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1. Introduction

In this paper, we are interested in ensuring the existence of infinitely many solutions
for the following perturbed fractional boundary value problem

@ (osDp DR () — D (EDFu(0)) + (D) + pg(u(t) =0, . t e[0T,
u(0) =u(T) =0,

1)
where a € (1/2,1], oD and ;D3 " are the left and right Riemann-Liouville frac-
tional integrals of order 1 —a respectively, §Dg* and § D are the left and right Caputo
fractional derivatives of order 0 < av < 1 respectively, A is a positive real parameter,
1 is a non-negative real parameter and f,g: R — R are continuous functions.

Because of its wide applicability in the modeling of many phenomena in various
fields of physic, chemistry, biology, engineering and economics, the theory of fractional
differential equations has recently been attracting increasing interest, see for instance
the monographs of Miller and Ross [33], Samko et al [38], Podlubny [35], Hilfer [25],
Kilbas et al [27] and the papers [2, 3, 6, 7, 8, 9, 28, 29, 40, 41, 42] and the references
therein.

Critical point theory has been very useful in determining the existence of solution
for integer order differential equations with some boundary conditions, for example
[17, 29, 30, 32, 36, 39]. But until now, there are few results on the solution to fractional
boundary value problems which were established by the critical point theory, since
it is often very difficult to establish a suitable space and variational functional for
fractional boundary value problems. Recently, Jiao and Zhou in [26] by using the
critical point theory investigated the fractional boundary-value problem

@ (30D (1) + 5eDFP (1)) + VF(u(®) =0, ae. t€[0.7),

dt
u(0) =u(T) =0
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where 0D, # and tD;ﬁ are the left and right Riemann-Liouville fractional integrals
of order 0 < 8 < 1 respectively, F : [0,7] x RY — R is a given function and VF(t, x)
is the gradient of F' at x. Also, Chen and Tang in [16] studied the existence and
multiplicity of solutions for the following fractional boundary value problem

@ (GoDi (1) + 3 D7 (W (1)) + VF(u(®) =0, e t € [0,7],

dt
u(0) = u(T) =0,

where F(t,-) are superquadratic, asymptotically quadratic, and subquadratic, respec-
tively. In particular, Bai in [4], by using a local minimum theorem due to Bonanno
([10]), investigated the existence of at least one non-trivial solution to the problem
(1).

In the present paper, motivated by [4], employing a smooth version of Theorem 2.1
of [13] which is a more precise version of Ricceri’s Variational Principle [37, Theorem
2.5] (see Theorem 2.6), requiring that the nonlinear term f has a suitable oscillating
behavior at infinity, in Theorem 3.1, we establish the existence of a precise interval
of parameters A such that, for each A € A and every arbitrary continuous function g
which satisfies a certain growth at infinity, choosing p sufficiently small, the perturbed
problem (1) admits a sequence of solutions which are unbounded in the fractional
derivative space E§. We also list some consequences of Theorem 3.1 and one example.
Finally, we present an analogous result (see Theorem 3.6), in which we replace the
oscillating behavior condition at infinity in Theorem 3.1, by a similar one at zero. In
this setting, a sequence of pairwise distinct non-zero solutions which converges to zero
is achieved.

A special case of our main result is the following theorem.

Theorem 1.1. Let % < a<1. Assume that

I'2—«a
.. . Max|y<¢ F(x) ) I?ll IB (@=edk] F(z)dx
liminf ——==>—— =0 and limsup 5 = 400
§—+oo f E—+o0 5

where F(x) = fom f(s)ds for every x € R and T is the gamma function. Then, the
problem

& (s0g GDFu(t) — D§ GDFu()) + f(u(t) =0, ae. t€[0.7),

dt
u(0) = u(T) =0,
admits a sequence of pairwise distinct positive solutions.

For a discussion about the existence of infinitely many solutions for boundary value
problems, using Ricceri’s Variational Principle [37] and its variants ([13, Theorem 2.1]
and [31, Theorem 1.1]) we refer the reader to the papers [5, 11, 12, 14, 15, 18, 21, 22,
23].

For a through on the subject, we also refer the reader to [1, 19, 20, 24, 34].

2. Preliminaries

In this section, we will introduce some notations, definitions and preliminary facts
which are used throughout this paper.



90 S. HEIDARKHANI

Definition 2.1 ([27]). Let f be a function defined on [a,b] and a > 0. The left and
right Riemann-Liouville fractional integrals of order « for the function f are defined
by

aD[af(t):ﬁ/ (t— )" f(s)ds, te[ab],

b
+DyCf(t) = ﬁ/t (s —t)* 1 f(s)ds, t€ la,b],

provided the right-hand sides are pointwise defined on [a, b], where I'(«) is the gamma
function.

Definition 2.2 ([27]). Let v > 0 and n € N.

(i) Ify € (n—1,n) and f € AC™([a,b],RY), then the left and right Caputo fractional
derivatives of order v for function f denoted by D f(t) and {D; f(t), respectively,
exist almost everywhere on [a,b], D] f(t) and §D] f(t) are represented by

DU = s [ s, e )

(="

b
(D110 = 2y [ (6= 0 s, e o]

respectively.
(i) If v = n— 1 and f € AC" '([a,b],RYN), then SD} ' f(t) and §DP ' f(t) are
represented by

SDPTL) = V@), and fDYTHA() = ()T VY@, e [a,b).

With these definitions, we have the rule for fractional integration by parts, and the
composition of the Riemann-Liouville fractional integration operator with the Caputo
fractional differentiation operator, which were proved in [27, 38].

Proposition 2.1 ([27, 38]). We have the following property of fractional integration

b b
[ b @l = [u0; gl > o 2
provided that f € LP([a,b],RY), g € L4([a,b],RY) andp > 1, ¢ > 1, 1/p+1/q < 1+~
orp#1l,q#1, 1/p+1/g=1+7.

Proposition 2.2 ([27]). Letn € Nandn—1 <~y <n. If f € AC"([a,b],RY) or
f € C"([a,b],RY), then

L) (g ,
DCDYI) = 50 - Y T - ap
7=0
by ) ,
Dy GDyrw) = 1) - Y Sy,
7=0

fort € [a,b]. In particular, if0 <y <1 and f € AC([a,b],RY) or f € C'([a,b],RY),
then

oDy TGDIf(0) = () = fa), and D7 (DY f(t)) = f(t) = f(b).  (3)
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Remark 2.1. In view of (2) and Definition 2.2, it is obvious that v € AC([0,T]) is
a solution of (1) if and only if w is a solution of the problem

& (007 P () + D7 (1)) + A(u(t)) + pg(u(®) =0, ac. te[0.7],

dt (4)
u(0) =u(T) =0,
where 8 =2(1 — «a) € [0,1).

To establish a variational structure for (1), it is necessary to construct appropriate
function spaces.

Definition 2.3 ([26]). Let 0 < o < 1. The fractional derivative space E§ is defined
by the closure of C§°[0,T] with respect to the norm

Tc o 2 T 2 1/2 a
fullo = ([ lsopuPar+ [ uopar) ”, e e,

where C§°[0,T] denotes the set of all functions v € C*°[0,T] with u(0) = w(T) = 0. It
is obvious that the fractional derivative space ES is the space of functions u € L?[0, 7]
having an a-order Caputo fractional derivative § D& € L2[0,T] and u(0) = u(T) = 0.

Proposition 2.3 ([26]). Let 0 < a < 1. The fractional derivative space E§ is
reflexive and separable Banach space.

Proposition 2.4 ([26]). Let 0 < o < 1. For all u € E§, we have

T
lullze < oy g5l DFulzo )
Ta71/2

According to (5), we can consider E§ with respect to the norm

T 1/2
fulo = ([ DRuPde) " = 5Dt ulso, Vue Bg 7)
0
in the following analysis.
Proposition 2.5 ([26]). Let 1/2 < o < 1, then for all any u € E§, we have

T
C [ c e 1
eos(ra)llull < = [ §DFut) - iDFu < sl @)

By Proposition 2.4, when o > 1/2, for each u € E§ we have

T 5\ 1/2
IMMSQ(AHWﬁMNﬁ) = o, (9)

where
oL
Q= i . (10)
Fla)y/2(a—1)+1

Our main tool is the celebrated Ricceri’s Variational Principle [37, Theorem 2.5]
that we now recall as given by Bonanno and Molica Bisci in [13].
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Theorem 2.6. Let X be a reflexive real Banach space, let &,V : X — R be two
Gateauz differentiable functionals such that ® is sequentially weakly lower semicon-
tinuous, strongly continuous, and coercive and ¥ is sequentially weakly upper semi-
continuous. For every r > infx ®, let us put

. SUPyea-1(J—oo,r]) P(V) — ¥ (u)
= f
(,0(7") u€<1>*1la—oo,r[) r— <I>(u)

and
V= {}E}i&f o(r), 6:= T_}lég};niﬁ o(r).
Then, one has
(a) for every r > infx ® and every A €0, ﬁ[, the restriction of the functional
Iy = ® — \VU to ® (] — co,7]) admits a global minimum, which is a critical point
(local minimum) of Iy in X.
(b) If v < o0 then, for each A €]0, %[, the following alternative holds:
either
(b1) I possesses a global minimum,
or
(bo) there is a sequence {u,} of critical points (local minima) of Iy such that
lim @®(u,) = +oo.
n—-+oo
(¢) If 6 < 400 then, for each A €]0, %[, the following alternative holds:
either
(c1) there is a global minimum of ® which is a local minimum of Iy,
or
(co) there is a sequence of pairwise distinct critical points (local minima) of I
which weakly converges to a global minimum of ®.

3. Main results

Put
4T2%(2 — «)
Wg 1= —————~
I'(4-2a)
and F(z) = [ f(s)ds for every z € R.
We state our main result as follows:

T172a(22a71 _ 1)

Theorem 3.1. Let % < a<1. Assume that
N = F 3 . L [rE-ekl F(z)dx
A1) oy M) < e i, PO

Then, for each A €A1, Ao[ where

o I'(2 - a)w,
)\1 - ifr(zfu)m F(m)da:
Tlimsupg_, S 2
and
N e | cos(mar)|
2= 0% 2R T max|,|<¢ F(z)’
Q2T liminfe 4 o0 S
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for every arbitrary continuous function g : R — R whose potential G(x fo
for every x € R, is a non-negative function satisfying the condition

max|,|<¢ G(x)
€2

Goo = lime 400 < 40 (11)

and for every p € [0, pa [ where
| cos(mar)| 02 max|, <¢ F(x)
=1 = ANT———1i f—e—
Her = oG Tcos(ray] o inf ¢ ’
the problem (1) has an unbounded sequence of solutions in EF.

Proof. In order to apply Theorem 2.6 to our problem, let X be the fractional derivative
space E§ equipped with the norm

T 1/2
ludla = ([ s uttPar) "

and we introduce the functionals &, ¥ : X — R for each u € X as follows:

T T _
D(u) := —/O 6Dfu(t) - §DFu(t)dt,  U(u) ::/O (F(u(t)) + %G(u(t)))dt.

Clearly, ® and ¥ are Gateaux differentiable functional whose Gateaux derivative at
the point u € X are given by

T
& (u)o = / (EDgu(t) - $DGu(t) + ;DGut) - Do (t))dt,

T _
(o = [ (1) + St

/ /f ))ds - v'( dt—f/ / ))ds - v’ (t)dt

for every v € X. By Definition 2.2 and (3), we have

T
& (u)w = / (0D~ 1§D u(t) — D (s Dgu(t))) - ' ().

Put I5 := & — AV. The solutions of the problem (1) are exactly the solutions of the
equation I{(u) = 0 (see [4]). Fix A €]A1, A2] and let G be a non-negative function
satisfies the condition (11). Since, A < A2, one has
| cos(ma)| - 0? .. . maxp<¢ F(t)
yi=——" (1= ANT——1 f— 0.
Hax = "pra, [cos(ma)] é-s-t5o 2 ~

Fix 71 €]0, pg 5[ and set v1 := Ay and vy := " 22 TTas If Go, = 0, clearly,
\cos(ﬂa)| by

v = A1, V2 = Ag and A €]y, vaf. If G # 0, since It < Kax: we obtain

A 02
—+ — TG 1
Ao + |cos(7ro<)|'u o S
and so

Ao -

>N,
1+ —2 _ENTGo

| cos(ma)| X

namely, \ < vy. Hence, bering in mind that A > A =14, one has A Elvy, val.
Now, let us show that
v < +o0.
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Let {&,} be a real sequence such that &, — +00 as n — oo and

max|,|<e, F(v) + % max|,|<¢, G() ; max|,<¢ F(v) + %maxmgg G(x)

lim = limin
n— 00 72L £—+o0 52
For every n € N let us consider 7, = “C)Sgg#)lfi Taking (8) into account, for all

u € X such that u € ®7!(] — oo, 7,]), we have
| cos(ma)|[Jull? < @(u) <,
which implies

1
[ 12
Hu”a — |COS(7TO[)|T ( )

Thus, by (9) and (12) we obtain

[u(®)] < Qlulla < Q\/Km)l =&, Ve[0T,

which from the definition of ¥ follows

I w
su U(u) <T max (F(z) + =G(2)) < T(max F(z) + = max G(z)).
LS W) ST max (F) + 60 < T(max F2) + % max G(2)

Therefore, since ®(0) = ¥(0) = 0, for every n large enough, one has
o e YD)~ W)
w€d—1(J—00,rn ) T — ®(u)

SUPy a1 (|—o0,m]) Y (V)
Tn

p(rn) =

p0AXaj<e, (@) + L max,<¢, G(z)

- | cos(ma)| 52
Q2 n

Moreover, from Assumption (Al) and the condition (11) one has

max|,|<¢, F(2) + & max, <¢, G(x)

A 2 < oo
So,
02 max|,|<e, F(x + Emax, L G(x
v <liminf o(r,) <T lim eze, £@) + 5 <6, &) < +o0.
n—+00 | cos(mar)| n—oo &
(13)
Taking (11) into account, one has
max|,<¢ F () + E max < G(z ma. F(x I
lim inf e<e () 2 <6 G10) SliminfM—i-gGoo, (14)
£—+o0 & £—+o0 &2 A

which follows

)\ G]I/l,llg[g

I'2— a)ws | cos(mar)|

A Fe=a)lel 2)+EG(z))dz .. max|, z)+EG(z
Tlimsng->+oo g1 Jo (52( )+EG(z))d Qlelmlnf§*>+oo ax| \35(12(2 )+£G(2))
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Assumption (Al) in conjunction with (13), implies

2 - a)wy | cos(mav)]

& Lo G (P @)+ EG(w))da ] . max|, £
T lim supg_, | o 1 Jo (é;( )+XG@)d Q2T liminfe_, | oo \ss(l‘;(;cHAG(x))

Pl

For the fixed ), the inequality (13) ensures that the condition (b) of Theorem 2.6 can
be applied and either /5 has a global minimum or there exists a sequence {u,} of
weak solutions of the problem (1) such that lim, . ||u, || = +o0.

The other step is to show that for the fixed A the functional I5; has no global minimum.
Let us verify that the functional I5 is unbounded from below. Since

N
l < 7T lim sup % fO ol F(z)dz
X S TZ—a)wa coi e
I'2—a m
RN R @) + EG))da
< —— limsup 5 ,
I'(2 — 0)wa eos4o00 13

we can consider a real sequence {d, } and a positive constant 7 such that d,, — +o0
as n — oo and

I'(2—a)|d, _
=<7< T \dlnl Jo N (P () + LG (z))dx
X F(2 — a)wa d%

for each n € N large enough. Let {w,} be a sequence in X defined by putting

2P@2—a)dny te[0,7/2)
t) = T ’ ’ ’ 16
wel) { LC_0)dn(p _y) ¢ e [T)2,T) (16)

It is easy to check that w,,(0) = w,(T) = 0 and w,, € L?[0,T]. The direct calculation
shows that

2d, 11—«

2dn 4 te0,T/2)
¢D%w, (1) =< T ’ ’ ’
6D wn(t) {2% (tlme —2(t — LY=o, te[T/2,T]

and
T z T
Jwnll = [ GDrwnede = [+ [ D)
0 0 T/2
T

4d? ¢ [T T T T
=2 [/ 2= gt — 4/ et — =) dt + 4/ (t — —)2(1’0‘)(14

T/2
4(1 + 220712 120 16d? /T
3 -2 T2

T
ot — =) dt < oo
T/2 2

That is, §Dfw,, € L?[0,T]. Thus, w, € X. Moreover, the direct calculation shows

(T =0 =25 - 1)), te[0,T/2),

cDa nt — T’
() {M;(T—ﬂla, ter/2,T)
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and
®w,) = = [ 5D (0) -5 DFw, ()
- _(%)2 {/07 e ((T — )l — 2(% - t)l_“)dt
T 11—« 11—« T -«
+/m<T—t> (e 5 )al
2 r 1— a -« % 1—a T -«
T [/Ot —t)ladt — /Ot (51 dt}
(2 T2(2 L T22—a) T 4,
2[F(4—20¢ - _4F(4—2a)(§)3 i ]
= 45(1(2_20‘3‘))@2“(22“1 —1)d;, = wad, (17)
and
T I T I'(2—a)ldn| )
U(wy,) :/0 (F(wn(t))—i—jG(wn(t))dt = m/o (F(m)—ij(az))dx
(18)
So, according to (15), (17) and (18) we achieve
. (2—a)|d, \ — .
Iy(wa) = o = X—o |d ‘ / (@) + E@)dr < (1= Xr)uad?

for every n € N large enough. Hence, the functional I5 is unbounded from below, and
it follows that I has no global minimum. Therefore, recalling (8), applying Theorem
2.6 we deduce that there is a sequence {u,} C X of critical points of I5 such that
lim,, o ||un|| = +00, and the proof is complete. O

Remark 3.1. Under the conditions

lim inf =0
it
and
%f r(2-a)lé F(z)dz
lim sup 5 = +o00,
£——o0 6
Theorem 3.1 ensures that for every A > 0 and for each p € [0, ‘gs;(m)‘ [ the problem

(1) admits infinitely many solutions in E§. Moreover, if Go, = 0, the result holds for
every A > 0 and p > 0.

We now exhibit an example in which the hypotheses of Theorem 3.1 are satisfied.
Example 3.1. Let % <a <1 Let f:R — R be the function defined by
fw) = { #(2 - cos(In(|a])) - 2sin(n(e]))) if = € (R~ {0}),
0 if x =0.

A direct calculation shows

Flz) :{ x2(1—sm(1n(|x\))) if 2 € (R {0}),
0 if x =0.
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So,
ol<e F(z)d
lim i 2eise F@dr
£—+o0 52
and
L(2-a)l€]
. il TV F()dr
lim sup = +00.

£—~+o0 52
Hence, using Theorem 3.1, the problem

CCth( Dy HG D u(t)) — D (§ DGt ))) + Af(u(t)) + pu(t)e B (2 — u(t)) = 0,
a.e. t € [0,1],

u(0) = u(1) = 0,

since Go, = 0, for every (A, p) €]0,400[X[0,+00[ has an unbounded sequence of
solutions in Eg.

Now we want to present the following existence result which instead of Assumption
(A1) in Theorem 3.1 a more general condition is assumed.

Theorem 3.2. Let l < a<1. Assume that

(A2) there exist two sequence {a,} and {by} with waa? < mlﬂ for everyn € N
and lim,, 4 o0 by, = +00 such that
I'2—a)lan 2—«
o maxp g, Fo) — o {0 @y &y & P da
lim - < — lim sup .

cos(ma 2
n—r+00 Leos(ma)| Q(z )lb%fwaa% Wa =400 3

Then, for each
Wa

1 TC I pova
Tlimsupgﬁﬂ,o e1 Jo o (z)dz

A=

| cos(ma)| b2
Q2 n

") lan B
max||<p,, F(z)— ‘aln‘ fOF<2 Han| F(z)dx |:

[cos(ma)l ;2 2
2 b7 —waai

T hmn*H,oQ

for every arbitrary continuous function g : R — R whose potential G(x fo
for every x € R, is a non-negative function satisfying the condition (11) and for every
i € [0, pe A where

I'2—a)lan
| cos(may)| - maxjy<, F2) — 25 ) Nl ()
pox i =———|1—=AT lim
’ 2TGo n—-+oo ‘COE(#)‘W waa2

the problem (1) has an unbounded sequence of solutions in E.

Proof. Clearly, from (A2) we obtain (Al), by choosing a,, = 0 for all n € N. More-
over, if we assume (A2) instead of (A1) and set r,, = ‘Coig#)‘b% for all n € N, by the
same arguing as inside in Theorem 3.1, we obtain
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o(rn) = inf (S“pv@fl(]foomn])‘l’(v)) — U(u)
n u€®—1(]—o0,rn[) _ (b( )
SPuce (|- ooir,) YV fo )+ LG (w, (1))dt
Tn + fo (C)D?wn( ) - cD‘jﬂwn( )dt
maXiei<s, F(@) + § maxaiss, Gla) =g Jy 7 (F(@) + 4G (@))de

[cos(ra)| 1o 2
oz b5 — wqa

IA

IN

where

wn(t) = Ta a
L aan (), te [T/2,T).

Moreover, from Assumption (A2) and the condition (11) one has

i max|,|<p, F(x) + § max,<p, G(z \an\ fl“(2 o \anl F(z) + 4G(x))dz
im

n—00 |COb(ﬂ'0‘)| 2 _ 2
oz~ bn — waas

{ R-c)any te0,7/2),

< +00.

Therefore,
~v < liminf ¢(r,)

n—-+o0o

I'2—a)|an
<1 i et P F S, O) — g Jo O () + 4G )
- n— o0 | COS(%;TO‘” b2 waa%
< +o0.

So, we have the desired conclusion. O
The following result is a special case of Theorem 3.1 with u = 0.
Theorem 3.3. Assume that the assumptions in Theorem 3.1 hold. Then, for each

(2 — a)wa | cos(mar)|

1 (Tl pyds
Tlimsupgﬁﬁ;oo T€] Jo e (z)dz

AeEAN:=

max|,|<eg F(z)

Q2T liminfe, 4 &

the problem (1), for up =0, has an unbounded sequence of solutions in E§.
Here we point out the following consequence of Theorem 3.3.

Corollary 3.4. Let % < a<1. Assume that

F cos(ma
(@)  Leostra)]

*)

(B1) liminfe_, ;oo =158

1 T po)de
(B2) limsup,_, , L o @z ['(2-a)wy.

Then, for each \ €]A1, Aa[ where

N I'2 — a)w,
1= 1 TC-DE s
TlimsupgﬁJ’»oo rer Jo o F(x)dx
and
N e | cos(mar)|
2= 0% 2R T max|,|<¢ F(z)’
Q2T liminfe 4 o0 — e
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Then, the problem
d

= (oDr 7 (D) = DFT (DFu() ) + f(u() =0, ae. te[0,T)

u(0) =u(T) =0,
has an unbounded sequence of solutions in Ef .

Remark 3.2. Theorem 1.1 in Introduction is an immediately consequence of Corol-
lary 3.4.

We here give the following consequence of the main result:

Corollary 3.5. Let % <a<1. Lethy:R—R be a non-negative continuous func-
tion, and denote that Hy(x) = [, hi(s)ds for all x € R. Assume that

(C1) liminfe_, 4o Hgf) < 400 ;

T re-olEl gy ae
(C2) limsup,_, , o, - L &2 e _ = +o00

Then, for every mon-negative continuous h; : R — R for 2 < i < n satisfying

max{supHZ-(f); 2<¢< n} <0
£eR

and

H;(€).

,2§i§n}>—oo

min | mind =
where H;(z) = [ hi(s)ds for all z € R for 2 <i<n, for each

| cos(mar)|

02T liminfe_, 4o Hg“

A€

and for every arbitrary continuous function g : R — R whose potential G(x) =
fo s)ds for every x € R, is a non-negative function satisfying the condition (11)
and for every p € [0, ug x| where

| cos(ma)| 0?2 H,(¢)
=" [1—-AT———1i f
Hea | cos(mar)| .glgﬁgo g )

the problem

& (s0p ™ GDp () — D5 (D)) +A2h )+ mgu(t)) = 0,
a.e. t €10,T],
u(0) =u(T) =0,
has an unbounded sequence of solutions in Eg .

Proof. Set f(z) = Y. | hi(z) for all z € R. Assumption (C2) together with the
condition

H;
min{lﬁiﬂgg 529; 2§i§n} > —o0
ensures
2—a)l€ 2—a)|€
 m R F@)de B T Hiw)de
lim sup = lim sup = +00.

E—+o0 62 £—+o0o €2
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Moreover, Assumption (C1) along with condition

max{supHi(g); 2<i< n} <0

£ER
follows
F
lim inf w < liminf Hli(@ < 400
£o+oo £2 E—+too  £2
Hence, from Corollary 3.1 the conclusion follows. (]

Finally, we observe that by similar reasonings as in the proof of Theorem 3.1 but
using conclusion (c¢) of Theorem 2.6 instead of (b), the following result holds.

Theorem 3.6. Let % < a<1. Assume that

1 fOF(Q—Q)\ﬂ F(z)dz

.. ax|, F .
(A3) liminfe_q = & @< r<'2°32(52?}22 lim supg_,+ e

Then, for each A €A1, Ao where

e i I'2— a)w,
3 - . ‘ ﬁ for(zfa)\g\ F(z)dz
T limsupg_, o+ 3
and
Ny e | cos(mar)|
4= DY 2} T max|,|<¢ F(z)’
Q2T liminfe_, o+ — e

for every arbitrary continuous function g : R — R whose potential G(x) = foz g(s)ds
for every x € R, is a non-negative function satisfying the condition
max|,|<¢ G(x)

e < +oo (19)

Go = l’img_)oJr

and for every p € [0, pe,A[ where

| cos(mar) 02 .. . MmaX,<¢ F(x)
= LS () AT liminf 2 lelse )
Hen 027G, | cos(ma)] 0+ & ’

the problem (1) has a sequence of solutions, which strongly converges to 0 in E§.

Proof. Fix A €]A3, \a[ and let G be a function satisfies the condition (19). Since,
A < Ag, one has

| cos(ma)| ~p 2 maxg e F(2)
si=—— (1 - ANT———1 f———— 0.
Hax 027G, | cos(ma)| 1;1_1}(1)1} &2 ”
Fix @ €]0, pg 5[ and put vy := A3 and vy = — M If Gy = 0, clearly,

It reottray £ A2Go
vy = A3, v = Ag and A €]vy, [ If Gy # 0, since Tt < pi; 5, we obtain

A 02
—+ —nTG 1
Az + |cos(7r01)|'u A

and so
A2 —

e S
1+ resGran s 22 TGo
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namely, A < vp. Hence, bering in mind that A > A3 = vy, one has A €]0vy, v5[. Taking
(19) into account, one has

max|,<¢ F(7) + £ max ,<¢ G(z max|,|<¢ F(x I
liming Z0eise F@) T 5maxia<e Glo) Lo maxpi<e F@) | 7 (20)
£—0+ & £—0+ & A
Therefore, from (20), we observe
X G]V]_, Vg[g

(2 — a)w, | cos(mar)|

1 fe-e)lel g Eqg dz A max|, F(z)+E max, G(x
Tlimsupg_, g 1 Jo (52(:zc)+A (z))da Q2T lim inf_, g 22l ( )gé jz1<e G(@)

We take X, ®, ¥ and I as in the proof of Theorem 3.1. Let {{,} be a sequence of
positive numbers such that &, — 07 as n — 400 and

maxs|<¢, F() + £ max,<¢, G(x)

lim 5 < 400.
n—oo n
Putting r, = “C)Sgg#)lfz for every n € N and working as in the proof of Theorem 3.1

it follows that § < +o00. Let us show that the functional I3 has not a local minimum
at zero. For this, let {d,} be a sequence of positive numbers and 7 > 0 such that
d, = 0t as n — oo and

I'2—a)|d, _
l___ T @ Jo G (P(2) + EG(x))da
= T

for each n € N large enough. Let {w,} be a sequence in X defined by setting w,, as
given in (16). Putting together (17), (18) and (21) we achieve

L(w,) = ®(w,)—AV(w,)

. T T(2—a)|dy | I
- - ~/~ ~1 1 1 F —
wad? /\F(Z—a)|dn\/0 (F(@) + EG(a)as

< (1 =Awad? <0

(21)

for every n € N large enough. Since I5(0) = 0, this ensures that the functional I has
not a local minimum at zero. Hence, recalling (8), the part (c) of Theorem 2.6 ensures
that there exists a sequence {u,} in X of critical points of I5 such that ||u,|| — 0 as
n — 0o, and the proof is complete. (Il

Remark 3.3. Applying Theorem 3.6, results similar to Theorems 1.1, 3.2 and 3.3
and Corollaries 3.4 and 3.5 can be obtained by replacing & — +oo with & — 07.
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