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Renormalized solutions for a class of nonlinear parabolic
equations without sign condition involving nonstandard
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ABSTRACT. An existence result of a renormalized solution for a class of doubly nonlinear
parabolic equations with variable exponents is established. The main contribution of our
work is to prove the existence of a renormalized solution without the sign condition and
the coercivity condition on the nonlinearity H. The second term f belongs to L'(Q) and
b(ug) € LY(Q).
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1. Introduction

We consider a bounded open spatial domain Q@ C RN (N > 2) with a Lipschitz
boundary denoted by 9. Fixing a final time T > 0, we set Q@ = Qx]0,T7.

The operator Au = —div(a(z,t,u, Vu)) is a Leray-Lions operator defined from
the generalized Sobolev space V into its dual V*(the two functionals spaces will be
developed as bellow).

Our aim is to prove the existence of renormalized solutions u to the doubly non-
linear parabolic equation

8%(:) + Au+ H(x,t,u,Vu) = f inQ,
u=0 on 0010, T7, (1.1)

b(w)(t = 0) = b(uo) on Q.

where f € L'(Q), the function b is assumed to be strictly increasing C!-function, and
H is a nonlinear lower order term satisfying the growth condition of the form

N
[H (2. 1,5, )] < b(s) (3617 +e(.)) (12)

Note that, the problem (1.1) was studied by Akdim et al. [3] in the framework of
weighted Sobolev spaces where the nonlinearity H is just verified the growth condition
with respect to Vu, and in the case where H(z,t,u, Vu) = div(¢(z)) the author
proved the existence results in the classical Sobolev spaces and Orlicz spaces (see
[19, 20]). Besides, Akdim et al. in [2] proved the existence of renormalized solutions
in the weighted Sobolev spaces.

We recall that the notion of renormalized solutions was introduced in [13] by
Diperna and Lions in their study of the Boltzman equation. This notion then adapted
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to the study of some nonlinear elliptic or parabolic problems and evolution problems
in fluid mechanics. We refer to [10, 11, 16, 18] for more details.

In former paper (see [8]) we have already studied the corresponding unilateral
elliptic problem with variable exponents involving lower order terms. In particular,
we have established an existence result for entropy solutions of the stationary problem
with L!-data.

The aim of our paper is to extend the results in [7, 2] to the case of parabolic
equations. Besides, this paper can be seen as a continuous of [10] in the case where
b(u) = u, a(x,t,s,&) = |£[P@)=2¢ and H = 0. As far as we know, there are no papers
concerned with the doubly nonlinear parabolic equations with variable exponents.
One of our motivations for studying (1.1) comes from applications to electrorheological
fluids (see [21]), other important applications are related to image processing (see [12])
and elasticity see ([24]), etc. For the interested reader, we refer to [4, 5, 6, 7, 9, 8, 10]
for the advances and the references in this area.

The paper is organized as follows. In section 2, we recall some basic notations and
properties of Sobolev spaces with variable exponents. In section 3, we make precise all
the assumptions on a, H, f and b, and we introduce the definition of a renormalized
solution. In section 4, we give some technical results. In section 5, we prove the main
result of this paper (Theorem 5.1) which is the existence of a renormalized solution.

2. Preliminaries

For each open bounded subset Q of RN (N > 2) | we denote
C*(Q) = {continuous function p:Q — RT such that 1<p_ <p, < oo},
where p_ = mig p(x) and py = max p(z). We define the variable exponent Lebesgue
ze e

space for p € CT(Q) by:

LP@(Q) = {u: Q — IR measurable / / lu(z)|P®) de < oo},
Q
endowed with the Luxemburg norm

p(x)
”qu(m) =infd A >0, / <1,.
Q

The variable exponent Lebesgue spaces resemble to the classical Lebesgue spaces in
many respects: they are Banach spaces ([15]; Theorem 2.5), the Holder inequality
holds ([15]; Theorem 2.1), they are reflexive if and only if 1 < p_ < p; < oo ([15];
Corollary 2.7) and continuous functions are dense, if p; < oo ([15]; Theorem 2.11).

We denote by LP (®)(Q) the conjugate space of LP(*) () where ﬁ + ﬁ =1.

A

Proposition 2.1. (see [14]) If we denote
p(u) = / [uP@ dz,  Yu e LP@(Q),
Q

then the following assertions holds true:

(?) ||qu(I) <1l (resp,=1,>1) < plu)<1l (resp,=1,>1),

(i) lullpey > 1 = Nuls,) < p(u) <l and ullpy <1 = Jull2f, <
p(u) < ||UH§(;),

(%) [[unllp@) =0 < plun) =0 and |jupllpe) = o0 & pluy) — oo.
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Extending a variable exponent p : 2 — [1,00) to Q@ = Q% [0, T] by setting p(t, z) :=
p(x) for all (t,z) € @, we may also consider the generalized Lebesgue space

LP@(Q) = {u:Q — R measurable / / lu(t, z)|P®) d(t,z) < oo},
Q

endowed with the norm

[ull Lre (@) = inf{)\ >0, //
Q

which, of course, shares the same type of properties as Lp<x)(Q).
We define the variable Sobolev space by

Wir@ Q) = {u e LP@(Q) and |Vu| € LP@(Q)}.
It is endowed with the following norm,

”qu,p(z) = ”qu(r) + ||VU||p(z) Vu € Wlm(w)(g)'

u(t, l‘) p(z)
A

d(t,z) < 1}

We denote by Wol’p(x)(ﬂ) the closure of C3°(Q2) in WP (Q) and p*(z) = Np@
for p(x) < N.

Proposition 2.2. (see [14]) (i) Assuming 1 < p_ < p, < oo, the spaces W1 P()((Q)
and Wol’p(m)(ﬂ) are separable and reflerive Banach spaces.

(i) If g € CT(Q) and q(z) < p*(x) for any x € Q, then the embedding Wol’p(w)(Q) e
L4®)(Q) is compact and continuous.

(i4t) There is a constant C' > 0, such that

lullpe) < C I Vullpe) Y€ Wy (Q).
We are naturally let introduce the functional space
V={felr (0.1, W, "(Q): [Vf| € L"(Q)),

endowed with the norm
Ifllv = IV fllLeer@
or
1Y 2= 1710 o oy + IV Lot

We have used the standard notations for Bochner spaces, i.e. if X is a Banach
space and ¢ > 1, then L2(0,T, X) denotes the space of strongly measurable function
uw: (0,T) = X for which ¢t — ||u(t)||x € L%(0,T). Moreover, C([0,T]; X) denotes the
space of continuous functions v : [0, 7] — X endowed with the norm ||ul|¢ (0,7}, x) :=

H)x.
ax, lJu(t)]|x

Lemma 2.1. (1) In the preceding definition as well as in the following, we identify,
V' and its dual by V*, then we have the following continuous embeddings

LP7(0,T, Wy "™ () = V s L (0,7, Wy ") (92)).
In particular, since D(Q) is dense in e (0,7, Wol’p(x)(Q)), it is dense in V and for
the corresponding dual spaces, we have
L (0,7, W1 @ (Q)) s v* s L&D (0,7, WL¥ @) (q)).

2) One can represent the elements of V* as follows: if T € V*, then there exists
F = (f1,. fn) € (LP@(Q)N such that T = div F and
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T
<T,¢ >V*7V:/ / FN({dxdt for any (€ V.
0 Jo

Moreover, we have

IT|lve := max{[| fill o) () 8 = 1, s N}

3. Basic assumptions

Throughout the paper, we assume that the following assumptions hold true:

Assumption (A1). b: R — IR is a strictly increasing C' — function with b(0) = 0.
(3.1)

Assumption (A2).a:Q x IR x RN — IR is a Carathéodory function satisfying

the following conditions:

for almost every (z,t) € @, for every s € IR,

la(z,t,5,€)| < Bk(x,t) + [s[P = 4 [P, (3.2)
[a(z,t,5,€) — a(x,t,s,m)](€ —n) >0, for all £ #n e RY, (3.3)
a(z,t,s,€)& > al[P™), (3.4)

where k(x,t) is a positive function lying in Lp,(x)(Q) and «a, 8 > 0.
Assumption (A3). H: Qx [0,7] x R x RN — IR is a Carathéodory function such
that for a.e. (z,t) € Q and for all s € IR, ¢ € IRY, the growth condition

N
[H(,t,5,8) < (@, t) + g(s)> &P, (3.5)
i=1

is satisfied, where g : IR — IR is a continuous positive function that belongs to
LY(IR), while v(z,t) belongs to L'(Q).

4. Some technical results

Characterization of the time mollification of a function u. To deal with time
derivative, we introduce a time mollification of a function u belonging to a some
Lebesgue space. Thus we define for all 4 > 0 and all (,t) € Q,

Uy = u/ u(x, s) exp(u(s —t))ds

o0

where @(z, s) = u(x, s)x0,1)(5)-
Note that in this section, we omit the proof of each of the above proposition and
lemmas, since it is a slight modification of its analogous in [1].

Proposition 4.1. (see [1]) (1) If u € LP@)(Q), then u,, is measurable in Q, Bgt“ =
p(u —uy) and

lwull Lo (@) < ullpre (@)

(2) Ifu e Wol’p(m)(Q), then u, — u in Wol’p(z)(Q) as pt — 0.
(3) If up, — win Wol’p(w)(Q), then (up), — u, in Wol’p(x)(Q).
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Some embedding and compactness results. In this section we establish some
embedding and compactness results in generalized Sobolev spaces. Let X = WO1 P(@) (Q),
H = L*(Q) and let X* = W~12'(#)(Q), with (2 < p~ < o0). Denoting the space
W;(m)(O,T, X,H)={veV:v e€V*} endowed with the norm
_ /
lullws, = v + -+

which is a Banach space. Here u’ stands for the generalized derivative of u; i.e.,

T T
/ o (O)p(t)dt = — / Wty (B)dt for all ¢ € C(0,T),
0 0

Lemma 4.1. (see [23]) (1) The evolution triple X C H C X* is satisfied.
(2) The embedding Wz}(z)(O,T, X,H) CC(0,T, H) is continuous.
(3) The embedding WI}(Z)(O,T, X, H) C LP®)(Q) is compact.
(4) The evolution triple LP" (0, T; LP(®)(Q)) C LP®(Q) C LP™ (0, T; LP™)(Q)) is sat-
isfied.
Lemma 4.2. (see [1]) Let g € L"™®)(Q) and g, € L") (Q) with ||g,|
1 <7 <oo. If go(z) = g(x) a.e. in Q, then g, — g in L") (Q).
Lemma 4.3. (see [1]) Assume that

vy,

% =Qp+ Pn in D/(Q)
where oy, and B, are bounded respectively in V* and in LY (Q). If v, is bounded in
V, then v, — u in Lf(r)(Q). Further v, — v strongly in L'(Q) where n — oc.

ocC

L'r'(:c)(Q) S C fO'f'

Lemma 4.4. (see [1]) Assume that (3.2) - (3.4) are satisfied and let (u,,) be a sequence
iV such that u, — u weakly in V and

/ [a(z, t, up, Vuy,) — a(z, t, u, Vu)][Vu, — Vu] dz dt — 0. (4.1)
Q
Then, u, = u in V.

5. Existence result

Definition 5.1. Let f € L'(Q) and b(ug) € L*(2). A real-valued function u defined
on () is a renormalized solution of problem 1.1 if

Te(u) €V for all k > 0 and b(u) € L>(0,T; L} (Q)), (5.1)
/ a(z,t,u, Vu)Vudr dt - 0 as m — 400, (5.2)
{m<|u|<m+1}
8B65t(u) —div (S (u)a(z, t,u, Vu)) + 5" (u)a(z, t,u, Vu)Vu + H(z,t,u, Vu)S’' (u)

= fS'(v) inD'(Q),
(5.3)

for all functions S € W%°°(IR) which is piecewise C! and such that S’ has a compact

support in IR, where Bs(z) = [; ag—(:)S’(r)dr and

Bs(u)(t = 0) = Bg(up) in Q. (5.4)

Remark 5.1. Equation (5.3) is formally obtained through pointwise multiplication
of (1.1) by S’(w). All the terms in (5.3) have a meaning in D’(Q).
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Now we announce the main result of this section.

Theorem 5.1. Let f € L'(Q) and b(ug) € L*(Q). Assume that (A1)-(A3) hold
true. Then, there exists at least one renormalized solution u of problem (1.1)

The proof of this theorem is divided into 4 steps.

Step 1. A priori estimates in Generalized Lebesgue spaces. For n > 0, let
us define the following approximation of b, H, f and ug:

b (r) = b(Th(r)) + %r for n > 0, (5.5)

H(m’t’ 87 g)
1+ %|H($,t,s,§)|'

Hn(xa t? Sﬂg) =

fn€V* and f,— f ae. in Q and strongly in L*(Q) as n — +oo, (5.6)

uon € D(),  [|bn(uon) |1 < [16(uo)llLr, (5.7)
b (ton) — blug) a.e. in Q and strongly in L'(1). (5.8)
Then we consider the approximate problem:
by, (uyn . :
# —div(a(z,t, un, Vuy,)) + Hy (2, t, up, Vuy,) = f,  in D'(Q),

U, =0 in (0,T) x 99, (5.9)
by (un (t = 0)) = by, (uon)-
Note that H,,(z,t, s, &) satisfies the following conditions
|H, (x,t,8,8)| < H(z,t,s,&) and |H,(z,t,s,&)| <n.

Moreover, since f,, € V*, proving existence of a weak solution u,, € V of (5.9) is an
easy task (see [17]).
Let p € V ﬁ L>(Q) with ¢ > 0, choosing v = exp(G(u,))p as a test function in

(5.9) with G(s) = [ 2= 90) g (the function g appears in (3.5)). We have

3bn(un)
/Q T exp(G(uy))p dx dtJr/Qa(x,t,un,Vun)V(eXp(G(un))go) dz dt

:/ Hn(x,t7un,Vun)exp(G(un))gadmdt+/ frnexp(G(uy))p dz dt.
Q Q

According to (3.5), we obtain

Q(Zn) exp(G(up))p dz dt

/abn(un) exp(G(un))godxdt—&—/ a(x, t, Up, Vig) Vi,
Q Ot Q

+ / a(x,t, un, Vuy,) exp(G(uy)) Ve dx dt
Q

§/fy(x,t)exp(G(un))god:vdtJr/ g(un Z|J’exp (un))pdzdt
Q Q

+ /Q fo exp(G ) ) v .

From (3.4), we obtain
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/abn(un) exp(G(un))@da:dt+/a(x,t,un,VUn)eXP(G(Un))v¢dzdt
o Ot Q (5.10)
< [ @ ep(Gluodrdt+ [ foexpl(Glu)pdut
Q Q

for all ¢ € VN L>®(Q),» > 0. On the other hand, taking v = exp(—G(uy,))p as a
test function in (5.9), we deduce, as in (5.10), that

/8() 8(tun) ex p(—G(un))gada:dt—i—/ a(x, t,un, Vuy) exp(—G(uy)) Vo dx dt
Q Q

4 /Q (1, £) exp(— G (un))ip dar dit

> / frnexp(—=G(uy))p dz dt, (5.11)
Q

for all p € VN L®(Q),p > 0.
For every 7 € [0,T], let ¢ = Ty (un) ¥ x(0,7), in (5.11) we have,

/QB,?(un(T)) exp(G(uy))dx +/ a(x,t, un, Vi) exp(G(un)) VT (u,) ' do dt

.

< / (@, ) exp(G un)) To(un)* da dt + / P exp (G )) T () da dt
oR

-

+/ By (uoy)dz,
Q
(5.12)
L Oba(s) o
where B (r) = [ Ti(s) ds. Due to this definition, we have
0 S
0< / By (ugp)dz < k/ b (uon )| dz < E[[b(uo)|| L1 () (5.13)
Q Q
Using the above result, B} (u,) > 0 and G(u,) < @7 we get
/a(a:,t,un,VTk(un)+)VTk(u,L)+exp(G(un))da:dt
lgllLr
< kexp (ST (1l + @) + 1o (won) i)
S Clk‘.
Thanks to (3.4), we conclude that
0T ( x
/ Z’ k (tn) ’p( )eXp(G(un))dxdt < cik. (5.14)
Qr =1
Hence
aT Un (z
/ Z| kaxl P qedt < erk. (5.15)

Similarly to (5.15), choosing ¢ = Ty (un)~ X(0,r) as a test function in (5.11) leads to

N
T (un) ™ |p(x)
a/ Z’%T‘p dx dt < cok (5.16)
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where ¢y is a positive constant.
Combining (5.15) and (5.16), we conclude that
if VT (un) || Lo () > 1,

| Te (un) I3 < ck, 5.17)
7= { if VT (un)ll prer (@) < 1-

The above inequality together with (5.12) and (5.13) make it possible to obtain

where

(5.18)

=S -

/Q B (un)de < k(| ]l1(@) + (o) |12 @) = CF. (5.19)

Since T (uy) is bounded in V, there exists some vy such that
Tk (u,) — vg in the space V,
and by the compact embedding (see Lemma (4.1)), we have
Ti(un) = v strongly in LP@)(Q) and a.e. in Q.

Let £ > 0 be large enough. Combining the generalized Holder’s inequality and
Poincaré inequality, one has

T
kmeas({[un] > k} x [O,T])z/ / (T ()| da dt
0 {|un|>k}

T

S/ / | Tk (u)| da dt
0 Q
1

1
(pi + F)“Tk(un)‘lLP(m)(Q)Hl”LP’(M(Q)

IN

< CHVTk (Un) ||LP(1’) Q)
< ck”,

which yields,

meas({|u,| > k} x [0,T]) < =g

Moreover, we have
lim (meas({|u,| > k} x [0,T7])) = 0.

k—+o00
Now we turn to prove the almost every convergence of u,, and b, (u,). Consider now
a non decreasing function g, € C?(IR) such that gi(s) = s for |s| < & and gy(s) = k
for |s| > k. Multiplying the approximate equation by g;. (b, (u,)), we get

W —div(a(z, t, un, Vu,)gs (bn(un)))
+ 0@, b, V) g (b (1) )0y (1) Vit + Ho (2, 4, Vit ) g (b (1)) (5-20)
= fuk (bn(un))
in the sense of distributions, which implies that
9k (b (uyp)) is bounded in V (5.21)
and
991 (bn(tn)) is bounded in V* + L*(Q), (5.22)

ot
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independently of n as soon as k < n.
Due to Definition (3.1) and (5.5) of by, it is clear that

{1on (un)| <k} C {Jun| < k7}

as soon as k < n and k* is a constant independent of n.
As a first consequence we have

Vi (bn(tn)) = gr(bn (un))0), (Thx (un)) VT (uy)  a.e. in Q as long as k < n.
(5.23)
Secondly, the following estimate holds true
g5 (b ()05, (Thex () L0 (@) < |\92|\Lw(@)(|§‘1§§*(b'(7“)) +1).
As a consequence of (5.17) and (5.23), we then obtain (5.21).
To show that (5.22) holds, we use (5.20) to obtain

Og (bn (un))

o = div(a(z,t,un, V) gr (bn(un))) — a(z, t, wn, Vuy) gy (bn(un))0), () Vi,

;c n
— Hp (2, t,un, Vug) g (bn (un)) + frgle(bn(un))-
(5.24)
Each term in the right hand side of (5.24) is bounded either in V* or in L}(Q).
Actually, since supp g}, and supp g; are both included in [—k, k], u,, may be replaced
by T« (uy,) in each of these terms. As a consequence, Lemma 4.3 allows us to conclude

that gx(bn(uy)) is compact in L2 (Q).

loc
Thus, for a subsequence, it also converges in measure and almost every where in @,

due to the choice of gi, we conclude that for each k, the sequence T} (b, (u,)) converges
almost everywhere in @ (since we have, for every A > 0)

meas({| by (tn) = b (um)| > A} X [0,T]) < meas({|bn(un)| > k} x [0,7T7)
+ meas({|bym (un)| > k} x [0,T7]) + meas({‘gk(bn(un)) - gk(bm(um))| > A}).
Let € > 0, then there exist k(g) > 0 such that
meas({’bn(un) — bm(um)‘ > A} x[0,T]) <e

for all n,m > ng(k(g), A). This proves that (b,(u,)) is a Cauchy sequence in measure
in Q x [0, T, thus converges almost everywhere to some measurable function v. Then
for a subsequence denoted again u,,,

U, = u  ae. in Q, (5.25)
bn(un) — b(u) a.e. in Q. (5.26)

We can deduce from (5.17) that
Ti(un) = Tk (u) weakly in V (5.27)

and then, the compact embedding (4.1) gives
Tr(un) = Ti(u)  strongly in LP®)(Q) and a.e. in Q.

Which implies, by using (3.2), for all & > 0 that there exists a function hj €
Hil LP'@)(Q), such that

N
a(x,t, T (un), VI (uyn)) = hy  weakly in HLPl('x)(Q). (5.28)

i=1
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We now establish that b(u) belongs to L°°(0,7T; L*(Q2)). Using (5.25) and passing

to the limit-inf in (5.19) as n tends to +o0o, we obtain that

1

P [ B e < [1f12(0) + luollen] =

for almost any 7 in (0, 7). Due to the definition of By (s) and the fact that + By (u) con-
verges pointwise to b(u), as k tends to +o00, shows that b(u) belong to L>(0,T; L*(£2)).

Lemma 5.1. Let u,, be a solution of the approzimate problem (5.9). Then

lim lim sup/ a(z, t, Up, Vuy )V, dedt = 0. (5.29)
{m<|un|<m+1}

m—00 nco

Proof. Considering the function ¢ = T (up — Tin(tn))™ := aum(uy,) in (5.11), this
function is admissible since ¢ € V and ¢ > 0. Then, we have

/ W@m(un) dwdt—i—/ a(z,t,up, Vun)Vupa, (u,) de dt
Q

{=(m+1)<un<-—m}

+ /Q frnexp(—G(uy))am (uy) do dt

< /Q v(z, t) exp(—G(up))m (uy) dx dt.

, m [T Ob,(s)
Setting B (z,1) = /0 s

am (8)ds, permit us to write
/B;”(un)(T)dx +/ a(z,t,up, Vu,)Vuyaol, (u,) de dt
Q {=(m+1)<up<-—m}

+ /Q frnexp(—G(up))am (uy,) da dt

< / Y(z, t) exp(—G(up))m (un) dsr:dt+/ B (ugy)dz.
Q Q
Since B (u,)(T) > 0 and by Lebesgue’s theorem, we have

lim lim [ f,exp(—G(un))am(uy,)dzdt = 0. (5.30)

Q

Similarly, since v € L*(£2), we obtain

lim lim [ yexp(—G(un))om(uy,)dzdt = 0. (5.31)

m—00 N—r00
Q

Therefore,

a(z, t, Uy, V)V, dzdt = 0. (5.32)

lim limsup/
M= nooo J{—(m+1)<u,<—m}

On the other hand, let o = T (v, — T (uy )™ as a test function in (5.10) and reasoning
as in the proof of (5.32) we deduce that

lim lim sup/ a(x,t, Upn, Vi, )Vu, dedt = 0. (5.33)
{m)<u,<m+1}

m—o0 noo

Thus (5.29) follows from (5.32) and (5.33). O
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Step 2. Almost everywhere convergence of the gradients. This step is devoted
to introduce for k > 0 fixed, a time regularization of the function Ty (u), in order to
perform the monotonicity method.

Let ¢; € D(2) be a sequence which converge strongly to up in L'(£2). Set wL =
(T (), + e Ty (¢p;) where (Ty(u)), is the mollification with respect to time of
Tk (u). Note that wft is a smooth function having the following properties:

o’ , , ,
875“ = Ty (u) —wy,), w,(0)=Tk(;) and |wL| <k, (5.34)
wa = Ti(u) inV as p— oo. (5.35)

We introduce the following function of one real

1 if |s| <m

0 if |[s| >m+1
m+1l—s ifm<s<m-+1
m+1l+4+s if —(m+1)<s<—m

hm(s) =

where m > k.
Let ¢ = (Tx(un) — w},) " hm(un) € VN L2(Q) and ¢ > 0, then we take this function
in (5.10), to write

J Oonls ) o)) (Tit) = 0 s 1) e
{Tk(un,)—wﬁzo} ot

+ / a(x,t, U, Vi) V(T (uy) — wL)hm(un) dz dt
{Tx (un)—wi, >0}
- / exp(G(up))a(z, t, tn, Vo) Vg (Tk (uy) — w:L)Jr dzdt (5.36)
{m<up<m+1}
< / v(x,t) exp(G(up)) Tk (un) — wL)Jrhm(un) dx dt
Q

+ / frnexp(G(un)) (Tx(uy) — wfl)Jrhm(un) dx dt.
Q
Observe that

/ exp(G(un))a(x, t, un, Vi) Vg (T (uy) — wft)+ dz dt
{m<u,<m+1}

< Qk/ a(x, t,uy, Vg, )V, d dt.
{m<u,<m+1}

Thanks to (5.29) the third integral tends to zero as n and m go to infinity, and by
Lebesgue’s theorem, we deduce that the right hand side converges to zero as n, m
and p go to infinity. Since

(T (un) — wi)*hm(un) = (Tg(u) — wi)*hm(u) weakly—* in L*°(Q) as n — oo
and (T (u) — wft)Jrhm(u) — 0 weakly—* in L>°(Q) as p — oo.
Let ;(n,m, u, i), L =1,...,n various functions which converge to zero as n, m, ¢ and

1 tend to infinity.

The definition of the sequence wa makes it possible to establish the following Lemma.
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Lemma 5.2. For k > 0, we have

/ Oby (un) exp(G(un)) (T (un) — wz)hm(un) dx dt > e(n,m, p,1).
(Tw(un)—wi,>0p Ot
(5.37)

Proof. The proof of this Lemma is a slight modification of the analogues one of [19].
O

On the other hand, the second term of left hand side of (5.36) reads as follows
/ a(x,t, Up, Vi )V (T (u,) — wz)hm(un) dx dt
{T (un) —wj, >0}

= / a(x,t, T (un), VI (un))V(Tk(uy) — wl)hm(un) dx dt
{Tk(w,)—WﬁEOJUn\Sk}

— / a(z,t, upy, Vun)waLhm(un) dx dt.
{Tk (un)*wﬁZO’\un ‘Zk}

Since m > k, hp,(upn) = 0 on {|u,| > m + 1}, one has
/ A,y V)V (L) — 0 (o) e
{Ty (upn)—wi, >0}
= / a(xz,t, Tk (un), VT (un))V(Ti(un) — wz)hm(un) dx dt
(T ()~ w}, >0}

—/ a(az,t,TmH(un),VTmH(un))Vthm(un) dz dt
(T ()=, >0, Jun |2k}

=Ji + Jo.
(5.38)
In the following we pass to the limit in (5.38): letting first n goes to +oo, then
and finally m tend toward +oco. Since a(z,t, Tmt1(tn), VImt1(uy)) is bounded in

N
H LP®)(Q), we have that
i=1
(L(iﬁ, t, Tm+1(un)» VTm+1(un))hm(un)X{|un\>k} — hmhm(u)X{\u|>k}

N
strongly in H Lp/(I)(Q) as n tends to infinity, it follows that
i=1

Jy = / hmeth(u)X“ubk} dzx dt + e(n)
{Tk(un)_wzlzo}
_ / (VT () — € P T (163)) s () X | ) it + ().
{Tk(un)fwiZO}
By letting © — 400, we obtain

Jy = / hin VT (u) dx dt + (n, p).
{Tk (un)—w}, >0}
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Using now the term J; of (5.38), one can easily show that

/ a(x,t, T (un), VI (un))V(Tk (un) — wi)hm(un) dx dt
{Tk (un)—w}, >0}

_ /  [aa b T(un), VTi(un)) — ala, b, Ti(un), VT (u))]
{Th(un)—w}, >0}
X [VTi(un) — VT (w)] b (uy,) dz dt

+ / a(x,t, Tk (un), VI (w) (VT (un) — VT (w) Ay (uy) d dt
{Tk (un)—wi, >0}

+/ a(z, t, T (un), VT (un)) VT () hy, (uy,) dz dt
{Ti(un) —w}, >0}

—/ a(x,t,Tk(un),VTk(un))waLhm(un)dxdt
{T% (un)—w}, >0}
— Ky + Ko+ K3+ Ky
(5.39)

We shall go to the limit as n and 4 — 400 in the three integrals of the right-hand
side. Starting with K5, we have by letting n — +o0,

Ky =¢(n). (5.40)

Concerning K3, can be see letting n — 400 and using (5.28),
Ky — / HeV T () o () X g iy et + ()
{Tk (un)—w}, >0}
By letting p — 400, we get
Ks = / hiVTy(u) dedt + e(n, p). (5.41)
{Tk(un)fwzzo}
For K, we can write
K, = —/ P VW, b (w) da dt + (n),
{Tk (un)—w}, >0}
by letting u — o0,
Ky =— / hiVTi(u) dzdt + e(n, ). (5.42)
{Th(un)—w}, >0}
Then, we conclude that

/ a2, To(ttn ), VT (1)) V (T (t1) — w05 g (t1,)
(T () —w}, >0}

— /{T‘( s [a(x,t, Ty (un), Vg (un)) — a(a,t, T (un), Vi (w))]
X [VTx(un) — VT (w)] hn(uy,) do dt + e(n, ).

On the other hand, we have



82 E. AZROUL, M.B. BENBOUBKER, H. REDWANE, AND C. YAZOUGH

/ _ [a(x,t, Tk (un), VIk(uy)) — a(z, t, Tr(un), VI (w))]
{Th () —w}, >0}
X VT (up) — VT (u)] dodt
-/  [aest Telun), V() — alw, t, T(un), Ti(w)]
(T (un) —w}, >0}
X VT (un) — VT (w)] b (uy,) dz dt
+ / o a(@, 6 T (un), VT (un)) (VT (un) — VT ()
{Tk(un)fw,ll>0}
X (1 = hp(uy)) de dt
-/ (b, T, V() (VTk() — V()
(T (n) —w}, 20}

X (1 = hp(uy)) de dt.

(5.43)

Since Ay (un) =1 in {|u,| < m} and {|u,| <k} C {|Ju,| < m} for m large enough,
we deduce from (5.43) that

/ A [a(x,t, Tk (un), VIk(uy)) — alz, t, Ti(un), VIk(u))]
{Tk(un)—w:’LEO}
X [VTg(upn) — VTg(u)] dxdt
= / el t, Ti(un), VT (un)) — a(z, t, Ti(un), VIk(u))]
{Tk(urn)—wLZO}
X (VT (un) — VIi(w)] by (uy,) de dt

! / a(a,t, T, (un), VT3 (w)) VT () (1 = b (un)) dz dt.
{T (un) —wi, >0, |un|>k}

It is easy to see that the last terms of the last equality tend to zero as n — +o0,
which implies

/ ol t, Ty(un), V() — a(w, , Ti(un), Ti(w)]
{Tx(un) —w}, >0}
X [V (un) — VIE(u)] drdt
-/ ol Te(n), VTi(un)) — alo, t, Ty (un), Ti(w)]
{Tx(un) —w}, 20}

X (VT (un) — VI (w)] b (uy) dz dt + £(n).
Combining (5.37), (5.39), (5.40), (5.41), (5.42) and (5.43), follows

/ oot Ti(u), V() — a(@, t, Ti(un), VTi(w)]
(T (wn)—wi, >0}

(5.44)
X [VTi(up) — VI, (u)] dedt < e(n, p,m).
Passing to the limit in (5.44) as n and m tend to infinity, we obtain
lim [a(z, t, T (un), VT (un)) — a(z, t, T (un), VI (u))]
700 Ty (un) —wi, >0} (5.45)

X [VTx(up) — VI (u)] dx dt = 0.
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On the other hand, taking ¢ = (Ty(un) — w},)” hp(u,) in (5.11), we may adopt the
same procedure in (5.45) to obtain

lim [a(z, t, T (un), VT (un)) — a(z, t, T (un), VI (u))]
nree {Tk(un)—w:‘SO} (546)

X [VTi(up) — VI (u)] dx dt = 0.

Furthermore, combining (5.45) and (5.46), we conclude

Jim J 10t Tiun), VTewn)) = (et Tuun), VIGD)

X [VTi(upn) — VI (u)] dz dt = 0.
Which, from Lemma (4.4), it follows that
Tk (un) = Ti(u) strongly in V for all k. (5.48)
Now, observe that for every o > 0,
meas{(z,t) € Q@ x [0,T] : |Vu, — Vu| > o} <meas{(z,t) € Q x [0,T] : |Vu,| > k}
+ meas{(x,t) € Q x [0,T] : |u| > k}
+ meas{(z,t) € Qx [0,T] : |[VTi(up) — VTi(u)| > o},

then as a consequence of (5.48), it follows that Vu,, converges to Vu in measure and
therefore, always reasoning for a subsequence,

Vu, = Vu ae. in Q. (5.49)
Which yields,

a(x,t, Ty (un), VI (uy)) = a(z, t, T (u), VI (uw)) in HL” @) (5.50)

Step 3. Compactness of the nonlinearities. In order to pass to the limit in the
approximated equation, we now show that

Hy(z,t,upn, Vu,) — H(z,t,u, Vu) strongly in L(Q),

by using Vitali’ s theorem Since H, (x, t, Upn, Vu,) — H(x t u, V) a e. in Q, consider

a function pp(s fo V)X{v>ndv, we take ¢ = pp(un) fo (5)X{s>nyds as a
test function in (5 10), to obtain

T
[/ B}}(m,un)dx}o +/ a(z,t, Un, Vin)Vng(tn) X {u, >ny do dt
Q Q

< (f swns) oo (UL (Inloo + Ml

where B (z,r) = [; ab"gj’s)ph(s)ds.

Which implies that (since By (z,r) > 0),

/ CL($, i, Un, vun)vung(un)X{un>h} dx dt
Q

> gl 2 \
< ([ gts)exp (FFEI) (ylag) + Il @) + [ Bl uon)da,
h o Q
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Now, using (3.4), we get

a 8u
/ Z Gl dr dt<C/ ds.
{un>h}

=1

Since g € L'(IR), we have
lim sup/ (u Z|aun|pz)d dt = 0.
h—00 neN {un>h}

0
By the same procedure as above, choose ¢ = / 9(8)X{s<—ryds as a test function in
U

n

(5.11), we conclude that

lim sup/ g(uy) Z|8un JE)al dt = 0.
h—00 neN J{u, <—h}

Consequently,

N
. Oup p(=)
lim Sup/ g(un -_— dxdt =0,
h—=400 neN J{|u, |>h} ( ); } 0x; |

we may choose h large enough, such that

N N
Mgy (p(x) Oy (p(x)
glun) Y 5|7 dedt < / gun) Y |57 dadt +1
/cz ; O {lun|<h} ; Ox;
N
T (un) |p(x)

< | o(Tu(un FoRUn ) p) gt 4 1.

o) 32
Then, by (5.48) and Vitali’s theorem, we can deduce that g(u, Z ’aun |p(x)
verges to g(u Z }—|p( @) strongly in L*(Q).
Finally, (3.5) glves

H,(z,t,uy,, Vu,) — H(z,t,u, Vu) strongly in L(Q). (5.51)

Step 4. In this step we prove that u satisfies (5.2), (5.3) and (5.4).

Lemma 5.3. The limit u of the approzimate solution u, of (5.9) satisfies

lim a(z, t,u, Vu) Vudr dt = 0.

M0 Jim < u|<m+1}

Proof. To this end, remark that for any fixed m > 0 one has

/ a(x,t, Un, V)V, = / a(x,t, Un, V) (VT i1 (un) — VT (un))
{m<|uy, | <m+1} Q

:/ a(z,t,Tm_H(un),VTm+1(un))VTT,L+1(un)—/ a(x, t, T (un), VI (un)) VT (u).
Q Q
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According to (5.50) and (5.48), one is at liberty to pass to the limit as n — 400 for
fixed m > 0 and to obtain

lim a(z, t,uy, Vg, )V, dedt
nEee Jm<un|<m+1}
:/ a(x,t, Tmt1(w), Vi1 (w) VT4 (u) dedt
@ (5.52)
—/ a(z,t, T, (u), VI, (w) VI, (uy,) dx dt.
Q

= / a(z, t,u, Vu)Vu dz dt.
{m<lun|<m+1}

Taking the limit as m tends oo in (5.52) and using the estimate (5.29) show that u
satisfies (5.3). The proof is then complete. O

Now, let us show that u satisfies (5.3) and (5.4).

Let S be a function in W1*°(IR) such that S’ has a compact support. Let M be a
positive real number such that supp S’ C [-M, M].

Pointwise multiplication of the approximate equation (5.9) by S’(uy,) leads to

W — div[S" (un)a(un, Vuyp)] + 8" (un)a(tn, Vun)Vu, + S (un) Hy (tn, V)
= fS'(u,) in D'(Q).
(5.53)
Passing to the limit, as n tends to +o00, we have
e Since S is bounded and continuous, then the fact that w,, — u a.e. in @) implies
that Bg(u,) converges to Bg(u) a.e. in Q and L> weak—*. Consequently,

9B (un) 9Bs(u)
o converges to T
in D'(Q) as n tends to +oo.
e Since supp S’ C [-M, M], we have for n > M,
S (un)an (U, Vun) = S (un)a(Thr (un), VI (uy))  ace. in Q.

The pointwise convergence of u, to u and (5.50) as n tends to +00 and the bounded
character of S’ permit us to conclude that

N
S () ap (tn, Vi) = S (u)a(Tar(u), VT (1)) in HLP’@)(Q), (5.54)

as n tends to +oo. S’'(u)a(Tar(u), VTp(u)) has been denoted by S'(u)a(u, Vu) in
equation (5.3).
e Regarding the ‘energy’ term, we have

S" (un)a(tn, Vun)Vu, = S" (un)a(Tar (un), VT (un)) VT (u,)  ace. in Q.

The pointwise convergence of S’(u,) — S’(u) and (5.50) as n tends to +oc and the
bounded character of S permit us to conclude that

S () an (tn, Vun )V, — S”(w)a(Tar(u), VT (u))VTa(u)  weakly in L'(Q).
(5.55)
Recall that

S"(w)a(Tar(u), VT (w)) VT (w) = 8" (u)a(u, Vu)Vu  a.e. in Q.
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e Since supp S’ C [-M, M] and from (5.51), we have
S (up) Hp (2, t, Uy, V) — S'(u)H (2, t,u, Vu)  strongly in L'(Q). (5.56)
e Due to (5.6) and the fact that u, — u a.e. in @), we have
S’ () fr — S'(u)f strongly in L*(Q).

As a consequence of the above convergence results, we are in a position to pass to
the limit as n tends to 400 in equation (5.53) and to conclude that u satisfies (5.3).
It remains to show that Bg(u) satisfies the initial condition (5.4). To this end,
firstly remark that, S being bounded, B%(u,,) is bounded in L*>°(Q). Secondly, (5.53)
and the above considerations on the behavior of the terms of this equation show that

% is bounded in L'(Q) + V*. As a consequence, an Aubin’s type lemma (see,

e.g, [22]) implies that B%(u,) lies in a compact set of C°([0,T7], L*(£2)). It follows
that, on the one hand, Bg(u,)(t = 0) = B%(ug) converges to Bg(u)(t = 0) strongly
in L'(©2). On the other hand, the smoothness of S imply that

Bg(u)(t =0) = Bg(up) in .

As a conclusion of Step 1, Step 2, Step 3 and Step 4 the proof of Theorem 5.1 is
complete.
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