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Growth of certain combinations of entire solutions of higher
order linear differential equations
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ABSTRACT. The main purpose of this paper is to study the growth of certain combinations of
entire solutions of higher order complex linear differential equations.
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1. Introduction and main results

In this paper, we assume that the reader is familiar with the fundamental results and
standard notations of the Nevanlinna theory [4,13]. In addition, we will use p (f) to
denote the order and ps (f) to denote the hyper-order of f. See, [4, 6, 13] for notations
and definitions.

We consider the differential equation

F® 4 Ay () FF D 4 4 Ag(2) f =0, (1)

where A; (z) (j =0,---,k — 1) are entire functions. Suppose that {f1, fo, -+, fr} is
the set of fundamental solutions of (1). It is clear that f = c1f1 +cafa + - - + i fi
where ¢; (i =1,--- , k) are complex numbers is a solution of (1), but what about the
properties of f =¢1f1 +cafo+ - +cerfrif ¢; (i =1, -+, k) are non-constant entire
functions? In [7], the authors gave answer to this question for the case k = 2, and
obtained the following results.

Theorem 1.1. [7] Let A(z) be transcendental entire function of finite order. Let
d; (2) (7 =1,2) be finite order entire functions that are not all vanishing identically
such that max{p(d1),p(d2)} < p(A). If fi and fa are two linearly independent
solutions of

f"+AQ) f=0, (2)
then the polynomial of solutions gy = di f1 + da fasatisfies
plgr) =p(f5) =00 (1=1,2)
and

p2(gr) = p2(fj) =p(A) (1 =12).
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Theorem 1.2. [7] Let A(z) be a polynomial of deg A = n. Let d; (z) (j =1,2) be
finite order entire functions that are not all vanishing identically such that
max{p (d1),p(d2)} < 242 and h # 0, where

d 0 ds 0
. d, d d, ds
4/ —d, A 2d 4y — dy A 2d,

AV —3d\A —di A A — diA+2d) dY —3dbA — dyA' dY — doA + 2dY

If fi and fo are two linearly independent solutions of (2), then the polynomial of
solutions gy = di f1 + da fo satisfies

p(gr) = p(f5) (j=12).
The aim of this paper is to study the growth of

gk = dif1 +dafo+ -+ di fr,

where {f1, f2, -+, fr} is any set of fundamental solutions of (1) and d; (2) (j =
1,2,--- , k) are finite order entire functions that are not all vanishing identically. In
fact, we give sufficient conditions on A; (2) (j =0,--- ,k—1) and d; (2) (j =1,2) to
prove that for any two solutions f; and fa of (1), the growth of go = di f1 + dafa is
the same as the growth of f; (j = 1,2), and we obtain the following results.

Theorem 1.3. Let A;(z) (j =0, -,k — 1) be entire functions of finite order such
that max{p(4;):j=1,--- | k—1} < p(Ag). Let d;(z) (j =1,2) be finite order
entire functions that are not all vanishing identically such that max {p (d1),p(d2)} <
p(Ag). If f1 and fo are any two linearly independent solutions of (1), then the
combination of solutions go = di f1 + da fo satisfies

p(g2) =p(f;) =00 (j=1,2)

_n+2

and

p2(95) =p2(f)) =p(4) (=1,2).
Theorem 1.4. Let Ag(z) be transcendental entire function with p(Ag) = 0, and
let Ar,--- , Ax—1 be polynomials. Let d; (z) (j =1,2) be finite order entire functions
that are not all vanishing identically. If fi and fo are any two linearly independent
solutions of (1), then the combination of solutions go = di f1 + da fo satisfies

p(g2) = p(fj) =00 (j=1,2).
Return now to the differential equation

FP 4 per (2) 5D g (2) f =0, (3)

where p; (2) (j =0,--- ,k — 1) are polynomials with pg (z) # 0. It is well-known that
every solution f of (3) is an entire function of finite rational order; see, [10], [11], [5,
pp. 199 — 209], [9, pp. 106 — 108], [12, pp. 65 — 67]. For equation (3), set

B deg p;
AT e @

It is known [6, p. 127] that for any solution f of (3), we have

p(f) <A

As we have seen in Theorem 1.3 and [7], it is clear that the study of the growth of
g, where k > 2, is more difficult than the case where k = 2. For that, we give in the
following result some sufficient conditions to prove that gi keeps the same order of
growth of solutions of (3) for k£ > 2, and we obtain the following result.
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Theorem 1.5. Letp; (z) (j =0,--- ,k— 1) be polynomials, and let d; (z) (1 <i
be entire functions that are not all vanishing identically such that max{p (d;) :

i <k} <X If{f1,f2-, fx} is any set of fundamental solutions of (3), then the
combination of solutions gy satisfies

B deg p;
pgr) =1+ ogl?é‘?_lﬁ'
Remark 1.1. The proof of Theorems 1.3-1.5 is quite different from that in the proof
of Theorems 1.1-1.2 (see, [7]) . The main ingredient in the proof is Lemma 2.1. By the
proof of Theorem 1.5, we can deduce that Theorem 1.2 holds without the additional
condition h # 0.

Corollary 1.6. Let A(z) be a nonconstant polynomial and let d; (z) (1 <i < k) be
entire functions that are not all vanishing identically such that

A
max {p(d;): 1<i<k}< %}g”’?
If {fi,fa, -, fr} is any set of fundamental solutions of
f®+A() f=0, -
then the combination of solutions gy satisfies
deg (A) + k
p(gx) = %_

2. Preliminary lemmas

Lemma 2.1. [8] (i) Let f(z) be an entire function with ps (f) = o > 0, and let

L(f) = arf® +ap_1f*V + ... +agf, where ag, ai,---, ay are entire functions
which are not all equal zero and satisfy b = max{p(a;): j=0,--- ,k} < a. Then
o2 (L())) =

(i) Let f(z) be an entire function with p(f) = a < oo, and let L (f) = apf® +
ap_1f* Y 4.t agf, whereag, ai,---, ar are entire functions which are not all

equal zero and satisfy b =max{p(a;): j=0,--- ,k} <. Then p(L(f)) = «a.

Lemma 2.2. [3] For any given equation of the form (3), there must exists a solution
of (3) that satisfies p (f) = X, where X is the constant in (4).

Lemma 2.3. [1] Let A; (z) (j =0,--- ,k — 1) be entire functions of finite order such
that
Then every solution f 0 of (1) satisfies p(f) =00 and p2 (f) = p(Ao).

Lemma 2.4. [2] Let Ag (2) be transcendental entire function with p (Ag) = 0, and let
Ay, -+, Ag_1 be polynomials. Then every solution f £ 0 of (1) satisfies p (f) = oo.

By using similar proofs as in the proofs of Proposition 1.5 and Proposition 5.5 in [6],
we easily obtain the following lemma.

Lemma 2.5. For all non-trivial solutions f of (5). If A is a polynomial with
deg A =n > 1, then we have

n+k
p(f)=——
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Lemma 2.6. Let [ be any nontrivial solution of (1). Then the following identity
holds

where Ag (2) =1 and C’; = TG

Proof. We have

j=0 i= j=1 i=0
J %
d
= AO*f-i-Z <A CO ( )f(y) +AJZCJZ (; f(]—z))
i=1
k J d ()
= Ap— f+ZA< )f@ +> 14D ¢ (2 fU=9
Jj=1 =1
_ 4 FO) 4 Ay fE=D 4+ Aof zk: A.zj:ci dy v U=

:Zk:<Azj:(,"( )U G- >>

Jj=1

Lemma 2.7. Let f be any nontrivial solution of (1). Then the following identity
holds

k i 4 Z D; f®
Z (Ajzc;- <d2) FU- Z)> Ta
3=0 i=0
where D; (i =0,---,k—1) are entire functions depending on di,ds and A; (j =
-+ k=1), Ax(2) =1

Proof. 1t is clear that we can express the double sum
k : (%) Get) k J -/ dy () (i)
S (eza() o) (ga(a)

in the form of differential polynomial in f of order k£ — 1. By mathematical induction
we can prove that

k i a\® k=1 _
DA (ZC;- (d2) f“”) = auif, (6)
=1 =0

where

- > e (B)7 ©

p=i+1
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dl (j)_ ﬂj
(@) -2 (®)

where 3; is entire function. Hence, we deduce from (6)-(8) that

Also, we have

k—1 )
h1 ZD f(Z)
Zalf d2k ,

where D; (i = 0,--- ,k — 1) are entire functions depending on dq,ds and A; (j =
1, ,k=1), Ag (2) = 1. O

3. Proof of Theorem 1.3

Proof. In the case when d; () =0 or dy (z) = 0, then the conclusions of Theorem 1.3
are trivial. Suppose that f; and fo are two nontrivial linearly independent solutions
of (1) such that d; (z) 20 (i = 1,2) and let

g2 = dif1 + dafo. 9)

Then, by Lemma 2.3 we have p(f;) = oo (j =1,2) and p2 (f;) = p(4o) (j =1,2).
Suppose that d; = cda, where ¢ is a complex number. Then, by (9) we obtain

g2 = cda f1 +dafo = (cfi + fa) da.
Since f = c¢f1 + f2 is a solution of (1) and p(da) < p (Ap), then we have

p(g2) = p(cfi+ f2) =
and
p2(g2) = p2 (cf1 + f2) = p(Ao) .

Suppose now that d; # cdy where ¢ is a complex number. Dividing both sides of (9)
by ds, we obtain

g2 dy
m=%_f Yy 10
2= 0 f2+d2f1 (10)

Differentiating both sides of equation (10), k times for all integers j = 1,--- |k, we
get

(4) (4) d U=
FY) = 13 +Zc" <d2> . (11)

Equations (10) and (11) are equlvalent to
Fy=fo+ 311,
!

Fy=fy+ () 5+ (%) A

!/ 1
=g ()02 () 1+ (8)' 5

— (kflii) i

O e (8]

—1)

k) _ 4(k) " 0
F, 2 +;=:0Ck (d2>

which is also equivalent to
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AoFy = Aofa+ Ao f1,
/
A Fy = A f;+ A (%)f{JF % fl),

nary = magg 4o (1) 0 +2 (1) £+ (8) 1),

(12)
B B k=1 (k=1—3)
M B = A i v Ay o (%) 1,
=0
(k:_l) i
OO ch( ) 0l
By (12) we can obtain
FP 4 Ay () EE D o Ag () Fy = (A9 4 A () 8570 4+ Ao (2) 1)
- : © G © =0
Jj—i ) J—1
3 (430 )= (axa(R) w)
=0 —0 i=0

where Ay, (2

J (1)
_ (d i
Dt A (o) B ”+~-~+Ao<z>F2=ZAJ' (ZC& (d> v )>‘ (14)
j=1 i=1

By Lemma 2.7, we get

1. By using Lemma 2.6, we have

2" —1

d i d,dy — dbdy) d3=°
ZA (ZCZ<1> f1j )>_k(12 QCz;“) 2 (kl dQKZDf
2

2 =0

(15)
where D; (i = 0,---,k — 2) are entire functions depending on di,ds and A; (j =
1,---,k—1), Ax (2) = 1. By using (14) and (15), we obtain

_ Lyj_
F{¥ 4 Aoy () FYF 1)+-~-+Ao(2)F2=kd+c(fl)
5

)

where
Li—1 (f1) = ZD 77

is differential polynomial with entire coefﬁments D;(i=0,---,k—1)oforder p (D;) <
kilf‘—l
dydy—dydy )dy=°
az

p(AO) (12077k_1) ande,I:k(

Lemma 2.1 (i), we have

pr (B + A ) B0 44 Ao (2) ) = 2 (L (1) = 2 ().

# 0 because d; # cdy. By

Since
p2 (f1) = p2 (Fz(k) + A () FY 4+ A (2) ) < p2 (F2) = p2(92) < p2 (f1),

then
p2 (92) = p2 (f1) -
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4. Proof of Theorem 1.4

Proof. By using a similar reasoning as in the proof of Theorem 1.3, Lemma 2.4 and
Lemma 2.1 (ii) we obtain Theorem 1.4. O

5. Proof of Theorem 1.5

Proof. Without loss of generality, by using Lemma 2.2, we suppose that

. . oy deg p;
max {p(f;), J=1 o Ky =p(f) =A=1+ max 270

and there exist at least two integers p and ¢ such that d, # cd, where ¢ is a complex
number and 1 < p < ¢ < k. By the same proof as Theorem 1.3 we obtain

k J ()
_ c(d i
j=1 i=1
and by Lemma 2.7, we get
k j (i) 2=t k—2
i dq ! i (d/ dy — d- dl) dz=° k—1 1 « i
> (3 () 0] eGS0
— 2 2 2 4=0
(17)

where p; (2) =1 and D; (i =0,--- ,k —2) are entire functions. By using (16) and
(17), we have

Li—1(f1)

P+ 4 ()B4 v Ay (o) P = yP
2

)

where
k—1 _
Li1 (f1) = Y _Dify”
i=0

is differential polynomial with entire coefficients D; (¢ = 0,--- , k — 1) of order p (D;) <
A(i=0,---,k—1) and there exists 0 < i < k — 1 such that D; Z 0. By Lemma 2.1
(ii), we have

p (B8 + 01 () BV 400 (2) B) = p (L (1) = 0 ().
Since

p() =0 (B +pict ) E 0 g0 (2) o) < p (F) = p(2) < p (1),

then
plg2) =p(f1).

Now, we suppose that

p(gn) = p(f1)
is true for all m = 1,--- |k — 1 and we show that
p(gr) =p(f1).

‘We have
g =difi +dafo+ -+ difi = gr—1 + di fr. (18)
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Suppose that dj # 0, and dividing both sides of (18) by di, we get

9k Jk—1
o= 2k _ .
L . + fr

By the same reasoning as before, we obtain

poF% = pofe + Po2-Gr—1,

pFy=pifi +m {( )gk 1+< ) G- 1)
1
sz,g’sz;Q’erz((jk)gZ 1+2( ) G 1+( k) 9k1)7

_ _ k-1 (k—1—1)
pkle(k 2 zpkflf,ik Y4 oy ;)C;Z_l (i) gé)

(k—i) .
k k
F,E P = )+ZCk (dk) gl(czzl'

(19)

By (19) we can deduce

F;Ek) + pr—1 (%) F;Ek_l) + 4 po(2) Fr = (f;ik) + pr—1(2) f;.(ck_l) + -+ po(2) fk)

+Zk: <pJZC” ( > ! g ) Z (p;lZCZ () N g,ﬁj;‘li)> . (20)

j=0 i=0 j=1 i=1
k—1
2271, 1
dpd;™° gk (3)
—_— o2 +d?ZBzgk » (21)
k k i=0

where pr (z) = 1 and B; (i =0,--- ,k — 1) are entire functions. By using (20) and
(21), we obtain
_ My, —
F® 4 Ay () D 4o Ag () F = %
k
where
Mk 1 gk 1 ZB’Lg]E;Z)l

is differential polynomial with entire coefﬁments Bl (i=0,---,k—1)oforder p(B;) <
A(=0,---,k—1). By Lemma 2.1 (ii), we have

P (F;Sk) et (2) BV 4 4o (2) Fk) = p(My-1(gx-1)) = p (f1)-
Since
() <o (FY +pca () B0 4400 (2) B) < 0 (F) = p (96-1) < 0 (f1).

then
p(Fi) = p(gr-1) = p(f1),
which implies that
p (k) = p(ge-1) = p(fr) = A
This completes the proof of Theorem 1.5. (]
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