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Existence and multiplicity of solutions for a class of isotropic
elliptic equations with variable exponent

IONELA-LOREDANA STANCUT AND CRISTIAN UDREA

ABSTRACT. The present paper deals with a nonhomogeneous problem involving weight and
variable exponents on a bounded domain with smooth boundary in RY. Our approach relies
on the variable exponent theory of generalized Lebesgue—Sobolev spaces and arguments based
on variational methods and a variant of the mountain pass theorem.
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1. Introduction and preliminary results

In this paper we are concerned with the existence and multiplicity of solutions for
the boundary eigenvalue problem

—div (|[VuP®=2Va) + |[uP@ 2y = Au|?® =2y — h(z)[u/"® 20 in Q, (1)
u=20 on 0F),

where Q C RY (N > 3) is a bounded domain with smooth boundary, \ is a positive
real number, p, g, 7 are continuous functions on € satisfying 2 < p(x) < ¢(z) < r(z) <
p*(z), where p*(x) = A],Vféz) and p(x) < N for all z € Q, while h : Q — [0,0) is a
continuous function such that the following two conditions hold true

()™ e :

)\r(ac)—Q m _r()

We intend to prove that if A is sufficiently small then we do not have any solution
for problem (1), while if A is large enough then there exist at least two nontrivial
weak solutions for problem (1). We point out that similar results were obtained for
Laplace equations in [1], [4] and [14]. As well, for p-Laplace equations we refer to [11],
[12] and [16].

We highlight the presence of the p(-)-Laplace operator Ap ) u = div (|Vu|p(m)*2u)
in problem (1). This is a natural extension of the p-Laplace operator, where p > 0 is a
constant. However, unlike the p-Laplace operator, p(-)-Laplace operator is nonhomo-
geneous. The study of nonlinear elliptic equations involving quasilinear homogeneous
type operators like the p-Laplace operator is based on the theory of standard Sobolev
spaces in order to find weak solutions, while in the case of p(-)-Laplace operators the
natural setting for this approach is the use of the variable exponent Sobolev spaces.
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Due to the interest regarding the variable Sobolev spaces, motivated by their appli-
cability to diverse fields, in the past decades appeared many papers which involve such
spaces. The variable exponent Sobolev spaces are used to model various phenomena
among which the image restoration, and for the modelling of electrorheological fluids
(or smart fluids). The first major discovery on electrorheological fluids was in 1949
due to Willis Winslow. These fluids have the interesting property that their effective
viscosity depends on the electric field in the fluid. They can raise the viscosity by
as much as five orders of magnitude. This phenomenon is known as the Winslow
effect. Electrorheological fluids have been used in robotics and space technology.
The experimental research has been done mainly in the USA, for example in NASA
laboratories.

We recall in what follows some definitions and basic properties of Lebesgue—Sobolev
spaces with variable exponent.

We set

Ci(Q) ={pe C(Q): minp(z) > 1}
ze)
and denote, for every p € C (),
+

p" =supp(z) and p~ = inf p(z).
z€Q e

For any p € C(Q) we define the variable exponent Lebesgue space
PO(Q) = {u; u is a measurable real-valued function with / lu|P® de < oo}.
Q

On this space we define the so-called Luzemburg norm

|u|p(.) = inf {M > 0; /
Q

and emphasize that (LP() (), |- |,(.)) is a separable and reflexive Banach space. If 0 <
|2] < 0o and p1, py are variable exponents in C () satisfying p;(z) < pa(x) almost
everywhere in (0, then there exists the continuous embedding LP2()(Q) — LP1()(Q),
whose norm does not exceed || + 1.

We denote by L ()(€) the conjugate space of LP()(Q), where -t~ + —~ = 1. For

u(ac) p(z)

dxgl}

p(@) ' p(x)
any u € LPO)(Q) and v € LP () (Q) the following Holder-type inequality
1 1
[ wwda| < (= + 22 Ylubololyr < 2l oy 0
Q b p

holds true.
As well, p(-)-modular of the LP()(Q) space, which is the mapping Pp() LrO(Q) —
R defined by

P () = /2 uf?®) dee

plays an essential role in handling the generalized Lebesgue spaces. If (u,),u €
LP0)(Q), then the following relations hold true:

ulpey <1 (=1 > 1) & ppy(u) <1 (=1 >1),

()
- +
lulpey > 1= Julp ) < ppey () < Julpy, (6)
+ -
ulpey < 1= |“|§(‘) < pp(y(u) < |“|§(‘)7 (7)
U — ulpy = 0 & pp(y (un —u) — 0. (8)
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Look into [9] for more details of these facts and further properties of the variable
exponent Lebesgue spaces.

Let r : Q — (1,00) (such that 7™ < +00), and h : © — [0,00) be continuous
functions. We define the weighted Lebesque space

LZ(')(Q) = {u; u is a measurable real-valued function with / h(z)|u|"®dz < oo},
Q
endowed with the norm
r(@)
|ulp, .y = inf {p > 0; / h(x) uif) dx < 1}.
Q

If h(z) =1 on ©Q, we can observe that the resulting norm is just | - |.(.).

Further, we denote by Wol’p(')(Q) the variable exponent Sobolev space defined by
Wo P () = {u; woq =0, ue LPO(Q) and [Vu| € LPO(Q)},
equipped with the equivalent norms

ullpy = lulpey + [Vaulye

||u|:inf{u>0; /Q('Wf) p(x))dasgl},

where, in the definition of |lu||,(.), |Vulp.) is the Luxemburg norm of [Vu|. We recall
that WO1 P (')(Q) is a separable and reflexive Banach space. For the density of C§°(Q)
in VVO1 P (')(Q) we consider p € C4(Q) to be logarithmic Hélder continuous, that is,
there exists M > 0 such that |p(x) — p(y)| < —M/log(|x — y|) for any x,y € Q with
|z—y| < 1/2. Also, we note that if s € Ct(Q2) and s(x) < p*(z) for all x € Q, then the
embedding Wol’p(')(Q) < L*0)(Q) is compact and continuous, where p* () = J\J,Vf’z()ﬁz)
and p(z) < N.
We refer to [6]-[9] for more properties, details, extensions and further references.

and
p(z)

M)
n

Next, we define the modular of the Wol’p(')(Q) space, which is the mapping
00y s Wo P () = R defined by

0y () = / (IVulP@ + |uP@)da.
Q

If (up),u € Wol’p(')(Q), then the following relations hold

- +
[ull > 1= flul” < opy(u) < [lull”,

—~
e
N

+ _
Jull <1 = Jull” < opey(u) < ul”, (
|wn —ul| = 0 < 0p(y (Un —u) = 0. (1

=
_ O
NN

2. The main results

We seek weak solutions for problem (1) in a subspace of VVO1 () (©), namely in the
weighted variable exponent Sobolev space defined by

E= {u e WP (Q); / () |u|" @ dz < oo},
Q
equipped with the norm
[ulle = fulpey + [Vulpe) + [ulne)-
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We say that u € F is a weak solution of problem (1) if u(x) = 0 almost everywhere
on 0f) and

/ (|Vu|p(x)72Vqu+|u|p(z)72uv)dxf)\/ |u\q(z)72uvdx+/ h(z)|u|"® 2y de = 0
Q Q Q

(12)
for all u,v € E.
Define the energy functional ® : E — R by

1 1
@(u):/ 7(|Vu|p(x)+|u\p(’”))dx—)\/ —|u|q($)dm+/ @|u|r(l)d:ﬁ.
Q o q(x) Q

p(x) r(x)
By standard arguments, ® € C'(E,R) and the derivative is given by

(D' (u),v) :/ (|Vu|p(x)_2VuVU+ |u|p(z)_2uv)dx— )\/ || =200 da:
Q Q

+ / () |u]"® 2w da
Q
for any w,v € E. Thus the weak solutions of (1) are exactly the critical points of ®.
We intend to prove the two theorems from bellow.

Theorem 2.1. There exists Ay > 0 such that for A > \g problem (1) possesses at
least two nontrivial weak solutions.

Theorem 2.2. There exists A* > 0 such that for any A € (0, \*] problem (1) does
not have a nontrivial weak solution.

3. Proof of the main results

3.1. Proof of Theorem 2.1. We split the proof in two steps.

Step 1. We shall prove the existence of a nontrivial solution for problem (1). Firstly,
we will demonstrate the following two lemmas.

Lemma 3.1. The energy functional ® is coercive on F.

Proof. We start by recalling the following inequality:
For any a,b > 0 and 0 < k < [ we have
k
-k

alt|F —bjt|' < C - a<z> , VteR, (13)

where C' > 0 is a constant depending on k and ! (see [10]).
Choosing in (13) k = q(x), l =7(2), a = 2~ and b = h(w)) we find that

q(x) 2r(x
A h(z) 1\ @@ = e iV Ve CONNET o= e
a(z) WL r(@) < o e 9 r@)—a(@) r@—al=
a2 = (2r(z) Ay '
r(x) ()
Taking into account that (ﬁ) rlx)—ae) (27“(3:))7‘(;;*(1@) is bounded expression, we
arrive at X
A h(z) AT@) N\ r@—a@
q(@) _ () < L
2 = ey < |
where k; > 0 is a constant. By (2) we deduce that there is a constant ks > 0 such
that

%|u|q(z> _ 2};(“2 )@ \dz < ko.
o \q(v) (z)
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Therefore, we have

(P(u):/ L (19up® 4 @) da:—)\/ —|u|q<f>d +/ @) @) do
Qb r(z)

:/ ]9(7(|vU|p |u|p($))da¢/ﬂ(q();>|uq®”)%ur(‘r))dx

(@) 1 +/ wa‘(ﬂﬁ)dx
o r(z)

1 [ h(x)
VulP® + |uP® derf/—uT(w)d:cfk
épuﬁ' R Jy R

]' T x ]' T\
> (|vu|p< D ) d + | h(@)lul @ da — k.
Consequently,
v 2 ko[ (Tup® 4 up @) [ B ) <k, (9
Q Q

where k3 = 5. Now, let v € L™0(Q), r € C(Q), be such that [v],.) > 1. By (6)

we get
|U|7T: < / |U|T(I)dx.
) Q

If we take v(z) = h(m)ﬁu(x) we obtain the following

ali) < [ Bl
Also, let w € E be such that ||u| > 1. By (9), (14) and the formerly relation we

deduce

©(u) > ks (|[ull” hor(y) = k2 = s (llull + ulnr()) — k2 > kallull — k2,

where k4 is a positive constant. We infer that ®(u) — oo as ||u||g — oo, namely P is
coercive on E. g

Lemma 3.2. Assume that (u,) is a sequence in E such that ®(u,,) is bounded. Then
there exists a subsequence of (u,), labeled again (uy,), which converges weakly in
to some ug € E and

D (ug) < liminf ®(uy,).

n—oo

Proof. Let v, € L™0(Q), r € C4(Q), be such that |v,|,..) < 1. Then, by (7), we have

/|” " da < |va 7

Taking v, (z) = h(z) o) un (x) we obtain the relation

/ B(@)unl @dz < Junliy e < 1
Q

Similarly, for |vy|.(.y > 1 together with (6), we get

U<l < [ hla)unl

Since [, h(z)|un, |"®)dz is bounded we deduce that |u,|,.(.) is bounded.
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On the other hand, by (14) we deduce that

B(u,) > k( [ (9P + @)+ [ h(x)um@dx) b,
Q Q

where ko, ks are positive constants. Since ®(u,,) is bounded, the previous inequality
implies that [, (|Vun[P® + |u, [P@®)dz and [, h(z)|u,|"® dz are bounded.

Taking into account that [, (|Vun [P@ + |u,[P@)dz is bounded and using the
properties (9) and (10) it is clear that ||uy, || is bounded. Therefore, ||uy,| £ is bounded,
that is there exists a subsequence of (u,,), labeled again (u,,), which converges weakly
in E to some ug € E. In fact, there exists ug € E such that

u,, converges weakly to ug in Wol’p(')(Q%
u, converges strongly to ug in LZ(')(Q).
We define
A h(x)

Flz,u) = ——|ul1®) — ZLjy|"®)
(@) = s lult) = 2

and
f(x,u) = Fy(e,u) = Mu|7® =24 — hz)|u|"® 2y,
We observe that
Fula,u) = Mg(z) = D)™™~ = h(z)(r(z) = 1)]u|" =2,

Applying (13) for a = Mg(z) — 1), b=h(z)(r(z) = 1), k = q(z) —2 and | = r(z) — 2
we arrive at

q(x)—2 1
q(_q;) — 1\ r@—4adE@) )\7"(15)—2 m(z)—q(z)
fulz,u) Sc(r(w)l) (q(z) —1)- h(z)a@) 2 .
)
It is evident that (W) - (g(x) — 1) is a bounded expression. Then

N@)=2 \ T
) (15)

fu(m7u) < (h(x)qw

where ¢ is a positive constant. Using the definitions of ® and F' we can write that

u) — ) = | (1T P@ 1 POV de — [ (1T @) - ) da
Buo) = B(ur) = [ (190 o) — [ (T )
+/[F(x,un)—F(x,ug)}d:c. (16)

Q

On the other hand, the following equalities are true

J(z,uo + s(up — uo)) — f(2,uo)
Up — U
Fu(%UO + S(un - UO)) — Fu(l‘,UQ)
Up — U

/s fu(x7u0 +t(un - Uo))dt =
0
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and integrating over [0, 1] we obtain

1
1 ps / [Fu(z,u0 + s(uy —ug)) — Fu(z,u0)]ds
/0 /0 fu(x’uo + t(un — UQ))dt ds = 29

Up — UQ
_ F(z,up) = F(z,u0)  f(z,u0)
(up — ug)? Up — Ug

We infer that

1 s
F(z,up)—F(z,up) = (Un*’uo)z/o /0 Sul@,ug+t(un, —up))dt ds+ (u, —ug) f (2, up).

(17)
The relations (15)—(17) yield
1 1
Blu) — bl = [ 1 p(a) P(®)) oy / 1 p() P(@) g
(o) — ®(un) /Qp(x)(|Vuo| @)z [ s (T, 4 ) o

1 s
— 2 —
—l—/ﬂ(un uo) /0 /0 fu(z,ug + t(un — uo))dt ds dx
—I—/Q(un—uo)f(x,uo)dx

1 1
< [ o (Tl ol [ o (907 )
o p(z) Q

p(x)
Ar@) =2\ Totam
2
+ ¢ /Q(un — ug) (h(m)‘J(w)—2> dx
+ / (Un - Uo)f(l’,uO)dSC, (18)
Q

where cy is a positive constant. In what follows we will prove that the last two
integrals converge to 0 as n — oco.
For this purpose, we define I : E — R by

I(v) = /Q @, uo)v da.

It is easy to see that I is linear. Also, we need I to be continuous.
[1(v)] < / |f(z,uo)v|dx = / ’)\|U0|Q(x)_2uo - h($)|uo|r(x)_2uo| - |v|dx
Q Q

gA/ |u0|‘I(’”)_1|v|dw+/ (@) o |1 v da (19)
Q Q

Applying the Holder-type inequality (4) we find that

/Q\uo‘q(m)*l\ﬂdx§2|\u0\qu)71| o) [V]g(y-

q()—1

We know that the embedding Wol’p(')(Q) — L90)(Q) is continuous, that is, there is a
constant Cy > 0 such that

[0lg() < Collv]l, Vo€ Wy ().

On the other hand,
[vll < flv]le-
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Now, combining the last three inequalities we get
[ ol e < G, (20)
Q
where C is a positive constant. Next, by Holder-type inequality (4) we have
r(z)—1

[ r@ el e = [ (1) ol ) (1)
Q Q

r(z)—1

W)™ Jo]
S ()
< C2|U|h,r(~) < CQHU||E7 (21)

where Cy > 0 is a constant.
Therefore, (19)—(21) shows that there is a constant Cs such that

[I(v)] < Csllvlle, VvekE,

in other words I is continuous. Bearing in mind that u,, — up in £ and taking into
account that [ is linear and continuous we obtain that

I(uy) — I(up),
that is
lim [ f(x,u)(u, —ug)dx = 0. (22)

n—roo Q

We have obtained above that w, — wug in WO1 P (')(Q). On the other hand, since
r € C4(Q) and r(x) < p*(z) it follows that the embedding Wol’p(')(Q) — L7O(Q) is
compact. Thus u, — ug in L") (), meaning that

/ |t — uo|"®dz — 0
Q

or else
9 (@)
/(|un—u0|) Z dr — 0.
Q

Hence we conclude that
(un — u)? € L% (Q).

Keeping in mind the above condition, (3) and Holder’s inequality (4) we have

A\r(@)—2 @@ Ar(@)—2 oo
— 2 e — —
o) (h(x)ﬂw) <2 (h(w>q<z>2>
But
prio (un — ug)?) = / (p — uo)?| "% dz = / ltn — uo|"@dz — 0.
Q Q

2

[ (wn—u0) [ 0.

r()

This fact combined with (8) yield that

|(un —u0)2 26} — 0.

Then

L[ N@=2 \ T
lim | (0 — uo) (> da = 0. (23)
o I

n— 00 (a;‘)‘I(z)_Q
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We now propose to show that the functionals @ : Wol’p(‘)(Q) — R,

u - p(m
®w = [ osivu

and ®, : WP (Q) - R,

W= [ @ gy
Dy (u) /Qp(x)u d

are convex. Indeed, taking in consideration that the function
[0,00) 3t =t

is convex for each v > 1 it follows that for any z € (2 fixed it the inequalities

+ p(x) p(@) 4
’£2¢ < ‘|€2 5|§‘p(ac) 4= ‘w\P(x) V&1p e RY, (24)
al + p(@) 1 1 z
5 < w 5‘0&|p §|6|p( )7 vavﬂ €eR (25)

hold. Using (24) we obtain

p(z)

1
§\Vulp(” +- |W|p<1> Vou,0 e WiP(Q), z e Q.

Vu+ Vv
2

Multiplying by ﬁ and integrating over ) we deduce that

1 1 .
o, (“"2“’) < 30w+ 51 (), Vuve wirt(q).

Also, by (25) we obtain

1 .
"U,|p(z) + 5|'U|p(:v)7 A u,v € W(}J)( )(Q)a z € Q.

Multiplying by and integrating over {2 we deduce that

x

1 1 .
%(“‘2“’) 5 ®2(u) + 58 (v), Vou,v e Wit (@),

Since @1, @, are convex, obviously ®; 4+ 5 is convex on I/V1 pC) (Q). To prove that the
functional ®; 4+ ®, is weakly lower semicontinuous on W, = ( )(Q), it is enough to show
that this is lower semicontinuous on W,"” ¢ )(Q) (see Corollary IIL.8 in [3]). There-

fore, we fix u € W P(Q) and & > 0. Let v € Wy?)(Q) be arbitrary. Considering
that @1+, is convex and Holder-type inequality (4) holds true, we have the following
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O (v)+P2(v) = O3 (u) + o(u) + (P () + Ph(u), v — u)

=Py (u) + Po(u) + / \Vul[P@=2TuV (v — u)dz + / luP@ =2y (v — u)da
Q Q

> By (u) + o (u) — / VPV (0 — )| da — / uP@ o — ulde
Q Q
> @1 (u) + Po(u)

_ C<|Vu|p(m)_l}pf,(>')1 V(v —u)lpey + ||u|p(Z)_1|p5()31 v — up(.)>

> Py (u) + Po(u)
_ c(’Vu|P(I)—1} oy + ||u|1’(w)—1| »() ) (‘V(U — ’LL)|p(.) +|v— u|p(.))
p()—1 p()—1
> 1 (u) + Pa(u) — flv —ul|
> ®q(u) + Po(u) — ¢

for any v € Wol’p(')(Q) with ||v — u|| < €/é, where ¢, ¢ are two positive constants.

This means that ®; + @5 is lower semicontinuous on VVO1 () (©) and implicitly weakly
lower semicontinuous, namely

lim inf (@1 + ®2)(up) > (P1 + P2)(uo),

n—oo

or else

1 1
liminf/ —— (IVun [P® + |u, [P@)) da > / ——(IVuo @ + |ug|P)) da.

n—r oo

Passing to the limit in (18) and using (22), (23) and the above inequality it follows
that

lim inf ®(uy,) > P (up).

n—roo

In other words ® is weakly lower semicontinuous on F. (I

Now, by Theorem 1.2 in [13], Lemma 3.1 and Lemma 3.2 we deduce that there is
u € E a global minimizer of ®, accordingly

D(u) = vlggfb(v)

Obviously, u is weak solution of problem (1), and we intend to show that v # 0 in E.
It is enough to show that infg ® < 0 as long as A is sufficiently large.
We establish

- 1
\ = inf {q+/ —— (|VulP® + P dz + q+/ Mhﬂ“”dm; u€k,
o p(z) o r(z)

/ |u| 7 dg; = 1}.
Q

For all u € E with / |u|7® dz = 1, Holder’s inequality (4) leads us to
Q

a(z)
h(z) @ |5t e

(26)

a(z)
x) r(x)

A= / #h(m)%mﬁ(@dx < 2‘
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Focusing our attention on the case when u € E satisfies

h(x) Ee |u|q(z)

a(z
> 1,

r(-
(.

Q

by (6), (7) and (26) we arrive at

s A7 (@) Wd
= .4(huww) !

Hence, we get

()" r(@) \ T
/ h(x)|u|"® dz > A / A dx
0 2 o \h(z)1®)

and thereby

1/(7)* 1/(2)”
( h(x)|u|r(x)da:> .
Q

—(5)7 /(=

- h(x) et (A7 A@) N\ T —T/GE
e [t () )
o () 3 o 7

Thus, we obtain A > 0. Let A\ > X. Then there is a function & € E with
/ @7 dz = 1 such that
Q

h(z)

~ T(a:)d
r(zx) [l “

)

1
/\/ |a|9® de = X > q+/ ——(IVa[P® + |aP))de + q+/
Q o p() Q
whence we obtain

1
/\/ |a|q<m>dxz %/ |a\q(f’3)dx
o q(z) qat Ja

1 . . h(z), .
> [ —(Vaff® + |ap@ dx+/ — " dg.
/Qp(x)(l | ) o (@)

From here it is easy to see that

. 1 _ _ 1. h(z), .
(1) :/ ——(|va|P® + |ap® dx—)\/ — u(I(m)dx—i—/ —Zla|"®dz < 0,
= Jo oty (V7 H =2 Jo il o r(e) "
and thereby we obtain that infgp ® < 0. We can conclude that there is A\g = X such
that (1) has a nontrivial weak solution @ € E, for every A > )\, satisfying ® (@) < 0.
Since ®(u) = ®(|u|) we may assume that @ > 0 almost everywhere in Q. In other
words, u which we have found above is not identically 0.

Step 2. In what follows we handle to find a second nontrivial weak solution for problem
(1). We fix A > Ag and establish

0, ift<0
g(x,t) = XI@=1 — pg)er@-1 if 0 <t < ()
Nii(2) @)1 — p(x)a(x) @, if t > a(x)

and

G(x,t):/o g(z, s)ds.
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We define the functional A : E — R by

W= [ (1TulP® P @ ) de — )
Aw) = [ s (Vul® + up)de — [ Glaya

By standard arguments, A € C*(E,R) and the derivative is given by
(N (u),v) = / (|Vu|p(””)72VuVU + |u|p(m)72uv)dz - / g(z,u)vdr
Q Q

for all u,v € E. Clearly, if u is a critical point of A then u > 0 almost everywhere in
Q.

In the first instance, on the basis of mountain pass theorem, we intend to find a
critical point & € E of A such that A(@) > 0. For this purpose, we prove the following
two lemmas.

Lemma 3.3. There is p € (0, ||@]) and § > 0 such that A(u) > 4, for every u € E
satisfying |ju| = p.

Proof. Taking into account that the embedding Wol’p(')(Q) «— LI0)(Q) is continuous
we deduce that there is a constant M > 1 such that

fulggy < M -Jlull, Y€ WyO(Q). (27)
We fix p € (0,1) such that p < &-. By virtue of (27) we have
[ulqcy < 1 for all u € WOLP(')(Q) satisfaying ||ul| = p.
Relaying on (7) and (27) we get
A [ Jultde < 2l (28)
Q

where M, = AM? .
For any u € E we have

A(u):/ L(|Vu|p(‘”)+|u|p($))dx7/ G(:c,u)d:z:—/ G(z,u)dz
o p(z) [u>1) [u<d)
1
= / —(|Vu|p(w) + |u|p(x))dx —A a1y dx —|—/ h(z)a" @~y da
o p(z) [u>) [u>]

_A/ 1@ dx+/ M) @) g
[u<i) q(x) [u<i) r(x)
A

> 7/ |VU|P(I) + ‘u|l)($))dx _ )\/ uq(w)dx A u‘J(””)dx

[u>a] q [u<d]
> 7/ IV + [u[P™))da — A / | 1) (29)
As consequence of (10), (27)—(29) we arrive at
+( 1 -t
A > JulP” (5 = dful” "),

for any u € E satisfying |Ju| = p.
Now, we define the function ¢ : [0,1] — R thus

1 -t
@(t) = — — Mltq P,
p+

We can see that this is positive in a neighborhood of the origin, such that the choice
of p € (0,1) is so small that § = pp+<,0(p) > 0. This concludes our demonstration. [
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Lemma 3.4. The functional A is coercive on E.

Proof. The following are true for every u € E

W= [ (V@ 4 up@)ds —
Aw = [ (9 4 e [

ﬂq(x)—ludx_'_/ h(:v)ﬂr(x)_ludx
op(x

[u>] [u>1)
— )\/ LUQ(QC) dx + / Mur(x)dx
[u<a] Q(x [u<d) T’(:C)
1 A
> 7/ (IVulP) + [uP))dz — A/ A1) gy — 2 29
prJo [u>] 4 Ju<a)
1
> Tr/ (|Vu|p(r) + \u|p(z))daj _ /\/ 29 gy
Pt Ja Q
1

= o (|vu|p(r) + \u|p(””))dx — Mo,
Q

where My > 0 is a constant. Let u € E be such that ||u]| > 1. The above and relation
(9) imply

1 .
AM>EMW—%~
From that reason A is coercive on F, and the proof of lemma is complete. ([

By Lemma 3.3 and the mountain pass theorem (see [2] with the variant given by
Theorem 1.15 in [15]) we derive that there exists a sequence (u,) C E so that

Alup) = ¢>0 and A'(uy,) — 0 (30)
where
= inf A
cg&ﬁﬁW”
and

I = {y € C(0,1], B); 7(0) =0, 7(1) = }.

By mens of (30) and Lemma 3.4 we can see that (u,) is bounded and, as a result,
there exists & € E so that , up to a subsequence, (u,) converges weakly to @ in E.
Standard arguments, based on the Sobolev embeddings, shows that

lim (A (u,),v) = (A (@), v),

n—oo
for any v € C3°(£2). From that fact together with E C Wol’p(')(Q) and C§°(Q) is
dense in Wol’p(')(ﬂ) lead us to A’(4) = 0, that is, 4 is a critical point of A.
Further, we want to prove that @ is a critical point for ® as well. First of all,
we need to prove that 4 < 4. We recall that the positive part of v is denoted by

vT(2) = max{v(x),0}. By Theorem 7.6 in [5] we know that if v € E then v™ € E.
We have the following
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0= (A'(a), (@ —a)*) —(2(a), (@ —a)")
= [ (|VaP®=2Va — [VaP ™ 2va) V(i — a) Fda
+ /Q (Ja[P@ =24 — |aP@=24) (4 — @) *dx
- /Q [9(z, ) — Xa1@ =1 4 h(2)a" @] (4 — @)t da
= (IVaPP = =2va — |[VaP®=2va) (Vi — Vi)de

[a>a]

+ (|aP® =24 — |a|P™)=24) (4 — @)dx
[a>1a)

> [ (vap - vapo ) (vl - |Vil)ds
[a>1a]
+ (|aP@ = —jaP®=1) (|a| - |al)de > 0.
[a>]
From here we deduce that 0 < @ < @ in 2. Therefore, we have

g(z,0) = Aa?@ =1 — p(z)ar@ -1

and
X A h(z) .
Gz, 1) = —49@® - ZZLgr@)
8= @™ "
wherefrom
A(G) = @(a)
and

Therefore, we can write

and

0=A(a) = ®'(a),
which means that 4 is a weak solution of (1) such that 0 < @ < @, @ # 0 and @ # 4.
Consequently, problem (1) has at least two nontrivial weak solutions.

3.2. Proof of Theorem 2.2. In order to prove our assertion, we assume by con-
tradiction that u € E is a weak solution of problem (1). If we take v = u in (12) we
obtain

/ (IFul’™® + @) de + / Bl @ da = A / 1) . (31)
Q Q Q

Obviously / h(z)|ul"®dxz > 0, so
Q

/ (IVulP® + |u|P)dz < )\/ |u|7@®) . (32)
Q Q
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Since ¢(z) < p*(z) for all € Q it follows that Wol’p(')(Q) is continuously embedded
in L90)(Q). Thus, there exists a constant C' > 1 such that

lulg(y < Cllull, Yue WP (). (33)

Let u € Wol’p(‘)(ﬂ) be such that [Ju|| < &. Then the previous relation implies
|ugy < 1 for all u € Wol’p(')(Q) with [Jul| < %
Hence, by property (7) we have
[ e < alz, (34)
From (32)—(34) we infer
/Q (Ful?™® + [P de < ACY Jul] ¢

Also, since ||u|| < 1, by property (10) we have

ol < [ (9uP) + [ da

Combining the last two inequalities we get

1

S / (V"™ + [P de. (35)
(ACa™ ) =T Q

Now, applying the Young’s inequality

a®  bP . 11
ab < — + —, Va,b >0, where a, 8 > 1 satisfies — + - =1
a p a p
a(@)
for a = K@) 1ul"®, b = Az, 0 = 7 and § = 7 we e
_ @)\ T
A q(x) < ( r(x) (.’1?) Q(l‘> . )
|ul (@) h(@)|u|™ + ) H(@)@

Evidently ( ) < 1 and % < 1, therefore, integrating over ) we arrive at

A\ T
)\/ uq<z)dx</hx uru)dm—i—/ (> dx.
[ u Ren (i

By the above inequality and (31) we can see that

(@) EeETe)
p() p(w)
/Q(|Vu| + |ul )dx</9(h($)‘J($)) dzx.

Consequently, from the last inequality and (35) we arrive at

-t

C’ ot (@) N\ FEa® —F
>[ /Q(h<x>q<r>> d“"”}

for any u € E with |Ju]| < 4. Denoting the term in the right-hand side by A\*, we
conclude that Theorem 2.2 holds true.
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