFE-algebra via a congruence relation is a
pseudo BFE-algebra and prove that, if X is a distributive pseudo B FE-algebra, then
it becomes to a BFE—algebra.
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2. Preliminaries

In this section we review the basic definitions and some elementary aspects that
are necessary for this paper.
Definition 2.1. [1] An algebra (X;x*,0,1) of type (2,2,0) is called a pseudo BE-
algebra if it satisfies in the following axioms:

(pBE1) zxz=1landzox =1
(pBE2) zxl=1landzol=1,
(pBE3) lxz==zand lox =u,
(pBE4) zx(yoz)=yo(x*2),
(pBE5) zxy=1<zoy=1, forall x,y,z € X.

In a pseudo BFE-algebra, one can introduce a binary relation ” <7 by z < y &
zxy=1<xzoy =1, for all z,y € X. From now on X is a pseudo BE-algebra,
unless otherwise is stated and we note that if (X;*,0,1) is a pseudo BFE-algebra,
then (X;o0,%,1) is a pseudo BFE-algebra, too.

Remark 2.1. If X is a pseudo BE-algebra satisfying x xy =z oy, for all z,y € X,
then X is a BE-algebra.

Proposition 2.1. [1, 2] The following statements hold:

m*(yox) =1, zo(y*xz)=1,
oyox)=1,xx(yxx)=1,
«xow*y)—l,m*«x*MOy)=1,
*((woy)xy) =1 zo((x*ry)oy) =1,

Ifxgy*z then y < x o z,

Ife <yoz theny <x=*z,

1 <, implies x = 1.

8) Ifx<y thenx<zxyandx < zovy,

forallx,y,z € X.

Definition 2.2. [1] A non-empty subset F' of X is called a pseudo filter of X if it
satisfies in the following axioms:

(pF1l) 1€ F,

(pF2) z € Fandxzxy€ F imply y € F.
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Proposition 2.2. [1] Let F C X and 1 € F. F is a pseudo filter if and only if x € F
andzoy € F implyy € F, for allz,y € X.

Theorem 2.3. [1] Let X be a pseudo BE-algebra. Then every pseudo filter of X is
a pseudo sub-algebra.

Definition 2.3. [2] X is said to be distributive if it satisfies in the following condition:
zx(yoz)=(vxy)o(rx2), foral z,y,2z € X.
Theorem 2.4. [2] Let X be a distributive and x <y. Then
(i) zxx<zxy, and zxx < zoY,
(1) zox<zxy,and zox < zoy,

forall x,y,z € X.

Proposition 2.5. [2] Let X be a distributive. Then

(1) yxz<(xxy)*x(zx*xz), andy*xz < (xxy)o(zx*z),
(17) yoz<(r*y)x(xx2), andyoz < (zx*xy)o(x*z),
(iii) A(zxy) = Alzoy),
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forallx,y,z € X.

Definition 2.4. [2] A pseudo filter F' is said to be normal, if for all x,y € X
zxy € Fif and only if xoy € F.

Theorem 2.6. [2] Let X be distributive. Then every pseudo filter is normal.

Theorem 2.7. [2] Let (X;*,0,1) be a distributive pseudo BE-algebra. (X,¢,*,1)
is a distributive pseudo BE-algebra if and only if (X;*,1) is a BE—-algebra (i. e.
xxy=uzoy, foralz,yecX).

3. Congruences relations on pseudo BFE—-algebras

Quotient algebras are a basic tool for exploring the structures of pseudo BE-
algebras. There are some relations between pseudo filters, pseudo congruence and
quotient pseudo BFE—-algebras. We define the notion of congruence relations on pseudo
BE-algebras and prove that the quotient algebra (X/6;x*,0,C1) is a pseudo BE—
algebra.

Definition 3.1. Let ”0” be an equivalence relation on X. ”76” is called:
(i) Left congruence relation on X if (z,y) € 0 implies (u* x,u xy) € 6 and (uo

z,uoy) €6, for all u € X.

(ii) Right congruence relation on X if (z,y) € 0 implies (z * v,y xv) € 6 and
(xov,yov) €6, forallv e X.

(#4i) Congruence relation on X if has the substitution property with respect to ” x”
and ”¢”, that is, for any (x,y), (u,v) € 6 we have (zxu, y*v) € 0 and (zou, yov) €
0.

Example 3.1. (¢). It is obvious that V = X x X and A = {(z,z) | z € X} is a
congruence relation on X.
(i1). Let X = {1,a,b,c,d} and operations ” *” and ” ¢” defined as follows:

x|1 a b ¢ d ol a b ¢ d
1{1 a b ¢ d 111 a b ¢ d
all 1 a 1 1 all 1 ¢ 1 1
b1 1 1 1 1 b1 1 1 1 1
c|ll a a 1 1 c|l a b 1 1
dll a b ¢ 1 dll a b ¢ 1

Set ¢, := AU{(d,1),(1,d)} and 03 := AU {(1,a),(a,1)}. We can see that 6, is a
congruence relation on X and 65 is a left congruence relation on X. Since (1,a) € 6s,
and (b,a) = (1 xb,a *b) ¢ O, it follows that 6, is not a right congruence relation.
(i4i). Let X = {1,a,b,c}, operations ” x” and ” ¢” defined as follows:

*‘labc o‘labc
111 a b c 111 a b c
all 1 1 a all 1 1 b
b1 1 1 1 b|1 1 1 1
cl|1l 1 1 1 cl1l 1 1 1

Then, (X;*,0,1) is a pseudo BE-algebra. If set 03 = AU {(b,¢), (c,b)}, then 03 is a
right congruence relation. Since (b,¢) € 03 and a € X, but (1,a) = (axb,axc) ¢ 03,
it follows that 03 is not a left congruence neither a congruence relation.
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For any x € X, we define
¢ ={(a,0) e X x X :xxa=xxband zoa=2x0b}.
Proposition 3.1. ¢, is a left congruence relation on X, for all x € X.
Proof. Tt is obvious that ¢, is an equivalence relation on X. Let (a,b) € ¢, and u € X.

Hence x xa = x *xb. Now, we have z * (uxa) =ux* (x*a) =ux* (x*xb) =z * (ux*b).
Therefore, (u * a,u * b) € ¢,. By a similar way (uoa,uob) € ¢,. O

The following example shows that ¢, is not a right congruence relation on X, in
general.

»

Example 3.2. Let X = {1,qa,b,c} and operations ” x” and ” ¢” defined as follows:

*‘1abc o‘labc
111 a b ¢ 111 a b c
all 1 1 1 all 1 1 1
b1l a 1 ¢ b1l ¢ 1 ¢
c|ll b 1 1 c|ll ¢ 1 1

Then, (X;*,0,1) is a pseudo BE-algebra. It can be seen that
¢ ={(1,1),(a,a), (b,b), (c,c), (1,b), (b, 1), (b, c), (c,b)}

is a left congruence relation on X, but it is not right congruence relation because

(¢c,b) € ¢ but (c*a,bxa) = (b,a) ¢ ¢.

Proposition 3.2. Let X be distributive. Then ¢, is a right congruence relation on
X, forallx € X.

Proof. 1t is sufficient to show that if (a,b) € ¢, and v € X, then (a *v,b*v) € ¢,.
Let (a,b) € ¢, and v € X. Hence z xa = x * b and z o a = xz ¢ b. Now, by using
distributivity of X we have z % (aov) = (z*a)o (zxv) = (x*b) o (zxv) = x* (bov).
Therefore, (a0 v,bov) € ¢,. By a similar way (a x v,b* v) € ¢. ]

Example 3.3. In Example 3.2, consider
ckx(coa)=cxc=1#b=10b=(cxc)o(c*a),
then X is not distributive. Also we showed that ¢. is not a right congruence relation.

Let pCon(X) be the set of all congruence relations on X and respectively pConp,(X)
(pConpr(X)) be the set of all the left (right) congruence relations on X. It is
clear that pCon(X) = pConr(X) N pCongr(X). For 8 € pCon(X) we will denote
C.(0) ={y € X : y ~p x}, abbreviated by C,. We will call C,, the equivalence class
containing = and so X/0 = {C, : x € X}.

Theorem 3.3. Let 6 € pCon(X). Then C; = {x € X : x ~¢ 1} is a pseudo filter of
X.

Proof. Since 6 is a reflexive relation, we see that (1,1) € 6 and so 1 ~y 1. Thus
1 € Cy. Now, let x,y € X. Assume that a € Cy, a xx € C1. Then a * x ~g 1. Now,
we have z o (a* ) ~g x ¢ 1. Thus 1 ~p a ~g x and so x € Cy. This shows that C; is
a pseudo filter of X. ([l

Note. Let 6 € pCon(X). Define operations ” «” and ” ¢” on X/0 by Cy x Cy = Cpyy
and Cp 0 Cy = Chey. Let v : X — X/6 be such that v(z) = C, for all z € X.
Then, v is an epimorphism. In fact v(z *y) = Cyuy = Cp * Cy = v(z) * v(y) and
v(zoy) = Chroy = CpoCy =v(x)ov(y). vis called the natural homomorphism from
X to X/6.
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Proposition 3.4. The following statements hold:
(i) if0 =X x X, then X/0 ={C1},

(i1) if 0 = Ax, then X/0 = {X},

(it7) if x <y, then Cy < Cy.

Proof. (i). Let C, € X/, for some z € X. Since § = X x X, we have (x,y) € 6 for
all y € X. Hence C, = C),. Putting y := 1, then C, = Cy. Therefore, X/6 = {C1}.
(7). Let C, € X/0, for some x € X. Since § = Ax, we have C,, = {z}. Therefore,
X/0={X}.
(i7). Since x <y, we get that x*y = 1 and zoy = 1. Hence Cpyy = C1 = Cp x Cy
and Cyoy = C1 = Cy ¢ Cy. Therefore, C, < C. O

Proposition 3.5. Let 0 € pCon(X). Then (X/0;%,0,C1) is a pseudo BE—algebra.

Proof. 1t Cy, Cy, C, € X/, then we have
(pBE1) C,+C,=C; and C, o C, = (1,
(pBEZ) Cm * Cl = Cl and Cm <>C1 = Cl,
(pBE3) Ci1*xC, =C, and C; 0 C, = Cy,
(pBE4) Cu % (CyoC,) =Cyo(CyxC,),
(pBE5) Cp <Cy e CpxCy=C & CpoCy=Ch.
Then, (X/0;x*,0,C4) is a pseudo BFE-algebra. O

Example 3.4. Consider congruence relation ; in Example 3.1(ii), then
X/0, ={C, =Cq={1,d},Cy = {a},Cy, = {b},C. = {c}},

b2

with the operations ” x” and ” ¢” defined by following table is a pseudo B FE—algebra.

* ‘ Ciy C, Cy C. o ‘ Ci C, Cy C.
Cl CVl Ca Cb Cc Cl Cl Ca Cb CYc
Co|Ci C1 Co 4 Co|C1 C1 Co 4
Gy |Gt G Ci Gy G |Gt Ci C1 Oy
C’c Cl Ca Ca Cl Cc Cl Ca Cb Cl

Theorem 3.6. Let X be distributive and 0 € pCon(X). Then (X/0;x,0,C1) is too.
Proof. Let Cy,Cy,C, € X/0, for any z,y,z € X. Then

Cox(CyoC.) =CrxCypo. = Chrutyor)
= Clasy)o(asz)
= Cray 0 Couz
= (CpxCy)o(CyxCy).
Therefore, X/0 is distributive. O

Proposition 3.7. Let f: X — Y be a homomorphism. Then

(1) f1)=1,
(i) f has the isotonic property, i. e., if x <y, then f(x) < f(y), for all x,y € X.

Proof. (i). Let x € X. Since z xx = xox = 1 and f is a homomorphism, we see that
fglg = f(z*x) = f(z)* f(z) =1 and f(1) = f(zox) = f(z)o f(x) = 1. Hence
f(1) = 1.
(#6). f x <y, Then x xy =z oy = 1. So, (i) implies
f@) = fly) = flxxy)=f(1) =1, and f(z) o f(y) = f(zoy) = f(1) = 1.
Hence f(z) < f(y). Therefore, f has the isotonic property. O
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Proposition 3.8. Let f : X — Y be a homomorphism and 6 = {(x,y) : f(x) = f(y)}.
Then
(i) 0 is a congruence relation on X,

(1) X/0= f(X).

Proof. (i). It is obvious @ is an equivalence relation on X. We only show that 6
satisfies the substitution property. Assume that (z,y) and (u,v) € . Then we have
f(x) = f(y) and f(u) = f(v). Since f is a homomorphism and above argument yields,

flaxu) = f(x)* f(u) = fly) « f(v) = fly =)
and
fleou) = f(x)o flu) = fly)o flv) = flyou).
Then (zxu, y*v), (zou,yov) € 0. In the same way we have (uxx, vxy), (uox,voy) € 6.
Hence 6 is a congruence relation on X.
(#4). By using the Proposition 3.5, we have (X/0; x,0,C1) is a pseudo BE-algebra.
Let v: X/0 — f(X) be such that v(C,) = f(z), for all C, € X/0. Then
(i). v is well defined, because if C, = C,, for any z,y € X, then (z,y) € 0.
Therefore, f(z) = f(y). Hence v(Cy) = v(Cy).
(). kerv = {Cy: v(Cy) = f() = 1} = {Cy : f(z) = (1)} = {Cu s (5,1) € 8} =

C1. Then v is one to one.
(iii)' V(C:E * Cy) ( w*y) = f(l‘ * y) = f(x) * f(y) V(sz) (Cy) and
V(Cy 6 Cy) = v(Caoy) = flz 0 y) = f(z) 0 F(5) = 1(Cy) o V(Cy). Thus v is a

homomorphism. Therefore, X/0 = f(X). O

4. Congruence relations induced by pseudo filters

In this section we assume that X is a distributive pseudo BFE-algebra, unless
otherwise is stated.

Proposition 4.1. Let F' be a pseudo filter of X. Define
x~py if and only if xxy, yxx € F.
Then ~p€ pCon(X).

2

Proof. (i). Since 1 € F, we have xxx =1 € F, i.e., ¢ ~p 2. This means that 7 ~p
is reflexive. Now, if x ~p y and y ~p z, then x*y,y*x € Fandyx*z,zxy € F. By
Proposition 2.5(1), y * z < (x * y) * (z * z). Now, since y * z € F and F is a pseudo
filter, it follows that (z *y) * (x x 2) € F. So x * z € F. By a similar way we see

»

that z x x € F. This shows that 7 ~pg 7 is transitive. The symmetry of 7 ~p 7 is
immediate from the definition. Therefore, ” ~g ” is an equivalence relation on X.
(#4). Let 2 € X and u ~ v. Then by Proposition 2.5(i), v*u < (z *v) * (2 * u).
Now, since v xu € F and F is a pseudo filter, (x * v) * (z xu) € F. By a similar
way, (z *u) * (xxv) € F. Therefore, x x v ~p x % u. Also, by Proposition 2.5(ii),
u*xv < (zou)* (zov). Now, since u*v € F and F is a pseudo filter, we see that
(zou)*(xov) € F. By a similar way, (xov) % (zou) € F. Therefore, xov ~p xou.
By using Proposition 2.5(ii), we have zxu < (yoz)* (you), then (zxu)o((yox)*
(you)) =1 and so by (pBE4) we have (y o) * ((x *u) o (y o)) = 1, which implies
that (z xu) o (you) € F, because F is pseudo filter y x x € F' and by Theorem 2.6,
F' is normal, then yox € F. Hence (z *u) * (you) € F. On the other hand, we have
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zxy < (you)* (z*u), because

(xy)o((you)x(xxu)) = (you)x((zxy)o(r+u))

Hence (you)*(z+u) € F, because F is pseudo filter and z*y € F. Thus z*xu ~p you.
Finally, since y ¢ u ~p y o v and by a similar way, y ¢ v ~p y * v. By the transitivity
7 ~p 7 we get T xu ~p y*xv. By the same manner x ¢ u ~p y ¢ v. Therefore,

~p€ pCon(X). O

Note. Now, let F' be a pseudo filter of X. Denote the equivalence class of z by C,.
Then FF = Cy. Infact,if x € F,thenzx1l=z¢0l=1€ Fand lxx =1lox =z € F,
i.e., x ~r 1. Hence x € C;.

Conversely, let € C;. Thenz =1xz =10z € F, and so x € F. Hence F = C].
Denote X/F = {C; : * € X} and define that C, x Cy = Cysy and Cp 0 Cy = Choy.
Since ” ~p 7 is a congruence relation on X, the operations ” *” and ” ¢” are well
defined.

Example 4.1. Let X = {1,a,b,¢,d} and operations ” x” and ” ¢” defined as follows:

e e
O = = 0o oS
e e
[ e i =al K=
O = O OO0
— Q-

O R, O olo
=, Q. Q&
QO Qe O
— Q= QS

QL O S = *
— Q= QR

Then, (X;*,¢,1) is a distributive pseudo BFE-algebra. It can be easily seen that
F ={1,a,d} is a pseudo filter. We have

~F= {(1, 1)7 (aaa)’ (ba b)? (Ca C)v (d’ d)’ (17a)7 (a7 1)’ (d7 1)7 (1’ d)(a7 d)> (d7 a)7 (b7 0)7 (Cv b)}
and so ~p€ pCon(X).

Theorem 4.2. Let F € pF(X). Then
(1) (X/F;%,C1) = (X/F;0,Cy) is a BE-algebra (which is called quotient pseudo
BE-algebra via F, and Cy = F.)
(15) (X/F;0,%,1) is a distributive pseudo BE-algebra if and only if (X/F;*,1) is a
BE-algebra (i. e. Cpuy = Croy, for all x,y € X ).

Proof. (i). By similar way of the proof of Proposition 3.5, (X/F;x*,0,Cq) is a dis-
tributive pseudeo BE-algebra. To prove X/F is a BE-algebra it is sufficient to prove,
CyxCy = CyoC,y, for all Cy, Cy € X/F. By Proposition 2.5 (iii), A(xxy) = A(zoy).
By definition of A(x), it is obvious that x xy € A(z xy) and x oy € A(x o y). Thus
xxy € Al xy) = A(xoy) and so (z *y) x (xoy) = 1 € F. By similar way,
xoy € A(zoy) = A(xxy) and so (zoy)* (x*xy)=1€ F. Hence z*y ~p x oy and
50 Cypuy = Cyoy, which means C x Cy = C, ¢ Cy.

(#4). By (¢) and Theorem 2.7, the proof is obvious. O
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Example 4.2. Let X = {1,a,b,¢,d,e}. Define the operations ” x” and ” ¢” on X
as follows:

x|1 a b c d e o|ll a b ¢ d e
11 a b ¢ d e 11 a b ¢ d e
all 1 ¢ ¢ d 1 all 1 b ¢ d 1
b1l a 1 1 d e b1l a 1 1 d e
c|ll a 1 1 d e c|ll a 1 1 d e
dil a 1 1 1 e dll a 1 1 1 e
e|ll a ¢ ¢ d 1 e|ll a ¢ ¢ d 1

Then (X;*,0,1) is a distributive pseudo BE-algebra. By consider pseudo filter F' =
{1,e}, we have X/F = {C, = C. = F,C, = {a},C, = C. = {b,c},Cq = {d}} with
the operations ” x” and ” ¢” defined by following table is a pseudo B E—-algebra.
*x =<0 ‘ Cl Ca Cb Cd
Ci |C1 Cp Gy Cy
Co |C1 C1 Gy Cy
C, |C1 Co C1 Cy
Ca |C1 Co C1 O

Proposition 4.3. Let 0 € pCon(X). Then
(i) Fp € pF(X),
(i7) Fp={z|(z,1) € 0}.

Proof. (i). Since (z,x) € 0, we have x * v = 1 € Fy. Suppose that z x y,z € Fp.
There are (u,v),(p,q) € 6 such that x xy = u*v and © = p * ¢q. Since (u,v) € 6 €
pCon(X), we have (uxv,vxv) = (x*xy,1) € § and by a similar way (z,1) € §. Now,
(zxy,lxy) = (z*y,y) € 0. Hence (y,1) € 0. This yields that yx1 = 1,1xy =y € Fy.
That is Fy is a pseudo filter of X. Furthermore, we can see that, Fy is normal pseudo
filter from Theorem 2.6.

(7). Put F := {z|(z,1) € 0}. Let € Fy. There is (u,v) € § such that x = u xv.
Since 6 is a congruence, we have (z,1) = (u*v,1) = (uxv,v*v) € . Hence Fy C F.

Now, let € F. Hence (z,1) € 0 andso zx1 =1,1%xx =z € Fy. Hence F' C Fj.
Therefore, F' = Fy. (]

In [8], M. Kondo proved that € is a regular cogruence relation on BCI-algebra if
and only if § = 0r,. Now, it is natural to ask whether 8 = 0F, in pseudo BE-algebras,
for all 8 € pCon(X). We shall investigate the relation between the congruences 6 and
OF,.

Theorem 4.4. Let 6 € pCon(X). Then 0p, = 6.

Proof. Let (z,y) € 0. Then z xy,y *x € Fy. Since Fy is a normal pseudo filter by
Proposition 4.3(7), we have (z,y) € 0p,. Therefore 6 C 0p,. Now, it is sufficient to
show that 0p, C 6. Let (z,y) € 0p,. By definition, we have x x y,y x x € Fyp. Hence
there are (u,v), (p,q) € 6 such that xxy = uxv,y*x = p*q. Since 6 € pCon(X), we
have
(xxy,1)=(uxv,1) = (uxv,v*v) €0.

By a similar way (y % z,1) € 6. Using Proposition 4.3(ii),  x y,y * * € Fyp. Hence
(z,y) € 6 and so 0F, C 0. Therefore, 0p, = 6. O

Proposition 4.5. Let f: X — Y be a homomorphism. Then
(i) f is epimorphic if and only if Im(f) =Y,
(i) f is monomorphic if and only if ker(f) = {0},
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(ii1) f is isomorphic if and only if the inverse mapping f~* is isomorphic.
(iv) ker(f) is a closed pseudo filter of X,
(v) Im(f) is a pseudo subalgebra of Y.

Proof. (iv). By Proposition 3.7(i), 1 € ker(f). Let z,z xy € ker(f), then f(z) =
f(z*xy) =1, and so

1= f(zxy)=fx)* fly) =1xf(y) = f(y)
Thus y € ker(f). Now, let x xy € ker(f). Then f(x xy) = f(z) * f(y) = 1, and so by
(pBES5) we have f(z) o f(y) = f(x oy) = 1. Therefore, x oy € F. By a similar way
we can prove if x oy € F, then x xy € F. Hence ker(f) is a closed pseudo filter of X.

(v). Obviously, Im(f) is a non-vacuous set. If y1, yo € Im(f), then there exist x,
x9 € X such that y; = f(z1) and yo = f(x2), thus

Y1 xy2 = f(x1) * f(22) = f(21 % 22) € Im(f),
and
y10y2 = f(x1) o f(z2) = f(21 0 22) € IM(f).
Consequently, Im(f) is a pseudo subalgebra of Y. O

Note. In general, Im(f) may not be a pseudo filter.

Example 4.3. Let X ={1,a,b,¢} and Y = {1,a,b, ¢,d}. Define operations ” *” and
”o” on X and Y as follows:

*‘1abc ol a b c
111 a b ¢ 11 a b ¢
all 1 a 1 all 1 ¢ 1
b1 1 1 1 b|1 1 1 1
c|ll a a 1 c|l a b 1
*|1 a b ¢ d oll a b ¢ d
111 a b ¢ d 11 a b ¢ d
all 1 a 1 a all 1 ¢ 1 ¢
b1 1 1 1 a b1 1 1 1 ¢
cll a a 1 a c|l a b 1 d
dil1 1 1 1 1 djl1 1 1 1 1

Then (X;x,0,1) and (Y;*,0,1) are pseudo BFE-algebras and {1,a,b, c} is a pseudo
filter of X. Now, if we consider f : X — Y as the identity map, then f is a homomor-
phism and f(X) = X. We can see that X = {1, a,b, c} is a trivial pseudo filter of X,
but f(X) is not a pseudo filter of Y, because

axd=ua € f(X), ae f(X) but d &€ f(X).

Proposition 4.6. Let f: X — Y be an epimorphism. If F is a pseudo filter of X,
then f(F) is a pseudo filter of Y.

Proof. f(F') is nonempty subset of Y because 1 € f(F). Let y € Y and a € f(F)
such that a *y, € f(F). Then there exist © € X and a; € F such that f(z) =y and
f(a1) = a. Now, we have a xy = f(a1) * f(z) = f(a1 xz) € f(F). Hence a; x x € F.
Since F' is a pseudo filter and a; € F, we have © € F. Therefore, y = f(z) € f(F). O

Theorem 4.7. Let F' be a closed pseudo filter of X. Then there is a canonical
surjective homomorphism ¢ : X — X/F by o(x) = C,, and kerp = F, where
ker p = o~ 1(C}).
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Proof. 1t is clear that ¢ is well-defined. Let z,y € X. Then

and

(@ *y) = Cpuy = Co x Cy = () * p(y)

p(xoy) = Croy = Cr 0 Cy = p(z) 0 0(y).

Hence ¢ is homomorphism.
Clearly ¢ is onto. Also, we have

kerop={zeX:px)=C1} = {ze€X:0,=0C}
= {zeX:zxl,lxz,z0l,10x € F}
= {reX:ze€F}=F.

5. Conclusion

In this paper, we consider the relation between congruence relations on pseudo BE—
algebras and (normal) pseudo filters. Also, we show that the quotient of a pseudo
BE—-algebra via a congruence relation is a pseudo BFE—algebra and prove that, if X is
a distributive pseudo BE-algebra and F' is a normal pseudo filter, then the quotient
algebra via this filter is a BFE-algebra.
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