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Existence of entropy solutions for some strongly nonlinear
p(x)-parabolic problems with L1-data

Elhoussine Azroul, Hassane Hjiaj, and Badr Lahmi

Abstract. This paper is devoted to study the following strongly nonlinear p(x)-parabolic problem
∂u
∂t
− div a(x, t,∇u) + g(x, t, u,∇u) + δ|u|p(x)−2u = f − div φ(u) in QT ,

u = 0 on ΣT ,
u(x, 0) = u0 in Ω,

(1)

with f ∈ L1(QT ), φ(·) ∈ C0(IR, IRN ), u0 ∈ L1(Ω) and δ > 0. We prove the existence of entropy
solutions for this problem in the parabolic space with variable exponent V .
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1. Introduction

An intensive study of variable exponent Lebesgue and Sobolev spaces has been under-
taken during the last years by several authors, inspired primarily by the work of Kovácik
and Rákosńık [12] from 1991. This impulse comes from their physical applications, e.g.,
processes of image restoration, flows of electro-rheological fluids, thermistor problem,
filtration through inhomogeneous media.

Let Ω be a bounded open subset of IRN (N ≥ 2). For T > 0, we denote by QT the
cylinder Ω × (0, T ) and by ΣT the lateral surface ∂Ω × (0, T ). Boccardo, Gallouët and
Vazquez [7] have studied the nonlinear parabolic problem ut +Au+ α0|u|s−1u = f in QT ,

u = 0 on ΣT ,
u(x, 0) = 0 in Ω,

(2)

with f ∈ L1(QT ), they have proved the solutions existence and some important regularity
results, (see also [1, 6, 14]). Recently, Bendahmane, Wittbold and Zimmermann [5] have
treated the parabolic problem ut − div (|∇u|p(x)−2∇u) = f in QT ,

u = 0 on ΣT ,
u(x, 0) = u0(x) in Ω,

(3)

they proved the existence and uniqueness of renormalized solutions for this nonlinear
parabolic problem. Moreover, they proved some regularity of the solutions, (see [2, 3] for
more interesting results).
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In this paper, we establish the existence of entropy solutions for the following strongly
nonlinear initial-boundary p(x)-parabolic problem

∂u
∂t − div a(x, t,∇u) + g(x, t, u,∇u) + δ|u|p(x)−2u = f − div φ(u) in QT ,
u = 0 on ΣT ,
u(x, 0) = u0 in Ω,

(4)

where f ∈ L1(QT ), φ(·) ∈ C0(IR, IRN ) u0 ∈ L1(Ω) and δ > 0. Under our assumptions,
it is more suitable to use the notion of entropy solution, introduced for the first time
by Bénilan et al. [6]. Also, it is reasonable to study our problem in the framework of
variable exponent space

V =
{
u ∈ Lp−(0, T ;W

1,p(x)
0 (Ω)) such that u ∈ Lp(x)(QT ) and |∇u| ∈ Lp(x)(QT )

}
.

introduced by Bendahmane et al. in [5].
This paper is organized as follows: In the section 2 we recall some important definitions

and results regarding variable exponent Lebesgue and Sobolev spaces. The section 3 is
devoted to give some property concerning the time mollification in the space of variable
exponent. We introduce in the section 4 some assumptions on a(x, t, ξ) and g(x, t, s, ξ)
for which our problem has at least one solution. The section 5 contains some important
lemmas useful to prove our main result. The section 6 will be devoted to show the
existence of entropy solutions for our problem (4).

2. Preliminaries

Let Ω be a bounded open subset of IRN (N ≥ 2), we denote

C+(Ω) =
{

measurable function p(·) : Ω 7−→ IR such that 1 < p− ≤ p+ <∞
}
,

where

p− = ess inf{p(x) / x ∈ Ω} and p+ = ess sup{p(x) / x ∈ Ω}.

We define the variable exponent Lebesgue space for p(·) ∈ C+(Ω) by

Lp(x)(Ω) = {u : Ω 7−→ IR measurable /

∫
Ω

|u(x)|p(x) dx <∞},

the space Lp(x)(Ω) under the norm

‖u‖p(x) = inf

{
λ > 0,

∫
Ω

∣∣∣∣u(x)

λ

∣∣∣∣p(x)

dx ≤ 1

}

is a uniformly convex Banach space, and therefore reflexive. We denote by Lp
′(x)(Ω)

the conjugate space of Lp(x)(Ω) where 1
p(x) + 1

p′(x) = 1 (see [9], [16]).

Proposition 2.1. (see [9], [16]) (Generalized Hölder inequality)

(i) For any u ∈ Lp(x)(Ω) and v ∈ Lp′(x)(Ω), we have∣∣∣∣∫
Ω

u v dx

∣∣∣∣ ≤ ( 1

p−
+

1

p′−

)
‖u‖p(x) ‖v‖p′(x) .

(ii) For all p1, p2 ∈ C+(Ω) such that p1(x) ≤ p2(x) a.e in Ω, then Lp2(x)(Ω) ↪→ Lp1(x)(Ω)
and the embedding is continuous.



EXISTENCE OF ENTROPY SOLUTIONS FOR SOME STRONGLY . . . 275

Proposition 2.2. (see [9], [16]) We denote the modular

ρ(u) =

∫
Ω

|u|p(x) dx ∀u ∈ Lp(x)(Ω),

then, the following assertions holds
(i): ‖u‖p(x) < 1 (resp,= 1, > 1) ⇐⇒ ρ(u) < 1 (resp, = 1, > 1),

(ii): ‖u‖p(x) > 1 =⇒ ‖u‖p−p(x) ≤ ρ(u) ≤ ‖u‖p+p(x) and ‖u‖p(x) < 1 =⇒ ‖u‖p+p(x) ≤
ρ(u) ≤ ‖u‖p−p(x),

(iii): ‖un‖p(x) → 0 ⇐⇒ ρ(un)→ 0, and ‖un‖p(x) →∞ ⇐⇒ ρ(un)→∞.
Which implies that the norm convergence and the modular convergence are equivalent.

Now, we define the variable exponent Sobolev space by

W 1,p(x)(Ω) = { u ∈ Lp(x)(Ω) and |∇u| ∈ Lp(x)(Ω)},
normed by

‖u‖1,p(x) = ‖u‖p(x) + ‖∇u‖p(x) ∀u ∈W 1,p(x)(Ω).

We denote by W
1,p(x)
0 (Ω) the closure of C∞0 (Ω) in W 1,p(x)(Ω), and we define the Sobolev

exponent by p∗(x) = Np(x)
N−p(x) for p(x) < N.

Proposition 2.3. (see [9])

(i): Assuming 1 < p− ≤ p+ <∞, the spaces W 1,p(x)(Ω) and W
1,p(x)
0 (Ω) are separable

and reflexive Banach spaces.

(ii): If q(·) ∈ C+(Ω̄) and q(x) < p∗(x) for any x ∈ Ω, then the embedding W
1,p(x)
0 (Ω) ↪→↪→

Lq(x)(Ω) is continuous and compact.

Remark 2.1. Recall that the definition of these spaces requires only the measurability
of p(x). In this work we do not need to use Sobolev and Poincaré inequality. Note that
the sharp Sobolev inequality is proved for p(x) log-Hölder continuous, while the Poincaré
inequality requires only the continuity of p(x), (see [8, 10]).

Lemma 2.4. Let Ω be a bounded open subset of IRN (N ≥ 2), T > 0 and p(·) ∈ C+(Ω),
then we have the following continuous dense embedding

Lp+(0, T ;Lp(x)(Ω)) ↪→ Lp(x)(QT ) ↪→ Lp−(0, T ;Lp(x)(Ω)) (5)

Definition 2.1. Let p(·) ∈ C+(Ω) and T > 0, we define the space V by

V =
{
u ∈ Lp−(0, T ;W

1,p(x)
0 (Ω)) such that u ∈ Lp(x)(QT ) and |∇u| ∈ Lp(x)(QT )

}
.

We denote the modular ρ1,p(x)(·) for any u ∈ V by

ρ1,p(x)(u) =

∫
QT

|u|p(x) dx dt+

∫
QT

|∇u|p(x) dx dt.

The space V endowed by the norm

‖u‖V = ‖u‖Lp(x)(QT ) + ‖∇u‖Lp(x)(QT )

is a separable and reflexive Banach space, (for more details see [5]).

Definition 2.2. We denote the dual of the space of V by V ?, and for any F ∈ V ?
there exists (F0, F1, . . . , FN ) ∈ (Lp

′(x)(QT ))N+1, such that

F = F0 −
N∑
i=1

∂Fi
∂xi

.
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Moreover, for all u ∈ V we have

〈F, u〉 =

∫
QT

F0u dx dt+

N∑
i=1

∫
QT

Fi
∂u

∂xi
dx dt,

and we define a norm on the dual space by

‖F‖V ? =

N∑
i=0

‖Fi‖Lp′(x)(QT ).

It’s clear that V ? ⊂ Lp
′
−(0, T ;W−1,p′(x)(Ω)).

Lemma 2.5. Let B0, B and B1 be a Banach spaces with B0 ⊂ B ⊂ B1. Let us set

Y =
{
u : u ∈ Lp0(0, T ;B0) and ut ∈ Lp1(0, T ;B1)

}
where p0 > 1 and p1 > 1 are reals numbers.
Assuming that the embedding B0 ↪→↪→ B is compact, then

Y ↪→↪→ Lp0(0, T ;B)

and this embedding is compact.

Remark 2.2. Let p− >
2N

N + 2
, then W

1,p(x)
0 (Ω) ⊂ L2(Ω) ⊂W−1,p′(x)(Ω). We set

B0 = W
1,p(x)
0 (Ω), B = L2(Ω) and B1 = W−1,p′(x)(Ω),

with p0 = p− and p1 = p′−. In view of the Lemma 2.5, we obtain{
u : u ∈ V and ut ∈ V ?

}
⊆ Y ↪→↪→ L1(QT ). (6)

Moreover, in view of [5], we have{
u : u ∈ V and ut ∈ V ?

}
⊆ C([0, T ];L1(Ω)). (7)

3. The time mollification of a function u in V .

Let µ ≥ 0, we introduce the time mollification uµ of a function u ∈ V, by

uµ(x, t) = µ

∫ t

−∞
u(x, s)exp(µ(s− t)) ds where u(x, s) = u(x, s)χ(0,T )(s).

Proposition 3.1. If u ∈ Lp(x)(QT ), then uµ is measurable in QT ,
∂uµ
∂t

= µ(u−uµ)

and ∫
QT

|uµ|p(x) dx dt ≤
∫
QT

|u|p(x) dx dt.

Proof. The applications (x, s, t) 7→ u(x, s)exp(µ(s−t)) is measurable in Ω×[0, T ]×[0, T ],
using Fubini’s theorem we deduce that uµ is measurable.

In view of Jensen’s integral inequality and since

∫ 0

−∞
µ exp(µs) ds = 1, we obtain

∣∣∣ ∫ t

−∞
µ exp(µ(s− t)) u(x, s) ds

∣∣∣p(x)

=
∣∣∣ ∫ 0

−∞
µ exp(µs) u(x, s+ t) ds

∣∣∣p(x)

≤
∫ 0

−∞
µ exp(µs) |u(x, s+ t)|p(x) ds,
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it follows that,∫
QT

|uµ(x, t)|p(x) dx dt ≤
∫ +∞

−∞

∫
Ω

(∫ 0

−∞
µ exp(µs) |u(x, s+ t)|p(x) ds

)
dx dt

=

∫ 0

−∞
µ exp(µs)

(∫ +∞

−∞

∫
Ω

|u(x, s+ t)|p(x) dx dt
)
ds

=

∫ 0

−∞
µ exp(µs)

(∫
QT

|u(x, t)|p(x) dx dt
)
ds

=

∫
QT

|u(x, t)|p(x) dx dt.

Furthermore,

∂uµ
∂t

= lim
r→0

uµ(x, t+ r)− uµ(x, t)

r

= lim
r→0

µ

r

∫ t+r

t

u(x, s)exp(µ(s− t− r)) ds+ uµ(x, t) lim
r→0

exp(−µr)− 1

r
= µu(x, t)− µuµ(x, t).

�

Proposition 3.2. If u ∈ V, then uµ → u in V as µ→ +∞.

Proof. Firstly, since
∂uµ
∂xi

=
( ∂u
∂xi

)
µ

and in view of Proposition 3.1, we can easily see

that uµ ∈ V.
Now, we are in a position to prove that uµ → u in V as µ→ +∞.
Let (ψk)k ⊂ D(QT ) such that ψk → u in V. We have∣∣(ψk)µ(x, t)− ψk(x, t)

∣∣ =
1

µ

∣∣∣∂(ψk)µ
∂t

(x, t)
∣∣∣ ≤ 1

µ

∥∥∥∂ψk
∂t

∥∥∥
L∞(QT )

. (8)

On the one hand, since uµ − (ψk)µ = (u− ψk)µ and thanks to the Proposition 3.1 and
(8), we obtain∫

QT

|uµ − u|p(x) dx dt ≤
∫
QT

|(u− ψk)µ|p(x) dx dt+

∫
QT

|(ψk)µ − ψk|p(x) dx dt

+

∫
QT

|ψk − u|p(x) dx dt

≤ 2

∫
QT

|u− ψk|p(x) dx dt+
meas(QT )

µp−
(
∥∥∥∂ψk
∂t

∥∥∥
L∞(QT )

+ 1)p+ .

Let ε > 0, there exists k0(ε) > 0 such that∫
QT

|u− ψk|p(x) dx dt ≤ ε

3
for all k ≥ k0,

and there exists µ0(ε) > 0 such that

meas(QT )

µp−
(
∥∥∥∂ψk
∂t

∥∥∥
∞

+ 1)p+ ≤ ε

3
for all µ ≥ µ0(ε).

Hence ∫
QT

|uµ − u|p(x) dx dt ≤ ε for all µ ≥ µ0(ε).
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which implies that uµ → u in Lp(x)(QT ).

On the other hand, since
∂uµ
∂xi

=
( ∂u
∂xi

)
µ
. Following the same reasoning as above for

each
∂u

∂xi
, we can conclude the desired result. �

Proposition 3.3. If un → u in V, then (un)µ → uµ in V.

Proof. Assuming un → u in V. It’s clear that

(un)µ − uµ = (un − u)µ and
∂(un)µ
∂xi

− ∂uµ
∂xi

=
(∂un
∂xi
− ∂u

∂xi

)
µ

Using the Proposition 8, we deduce that

ρ1,p(x)((un)µ − uµ) =

∫
QT

|(un − u)µ|p(x) dx dt+

N∑
i=1

∫
QT

∣∣∣(∂un
∂xi
− ∂u

∂xi

)
µ

∣∣∣p(x)

dx dt

≤
∫
QT

|un − u|p(x) dx dt+

N∑
i=1

∫
QT

∣∣∣∂un
∂xi
− ∂u

∂xi

∣∣∣p(x)

dx dt

= ρ1,p(x)(un − u).

It follows that (un)µ → uµ in V. �

Remark 3.1. We have |(Tk(u))µ| ≤ k for all u ∈ V.

Indeed,

|(Tk(u))µ| =
∣∣∣ ∫ t

−∞
µ exp(µ(s− t)) Tk(u(x, s)) ds

∣∣∣ ≤ k ∫ t

−∞
µ exp(µ(s− t)) ds = k,

with Tk(u(x, s)) = Tk(u(x, s)) · χ(0,T )(s).

4. Essential Assumptions

Let Ω be a bounded open subset of IRN (N ≥ 2), 0 < T <∞ and taking p(·) ∈ C+(Ω)
such that p− >

2N
N+2 .

We consider a Leray-Lions operator A from V into its dual V ?, defined by the formula

Au = −div a(x, t,∇u) + δ|u|p(x)−2u (9)

where δ > 0 and a : QT × IRN 7→ IRN is a Carathéodory function (measurable with
respect to (x, t) in QT for every ξ in IRN , and continuous with respect to ξ in IRN for
almost every (x, t) in QT ) which satisfies the following conditions

|a(x, t, ξ)| ≤ β (K(x, t) + |ξ|p(x)−1), (10)

a(x, t, ξ) · ξ ≥ α|ξ|p(x), (11)(
a(x, t, ξ)− a(x, t, ξ)

)
· (ξ − ξ) > 0 for all ξ 6= ξ in IRN , (12)

for a.e. (x, t) ∈ QT and all ξ ∈ IRN , where K(x, t) is a positive function lying in

Lp
′(x)(QT ) and α, β > 0.

The nonlinear term g(x, t, s, ξ) is a Carathéodory function which satisfies

g(x, t, s, ξ)s ≥ 0, (13)

|g(x, t, s, ξ)| ≤ b(|s|)(c(x, t) + |ξ|p(x)), (14)
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where b(·) : IR+ 7→ IR+ is a continuous, nondecreasing function, and c(·, ·) : Ω× (0, T ) 7→
IR+ with c(·, ·) ∈ L1(QT ).
We consider the strongly nonlinear p(x)-parabolic problem ut − div a(x, t,∇u) + g(x, t, u,∇u) + δ|u|p(x)−2u = f − div φ(u) in QT ,

u = 0 on ΣT ,
u(x, 0) = u0 in Ω,

(15)

with φ(·) ∈ C0(IR, IRN ), f ∈ L1(QT ), u0 ∈ L1(Ω) and δ > 0.

5. Some technical Lemmas

Lemma 5.1. (see [11], Theorem 13.47) Let (un)n be a sequence in L1(Ω) and u ∈ L1(Ω)

such that un → u a.e. in Ω, un, u ≥ 0 a.e. and

∫
Ω

un dx→
∫

Ω

u dx, then un → u in

L1(Ω).

Lemma 5.2. (see [4]) Let p(·) ∈ C+(Ω̄), g ∈ Lp(x)(Ω) and gn ∈ Lp(x)(Ω) with
‖gn‖p(x) ≤ C .

If gn(x)→ g(x) a.e. on Ω, then gn ⇀ g in Lp(x)(Ω).

Lemma 5.3. Let u ∈ V then Tk(u) ∈ V with k > 0. Moreover, we have

Tk(u) −→ u in V as k →∞.

The proof of this Lemma is the same as in the case of constant exponent p.

Lemma 5.4. Assuming that (10)− (12) holds, and let (un)n be a sequence in V such
that un ⇀ u in V and∫

QT

(
a(x, t,∇un)− a(x, t,∇u)

)
· (∇un −∇u) dx dt

+

∫
QT

(
|un|p(x)−2un − |u|p(x)−2u

)
(un − u) dx dt −→ 0 for n→∞,

(16)

then un → u in V for a subsequence.

Proof. Let

Dn =
(
a(x, t,∇un)− a(x, t,∇u)

)
· (∇un −∇u) +

(
|un|p(x)−2un − |u|p(x)−2u

)
(un − u),

thanks to (12) we have Dn is a positive function, and in view of (16), we get Dn → 0
in L1(QT ) as n→∞ .
We have un ⇀ u in V, and in view of the compact embedding (6) we obtain un → u
strongly in L2(QT ), it follows that un → u a.e in QT , and since Dn → 0 a.e in QT ,
there exists a subset B in QT with measure zero such that ∀(x, t) ∈ QT \B

|un(x, t)| <∞, |∇un(x, t)| <∞, |K(x, t)| <∞, un(x, t)→ u(x, t)

and Dn → 0 a.e. in Ω. We have

Dn(x, t)

=
(
a(x, t,∇un)− a(x, t,∇u)

)
· (∇un −∇u) +

(
|un|p(x)−2un − |u|p(x)−2u

)
(un − u)

≥ α|∇un|p(x) + α|∇u|p(x) + |un|p(x) + |u|p(x) − β
(
K(x, t) + |∇un|p(x)−1

)
|∇u|

−β
(
K(x, t) + |∇u|p(x)−1

)
|∇un| − |un|p(x)−1|u| − |u|p(x)−1|un|

≥ α|∇un|p(x) − Cx,t
(

1 + |∇un|p(x)−1 + |∇un|
)
,
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where Cx,t depending on (x, t), without dependence on n. (since un(x, t) → u(x, t)
then (un)n is bounded), we obtain

Dn(x) ≥ |∇un|p(x)
(
α− Cx,t
|∇un|p(x)

− Cx,t
|∇un|

− Cx,t
|∇un|p(x)−1

)
,

by the standard argument (∇un)n is bounded almost everywhere in QT , (Indeed, if
|∇un| → ∞ in a measurable subset E ∈ QT then

lim
n→∞

∫
QT

Dn(x) dx dt

≥ lim
n→∞

∫
E

|∇un|p(x)
(
α− Cx,t
|∇un|p(x)

− Cx,t
|∇un|

− Cx,t
|∇un|p(x)−1

)
dx dt =∞,

which is absurd since Dn → 0 in L1(QT ) ).
Let ξ∗ an accumulation point of (∇un)n, we have |ξ∗| <∞ and by the continuity

of the Carathéodory function a(x, t, ·), we obtain(
a(x, t, ξ∗)− a(x, t,∇u)

)
· (ξ∗ −∇u) = 0,

thanks to (12) we have ξ∗ = ∇u, the uniqueness of the accumulation point implies that
∇un(x, t)→ ∇u(x, t) a.e in QT .

since (a(x, t,∇un))n is bounded in (Lp
′(x)(QT ))N and a(x, t,∇un) → a(x, t,∇u) a.e

in QT , in view of the Lemma 5.2, we can establish that

a(x, t,∇un) ⇀ a(x, t,∇u) in (Lp
′(x)(QT ))N .

Using (16) and the Lemma 5.1, we deduce that

|un|p(x) −→ |u|p(x) in L1(QT ), (17)

and

a(x, t,∇un) · ∇un −→ a(x, t,∇u) · ∇u in L1(QT ). (18)

According to the condition (11) we have

α|∇un|p(x) ≤ a(x, t,∇un) · ∇un,

Let zn = ∇un , z = ∇u and yn =
a(x, t,∇un) · ∇un

α
, y =

a(x, t,∇u) · ∇u
α

, in view of

the Fatou Lemma, we get∫
QT

2y dx dt ≤ lim inf
n→∞

∫
QT

(yn + y − 1

2p+−1
|zn − z|p(x)) dx dt,

then 0 ≤ − lim sup
n→∞

∫
QT

|zn − z|p(x) dx dt, and since

0 ≤ lim inf
n→∞

∫
QT

|zn − z|p(x) dx dt ≤ lim sup
n→∞

∫
QT

|zn − z|p(x) dx dt ≤ 0,

it follows that

∫
QT

|∇un −∇u|p(x) dx dt −→ 0 as n→∞, and we get

∇un −→ ∇u in (Lp(x)(QT ))N ,

thanks to (17), we deduce that

un −→ u in V,

which conclude the proof the Lemma 5.4. �
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6. Main results

Let Tk(s) = max(−k,min(s, k)), we set

ϕk(r) =

∫ r

0

Tk(s) ds =

{
r2

2 if |r| ≤ k,
k|r| − k2

2 if |r| > k.

Definition 6.1. A measurable function u is an entropy solution of the strongly nonlinear
parabolic problem (15) if

Tk(u) ∈ V ∀k > 0, g(x, t, u,∇u) ∈ L1(QT ), |u|p(x)−2u ∈ L1(QT ),

∫
Ω

ϕk(u− ψ)(T ) dx−
∫

Ω

ϕk(u− ψ)(0) dx+

∫
QT

∂ψ

∂t
Tk(u− ψ) dx dt

+

∫
QT

a(x, t,∇u) · ∇Tk(u− ψ) dx dt+

∫
QT

g(x, t, u,∇u)Tk(u− ψ) dx dt

+δ

∫
QT

|u|p(x)−2u Tk(u− ψ) dx dt ≤
∫
QT

fTk(u− ψ) dx dt+

∫
QT

φ(u) · ∇Tk(u− ψ) dx dt,

(19)

for all ψ ∈ V ∩ L∞(QT ) with
∂ψ

∂t
∈ V ? + L1(QT ).

Theorem 6.1. Assuming that (10)− (14) holds, with f ∈ L1(QT ), u0 ∈ L1(QT ) and
φ(·) ∈ C0(IR, IRN ). Then the problem (15) has at least one entropy solution.

Proof of the Theorem 6.1.

Step 1 : Approximate problems.
Let (fn)n be a sequence in V ? ∩L1(QT ) such that fn → f in L1(QT ) with |fn| ≤ |f |,
and let (u0,n)n be a sequence in C∞0 (Ω) such that u0,n → u0 in L1(Ω) and |u0,n| ≤ |u0|.
We consider the approximate problem (un)t − div a(x, t,∇un) + gn(x, t, un,∇un) + δ|un|p(x)−2un = fn − div φn(un) in QT ,

un(x, t) = 0 on ΣT ,
un(x, 0) = u0,n in Ω,

(20)

with φn(s) = φ(Tn(s)) and gn(x, t, s, ξ) =
g(x, t, s, ξ)

1 + 1
n |g(x, t, s, ξ)|

, note that

gn(x, t, s, ξ)s ≥ 0, |gn(x, t, s, ξ)| ≤ |g(x, t, s, ξ)| and |gn(x, t, s, ξ)| ≤ n ∀n ∈ IN∗.
We define the operator Gn : V 7−→ V ?, by∫ T

0

〈Gnu, v〉 dt =

∫
QT

gn(x, t, u,∇u)v dx dt ∀v ∈ V.

Thanks to the Hölder type inequality, we have for all u, v ∈ V∣∣ ∫
QT

gn(x, t, u,∇u)v dx dt
∣∣ ≤ ( 1

p−
+

1

p′−

) ∥∥gn(x, t, u,∇u)
∥∥
Lp′(x)(QT )

∥∥v∥∥
Lp(x)(QT )

≤ 2
( ∫

QT

|gn(x, t, u,∇u)|p
′(x) dx dt+ 1

) 1
p′− ‖v‖V

≤ 2
(
np
′
+ .meas(QT ) + 1

) 1
p′− ‖v‖V

≤ C0‖v‖V ,
(21)
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and we define the operator Rn = div φn : V 7−→ V ?, such that∫ T

0

〈Rn(u), v〉 dt = −
∫
QT

φn(u) · ∇v dx dt ∀u, v ∈ V,

we have∣∣ ∫
QT

φn(u) · ∇v dx dt
∣∣ ≤ 2

∥∥φn(u)
∥∥
Lp′(x)(QT )

∥∥∇v∥∥
Lp(x)(QT )

≤ 2
( ∫

QT

|φn(u)|p
′(x) dx dt+ 1

) 1
p′− ‖v‖V

≤ 2
(

sup
|s|≤n

(|φ(s)|+ 1)p
′
+ .meas(QT ) + 1

) 1
p′− ‖v‖V

≤ C1‖v‖V .

(22)

In view of the Lemma 7.1 (see Appendix) and (7), there exists at least one weak
solution un ∈ V of the problem (20), (cf. [13]).

Step 2 : Weak convergence of truncations.
Let n large enough. By taking Tk(un) as a test function in (20), we obtain∫ T

0

〈∂un
∂t

, Tk(un)〉 dt+

∫
QT

a(x, t,∇un) · ∇Tk(un) dx dt+

∫
QT

gn(x, t, un,∇un)Tk(un) dx dt

+δ

∫
QT

|un|p(x)−2unTk(un) dx dt =

∫
QT

fnTk(un) dx dt+

∫
QT

φn(un) · ∇Tk(un) dx dt.

(23)

We have ϕk(r) =

∫ r

0

Tk(s) ds and since |ϕk(r)| ≤ k|r|, then

∫ T

0

〈∂un
∂t

, Tk(un)〉 dt =

∫
Ω

∫ T

0

∂un
∂t

Tk(un) dt dx

=

∫
Ω

∫ T

0

∂ϕk(un)

∂t
dt dx

=

∫
Ω

ϕk(un(T )) dx−
∫

Ω

ϕk(u0,n) dx

≥
∫

Ω

ϕk(un(T )) dx− k‖u0‖L1(Ω).

(24)

The third term on the left-hand side of (23) is positif due to the sign condition. For the
second and fourth terms on the left-hand side of (23), we have∫

QT

a(x, t,∇un) · ∇Tk(un) dx dt ≥ α
∫
QT

|∇Tk(un)|p(x) dx dt, (25)

and ∫
QT

|un|p(x)−2unTk(un) dx dt ≥
∫
QT

|Tk(un)|p(x) dx dt. (26)

Concerning the two terms on the right-hand side of (23), we have∫
QT

fn Tk(un) dx dt ≤ k
∫
QT

|fn| dx dt ≤ k‖f‖L1(QT ). (27)



EXISTENCE OF ENTROPY SOLUTIONS FOR SOME STRONGLY . . . 283

Taking Φn(t) =

∫ t

0

φn(τ) dτ, then Φn(0) = 0IRN and Φn(·) ∈ C1(IR, IRN ), by the

Divergence Theorem, we obtain∫
QT

φn(un) · ∇Tk(un) dx dt =

∫ T

0

∫
Ω

φn(Tk(un)) · ∇Tk(un) dx dt

=

∫ T

0

∫
Ω

div Φn(Tk(un)) dx dt

=

∫ T

0

∫
∂Ω

Φn(Tk(un)) · ~n dσ dt

=

N∑
i=1

∫ T

0

∫
∂Ω

Φn,i(Tk(un)).ni dσ dt = 0,

(28)

since un = 0 on ∂Ω × [0, T ], with Φn = (Φn,1, . . . ,Φn,N ) and ~n = (n1, n2, . . . , nN )
The exterior normal vector on the boundary ∂Ω× [0, T ].

By combining (23)− (28), we deduce that∫
Ω

ϕk(un(T ))dx+α

∫
QT

|∇Tk(un)|p(x)dxdt+δ

∫
QT

|Tk(un)|p(x)dxdt ≤ k(‖u0‖L1(Ω)+‖f‖L1(QT )),

(29)
since ϕk(un(T )) ≥ 0, there exists a constant C2 that does not depend on n and k,
such that

‖∇Tk(un)‖p−
Lp(x)(QT )

+ ‖Tk(un)‖p−
Lp(x)(QT )

≤
∫
QT

|∇Tk(un)|p(x) dx dt+

∫
QT

|Tk(un)|p(x) dx dt+ 2

≤ kC2,

then

‖Tk(un)‖V ≤ C3k
1

p− for k ≥ 1. (30)

Let k ≥ 1, we have

k meas
{
|un| > k

}
=

∫
{|un|>k}

|Tk(un)| dx dt

≤
∫
QT

|Tk(un)| dx dt

≤ 2(meas(QT ) + 1)
1

p′− ‖Tk(un)‖V
≤ C4k

1
p− ,

which implies that

meas
{
|un| > k

}
≤ C4

1

k
1− 1

p−

→ 0 as k →∞, (31)

For all λ > 0, we have

meas
{
|un − um| > λ

}
≤ meas

{
|un| > k

}
+ meas

{
|um| > k

}
+meas

{
|Tk(un)− Tk(um)| > λ

}
.

(32)

Using (31) we get that for all ε > 0, there exists k0 > 0 such that

meas
{
|un| > k

}
≤ ε

3
and meas

{
|um| > k

}
≤ ε

3
∀k ≥ k0(ε). (33)

On the other hand, we have (Tk(un))n is bounded in V, then there exists a sequence
still denoted (Tk(un))n such that

Tk(un) ⇀ ηk in V as n→∞,
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and by the compact embedding (6) we obtain

Tk(un)→ ηk in L1(QT ) and a.e in QT .

Thus we can assume that (Tk(un))n is a Cauchy sequence in measure in QT , then for
all k > 0 and λ, ε > 0 there exists n0 = n0(k, λ, ε) such that

meas
{
|Tk(un)− Tk(um)| > λ

}
≤ ε

3
∀n,m ≥ n0. (34)

By combining (32) − (34), we deduce that for all ε, λ > 0, there exists n0 = n0(λ, ε)
such that

meas{|un − um| > λ} ≤ ε ∀n,m ≥ n0. (35)

If follows that (un)n is a Cauchy sequence in measure, then there exists a subsequence
still denoted (un)n such that

un → u a.e in QT .

We deduce that

Tk(un) ⇀ Tk(u) in V, (36)

and in the view of the Lebesgue dominated convergence theorem

Tk(un)→ Tk(u) in Lp(x)(QT ). (37)

Step 3 : A priori estimates.
Let h > 0, by taking Th+1(un)− Th(un) as a test function in (20), we obtain∫ T

0

〈∂un
∂t

, Th+1(un)− Th(un)〉 dt+

∫
QT

a(x, t,∇un) · (∇Th+1(un)−∇Th(un)) dx dt

+

∫
QT

gn(x, t, un,∇un)(Th+1(un)− Th(un)) dx dt+ δ

∫
QT

|un|p(x)−2un(Th+1(un)− Th(un)) dx dt

=

∫
QT

fn · (Th+1(un)− Th(un)) dx dt+

∫
QT

φn(un) · (∇Th+1(un)−∇Th(un)) dx dt.

We have∫ T

0

〈∂un
∂t

, Th+1(un)− Th(un)〉 dt =

∫
Ω

∫ T

0

∂ϕh+1(un)

∂t
dt dx−

∫
Ω

∫ T

0

∂ϕh(un)

∂t
dt dx

=

∫
Ω

ϕh+1(un(T ))− ϕh+1(u0,n) dx

−
∫

Ω

ϕh(un(T ))− ϕh(u0,n) dx

with∫
Ω

ϕh+1(un(T )) dx−
∫

Ω

ϕh(un(T )) dx =

∫
{h≤|un(T )|<h+1}

(
u2
n(T )

2
− h|un(T )|+ h2

2
) dx

+

∫
{h+1≤|un(T )|}

(|un(T )| − h− 1

2
) dx ≥ 0.

(38)
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It’s clear that Th+1(un)−Th(un) have the same sign as un, and |Th+1(un)−Th(un)| ≤ 1,
using (11) and (13) we obtain

α

∫
{h≤|un|<h+1}

|∇un|p(x) dx dt+ δ

∫
{h+1≤|un|}

|un|p(x)−1 dx dt

≤
∫
{h≤|un|<h+1}

a(x, t,∇un) · ∇un dx dt+ δ

∫
{h≤|un|}

|un|p(x)−2un(Th+1(un)− Th(un)) dx dt

≤
∫
QT

fn · (Th+1(un)− Th(un)) dx dt+

∫
QT

φn(un) · (∇Th+1(un)−∇Th(un)) dx dt

+

∫
Ω

ϕh+1(u0,n) dx−
∫

Ω

ϕh(u0,n) dx.

(39)
Concerning the terms on the right-hand side of (39), we have∣∣∣ ∫

QT

fn · (Th+1(un)− Th(un)) dx dt
∣∣∣ ≤ ∫

{|un|≥h}
|f | dx dt −→ 0 as h→∞. (40)

Similarly as (28), we obtain∫
QT

φn(un) · (∇Th+1(un)−∇Th(un)) dx dt

=

∫ T

0

∫
Ω

φn(Th+1(un)) · ∇Th+1(un) dx dt−
∫ T

0

∫
Ω

φn(Th(un)) · ∇Th(un) dx dt

=

∫ T

0

∫
Ω

div Φn(Th+1(un)) dx dt−
∫ T

0

∫
Ω

div Φn(Th(un)) dx dt = 0,

(41)

and since u0,n → u0 in L1(Ω), then∫
Ω

ϕh+1(u0,n) dx−
∫

Ω

ϕh(u0,n) dx=

∫
{h≤|u0,n|<h+1}

(
|u0,n|2

2
− h|u0,n|+

h2

2
) dx

+

∫
{h+1≤|u0,n|}

(|u0,n| − h−
1

2
) dx

≤
∫
{h≤|u0,n|<h+1}

1

2
dx+

∫
{h+1≤|u0,n|}

|u0| dx −→ 0 as h→∞,

(42)
By combining (39)− (42), we deduce that∫

{h≤|un|<h+1}
|∇un|p(x) dx dt −→ 0 as h→∞, (43)

and ∫
{h+1≤|un|}

|un|p(x)−1 dx dt −→ 0 as h→∞. (44)

Step 4 : Convergence of the gradient.
In the sequel, we denote by εi(n) i = 1, 2, . . . a various functions of real numbers which
converges to 0 as n tends to infinity (respectively for εi(n, µ) and εi(n, µ, h)).

Let ξk(s) = s. exp(γs2) where γ =
( b(k)

2α

)2
, it is obvious that

ξ′k(s)− b(k)

α
|ξk(s)| ≥ 1

2
∀s ∈ IR,

Let ωn,µ = Tk(un)− (Tk(u))µ, where (Tk(u))µ is the mollification, with respect to time,
of Tk(u).
Taking Sh(·) ∈ C2(IR) an increasing function, such that Sh(r) = r for |r| ≤ h and
supp(S′h) ⊂ [−h− 1, h+ 1], then supp(S′′h) ⊂ [−h− 1,−h] ∪ [h, h+ 1].
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It’s clear that Tk(un) − (Tk(u))µ have the same sign as un on the set {|un| > k}. By
using ξk(ωn,µ)S′h(un) as a test function in (20), we obtain

J 1
n,µ,h + J 2

n,µ,h + J 3
n,µ,h + J 4

n,µ,h + δ J 5
n,µ,h ≤ J 6

n,µ,h + J 7
n,µ,h + J 8

n,µ,h (45)

where,

J 1
n,µ,h =

∫ T

0

〈∂un
∂t

, ξk(ωn,µ)S′h(un)〉 dt,

J 2
n,µ,h =

∫
QT

S′h(un)a(x, t,∇un) · (∇Tk(un)−∇(Tk(u))µ)ξ′k(ωn,µ) dx dt,

J 3
n,µ,h =

∫
QT

ξk(ωn,µ)S′′h(un)a(x, t,∇un) · ∇un dx dt,

J 4
n,µ,h =

∫
{|un|≤k}

gn(x, t, un,∇un)S′h(un)ξk(ωn,µ) dx dt,

J 5
n,µ,h =

∫
{|un|≤k}

|un|p(x)−2unS
′
h(un)ξk(ωn,µ) dx dt,

J 6
n,µ,h =

∫
QT

fnS
′
h(un)ξk(ωn,µ) dx dt,

J 7
n,µ,h =

∫
QT

S′h(un)φn(un) · (∇Tk(un)−∇(Tk(u))µ)ξ′k(ωn,µ) dx dt,

J 8
n,µ,h =

∫
QT

φn(un) · ∇unS′′h(un)ξk(ωn,µ) dx dt.

(46)

The first term
We have

J 1
n,µ,h =

∫
QT

∂Sh(un)

∂t
ξk(Tk(un)− (Tk(u))µ) dx dt

=

∫
QT

∂(Sh(un)− Tk(un))

∂t
ξk(Tk(un)− (Tk(u))µ) dx dt

+

∫
QT

∂Tk(un)

∂t
ξk(Tk(un)− (Tk(u))µ) dx dt

=
[ ∫

Ω

(Sh(un)− Tk(un))ξk(Tk(un)− (Tk(u))µ) dx
]T

0

−
∫
QT

(Sh(un)− Tk(un))ξ′k(Tk(un)− (Tk(u))µ)
(∂Tk(un)

∂t
− ∂(Tk(u))µ

∂t

)
dx dt

+

∫
QT

∂Tk(un)

∂t
ξk(Tk(un)− (Tk(u))µ) dx dt

= I1 + I2 + I3.
(47)

Concerning the first term on right-hand side of (47), we have Sh(un) = Tk(un) = un on
{|un| ≤ k}, and |Sh(un)| ≥ |Tk(un)| on the set {|un| > k}, since Sh(un) and Tk(un)
have the same sign of un, we obtain

I1 =
[ ∫
{|un|>k}

(Sh(un)− Tk(un))ξk(Tk(un)− (Tk(u))µ) dx
]T

0

≥ −
∫
{|u0,n|>k}

(Sh(u0,n)− Tk(u0,n))ξk(Tk(u0,n)− (Tk(u0))µ) dx,

also, it’s clear that (Tk(u0))µ = Tk(u0), then

−
∫
{|u0,n|>k}

(Sh(u0,n)− Tk(u0,n))ξk(Tk(u0,n)− Tk(u0)) dx −→ 0 as n→∞,
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we deduce that

I1 ≥ ε1(n).

For the second term on right-hand side of (47), we have (Sh(un)−Tk(un))
∂Tk(un)

∂t
= 0

then

I2 =

∫
{|un|>k}

(Sh(un)− Tk(un))ξ′k(Tk(un)− (Tk(u))µ)
∂(Tk(u))µ

∂t
dx dt

= µ

∫
{|un|>k}

(Sh(un)− Tk(un))ξ′k(Tk(un)− (Tk(u))µ)(Tk(u)− (Tk(u))µ) dx dt

= µ

∫
{|un|>k}

(Sh(un)− Tk(un))ξ′k(Tk(un)− (Tk(u))µ)(Tk(u)− Tk(un)) dx dt

+µ

∫
{|un|>k}

(Sh(un)− Tk(un))ξ′k(Tk(un)− (Tk(u))µ)(Tk(un)− (Tk(u))µ) dx dt

≥ µ
∫
{|un|>k}

(Sh(un)− Tk(un))ξ′k(Tk(un)− (Tk(u))µ)(Tk(u)− Tk(un)) dx dt,

it follows that

I2 ≥ ε2(n).

Concerning the last term I3, Let Ψ(s) =
1

2γ
(exp(γs2)− 1) then Ψ′(s) = ξk(s), and we

obtain

I3 =

∫
QT

∂(Tk(un)− (Tk(u))µ)

∂t
ξk(Tk(un)− (Tk(u))µ) dx dt

+

∫
QT

∂(Tk(u))µ
∂t

ξk(Tk(un)− (Tk(u))µ) dx dt

=
[ ∫

Ω

Ψ(Tk(un)− (Tk(u))µ) dx
]T

0
+µ

∫
QT

(Tk(u)− (Tk(u))µ)ξk(Tk(un)− (Tk(u))µ) dx dt

≥ −
∫

Ω

Ψ(Tk(u0,n)− Tk(u0)) dx+µ

∫
QT

(Tk(u)− (Tk(u))µ)ξk(Tk(un)− (Tk(u))µ) dx dt

≥ ε3(n) + µ

∫
QT

(Tk(u)− (Tk(u))µ)ξk(Tk(u)− (Tk(u))µ) dx dt

≥ ε3(n).

By combining these estimates, we conclude that

J 1
n,µ,h ≥ ε4(n). (48)

The second term
Concerning the second term of (46), we have S′h(s) ≥ 0 and S′h(s) = 1 for |s| ≤ k,
with supp(S′h) ⊂ [−h− 1, h+ 1], then

J 2
n,µ,h =

∫
{|un|≤k}

a(x, t,∇Tk(un)) · (∇Tk(un)−∇(Tk(u))µ)ξ′k(ωn,µ) dx dt

−
∫
{k≤|un|<h+1}

S′h(un)a(x, t,∇Th+1(un)) · ∇(Tk(u))µξ
′
k(ωn,µ) dx dt
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≥
∫
QT

(
a(x, t,∇Tk(un))− a(x, t,∇Tk(u))

)
· (∇Tk(un)−∇Tk(u))ξ′k(ωn,µ) dx dt

− ξ′k(2k)

∫
QT

|a(x, t,∇Tk(u))| |∇Tk(un)−∇Tk(u)| dx dt

− ξ′k(2k)

∫
{|un|≥k}

|a(x, t,∇Tk(un))| |∇(Tk(u))µ| dx dt

− ξ′k(2k)

∫
QT

|a(x, t,∇Tk(un))| |∇Tk(u)−∇(Tk(u))µ| dx dt

− ξ′k(2k)‖S′h(·)‖L∞(IR)

∫
{k≤|un|<h+1}

|a(x, t,∇Th+1(un))| |∇(Tk(u))µ| dx dt.

(49)

We have |a(x, t,∇Tk(u))| ∈ Lp′(x)(QT ) and ∇Tk(un) ⇀ ∇Tk(u) in (Lp(x)(QT ))N , then∫
QT

|a(x, t,∇Tk(u))| |∇Tk(un)−∇Tk(u)| dx dt −→ 0 as n→∞.

For the three last terms on the right-hand side of (49), we have |a(x, t,∇Tk(un))| is

bounded in Lp
′(x)(QT ), then there exists ϑ ∈ Lp′(x)(QT ) such that |a(x, t,∇Tk(un))|⇀ ϑ

in Lp
′(x)(QT ), and since ∇(Tk(u))µ → ∇Tk(u) in (Lp(x)(QT ))N it follows that∫

{|un|≥k}
|a(x, t,∇Tk(un))| |∇(Tk(u))µ|dxdt −→

∫
{|u|≥k}

ϑ |∇Tk(u)|dxdt = 0 as µ and n→∞.

(50)
Similarly, we can prove that∫

QT

|a(x, t,∇Tk(un))| |∇Tk(u)−∇(Tk(u))µ| dx dt −→ 0 as µ and n→∞. (51)

and∫
{k<|un|≤h+1}

|a(x, t,∇Th+1(un))| |∇(Tk(u))µ|dxdt −→ 0 as µ and n→∞. (52)

By combining (49)− (52), we deduce that

J 2
n,µ,h ≥

∫
QT

(
a(x, t,∇Tk(un))− a(x, t,∇Tk(u))

)
· (∇Tk(un)−∇Tk(u))ξ′k(ωn,µ) dx dt

+ε5(µ, n).
(53)

The third term
We have supp(S′′h) ⊂ [−h − 1,−h] ∪ [h, h + 1], and in view of Young’s inequality, we
obtain∣∣J 3

n,µ,h

∣∣ ≤ ‖S′′h(·)‖L∞(IR)

∫
{h≤|un|<h+1}

|a(x, t,∇Th+1(un))| |ξk(ωn,µ)| |∇Th+1(un)| dx dt

≤ β‖S′′h(·)‖L∞(IR)

∫
{h≤|un|<h+1}

(K(x, t) + |∇Th+1(un)|p(x)−1)|ξk(ωn,µ)| |∇Th+1(un)| dx dt

≤ β‖S′′h(·)‖L∞(IR)

∫
{h≤|un|<h+1}

|ξk(ωn,µ)| |K(x, t)|p′(x)

p′(x)
dx dt

+βξk(2k) ‖S′′h(·)‖L∞(IR)

∫
{h≤|un|<h+1}

(
1

p(x)
+ 1)|∇Th+1(un)|p(x) dx dt,

since ωn,µ = Tk(un)− (Tk(u))µ ⇀ 0 weak-? in L∞(QT ) then∫
{h≤|un|<h+1}

|ξk(ωn,µ)| |K(x, t)|p′(x)

p′(x)
dx dt −→ 0 as µ, n→∞,
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and thanks to (43), we obtain∫
{h≤|un|<h+1}

(
1

p(x)
+ 1)|∇Th+1(un)|p(x) dx dt −→ 0 as h→∞,

it follows that

J 3
n,µ,h −→ 0 as µ, n then h→∞. (54)

The fourth term
We have∣∣J 4

n,µ,h

∣∣ ≤ ∫
{|un|≤k}

|gn(x, t, Tk(un),∇Tk(un))| |ξk(ωn,µ)| dx dt

≤ b(k)

∫
{|un|≤k}

(c(x, t) + |∇Tk(un)|p(x))|ξk(ωn,µ)| dx dt

≤ b(k)

∫
{|un|≤k}

c(x, t)|ξk(ωn,µ)| dx dt+
b(k)

α

∫
QT

a(x, t,∇Tk(un)) · ∇Tk(un)|ξk(ωn,µ)| dx dt

= b(k)

∫
{|un|≤k}

c(x, t)|ξk(ωn,µ)| dx dt

+
b(k)

α

∫
QT

(a(x, t,∇Tk(un))− a(x, t,∇Tk(u))) · (∇Tk(un)−∇Tk(u)) |ξk(ωn,µ)| dx dt

+
b(k)

α

∫
QT

a(x, t,∇Tk(u)) · (∇Tk(un)−∇Tk(u)) |ξk(ωn,µ)| dx dt

+
b(k)

α

∫
QT

a(x, t,∇Tk(un)) · ∇Tk(u) |ξk(ωn,µ)| dx dt.

(55)
We have ξk(ωn,µ) ⇀ 0 weak-? in L∞(QT ), then∫

{|un|≤k}
c(x, t)|ξk(ωn,µ)| dx dt −→ 0 as n and µ→∞. (56)

Concerning the third and last terms on the right-hand side of (55), we have∣∣∣ ∫
QT

a(x, t,∇Tk(u)) · (∇Tk(un)−∇Tk(u))|ξk(ωn,µ)| dx dt
∣∣∣

≤ ξk(2k)

∫
QT

|a(x, t,∇Tk(u))| |∇Tk(un)−∇Tk(u)| dx dt −→ 0 as n→∞,

(57)
and ∫

QT

a(x, t,∇Tk(un)) · ∇Tk(u) |ξk(ωn,µ)| dx dt −→ 0 as n, µ→∞. (58)

By combining (55)− (58), we obtain∣∣J 4
n,µ,h

∣∣ ≤ b(k)

α

∫
QT

(a(x, t,∇Tk(un))− a(x, t,∇Tk(u))) · (∇Tk(un)−∇Tk(u)) |ξk(ωn,µ)| dx dt

+ε6(n, µ).
(59)

The fifth term

Since S′h(un) = 1 on the set {|un| ≤ k}, we have

J 5
n,µ,h =

∫
{|un|≤k}

|Tk(un)|p(x)−2Tk(un)(Tk(un)− (Tk(u))µ) exp(γω2
n,µ) dx dt
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=

∫
QT

(
|Tk(un)|p(x)−2Tk(un)− |Tk(u)|p(x)−2Tk(u)

)
(Tk(un)− Tk(u)) exp(γω2

n,µ) dx dt

+

∫
QT

|Tk(u)|p(x)−2Tk(u)(Tk(un)− Tk(u)) exp(γω2
n,µ) dx dt

+

∫
{|un|≤k}

|Tk(un)|p(x)−2Tk(un)(Tk(u)− (Tk(u))µ) exp(γω2
n,µ) dx dt

−
∫
{|un|>k}

|Tk(un)|p(x)−2Tk(un)(Tk(un)− Tk(u)) exp(γω2
n,µ) dx dt.

Since Tk(un)− Tk(u)→ 0 and Tk(u)− (Tk(u))µ → 0 strongly in Lp(x)(QT ), then the
three last terms on the right-hand side of the previous equality tends to 0, and we obtain

J 5
n,µ,h ≥

∫
QT

(|Tk(un)|p(x)−2Tk(un)− |Tk(u)|p(x)−2Tk(u))(Tk(un)− Tk(u)) dx dt

+ε7(n, µ).
(60)

The sixth term
We have fn → f in L1(QT ), and since Tk(un) − (Tk(u))µ ⇀ 0 weak-? in L∞(QT ),
then

∣∣J 6
n,µ,h

∣∣ ≤ ‖S′h(·)‖L∞(IR)

∫
QT

|fn| |ξk(Tk(un)−(Tk(u))µ)|dxdt→ 0 as n, µ→∞. (61)

The seventh and last terms
Let n large enough, it’s clear that φn(Th+1(un)) = φ(Th+1(un)) → φ(Th+1(u)) in

(Lp
′(x)(QT ))N , and since ∇Tk(un)−∇(Tk(u))µ ⇀ 0 in (Lp(x)(QT ))N , we conclude that

∣∣J 7
n,µ,h

∣∣ =
∣∣∣ ∫
{|un|≤h+1}

φn(Th+1(un)) · (∇Tk(un)−∇(Tk(u))µ)S′h(un)ξ′k(ωn,µ) dx dt
∣∣∣

≤ ξk(2k)‖S′h(·)‖∞
∫
{|un|≤h+1}

|φ(Th+1(un))| |∇Tk(un)−∇(Tk(u))µ| dx dt→ 0 as n, µ→∞.

(62)
Concerning the last term, in view of Young’s inequality and (43) we obtain

∣∣J 8
n,µ,h

∣∣ =
∣∣∣ ∫
{h<|un|≤h+1}

φn(Th+1(un)) · ∇un S′′h(un) ξ′k(ωn,µ) dx dt
∣∣∣

≤ ‖S′′h(·)‖L∞(IR)

∫
{h<|un|≤h+1}

|φn(Th+1(un))| |∇un| |ξ′k(ωn,µ)| dx dt

≤ ‖S′′h(·)‖L∞(IR)

∫
{h<|un|≤h+1}

|φn(Th+1(un))|p′(x)

p′(x)
|ξ′k(ωn,µ)| dx dt

+ξk(2k)‖S′′h‖L∞(IR)

∫
{h<|un|≤h+1}

|∇un|p(x)

p(x)
dx dt −→ 0 as n, µ then h→∞.

(63)
Combining (48), (53), (54) and (60) − (63) we deduce that∫
QT

(
a(x, t,∇Tk(un))−a(x, t,∇Tk(u))

)
(∇Tk(un)−∇Tk(u))

(
ξ′k(ωn,µ)−b(k)

α
|ξk(ωn,µ)|

)
dx dt

+ δ

∫
QT

(|Tk(un)|p(x)−2Tk(un)− |Tk(u)|p(x)−2Tk(u))(Tk(un)− Tk(u)) dx dt
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≤
∫
QT

S′h(un)a(x, t,∇un) · (∇Tk(un)−∇(Tk(u))µ)ξ′k(ωn,µ) dx dt

−
∣∣∣ ∫
{|un|≤k}

gn(x, t, un,∇un)S′h(un)ξk(ωn,µ) dx dt
∣∣∣

+ δ

∫
{|un|≤k}

|un|p(x)−2unS
′
h(un)ξk(ωn,µ) dx dt+ ε8(n, µ, h)

≤ ε9(n, µ, h).

By letting n, µ and h tend to infinity in the above inequality, we get

lim
n→∞

∫
QT

(
a(x, t,∇Tk(un))− a(x, t,∇Tk(u))

)
(∇Tk(un)−∇Tk(u)) dx dt

+

∫
QT

(|Tk(un)|p(x)−2Tk(un)− |Tk(u)|p(x)−2Tk(u))(Tk(un)− Tk(u)) dx dt = 0.

In view of the Lemma 5.4, we deduce that

Tk(un)→ Tk(u) in V then ∇un → ∇u a.e in QT . (64)

Step 5 : The equi-integrability of gn(x, t, un,∇un) and |un|p(x)−2un.
To prove that

gn(x, t, un,∇un) −→ g(x, t, u,∇u) and |un|p(x)−2un −→ |u|p(x)−2u strongly in L1(QT ),

using Vitali’s theorem, it is sufficient to prove that gn(x, t, un,∇un) and |un|p(x)−2un
are uniformly equi-integrable.
Indeed, taking Th+1(un)− Th(un) as a test function in (20), we obtain∫
QT

∂ϕh+1(un)

∂t
− ∂ϕh(un)

∂t
dt dx +

∫
{h≤|un|<h+1}

a(x, t,∇un) · ∇un dx dt

+

∫
{h≤|un|}

gn(x, t, un,∇un)(Th+1(un)− Th(un)) dx dt

+δ

∫
{h≤|un|}

|un|p(x)−2un(Th+1(un)− Th(un)) dx dt

=

∫
{h≤|un|}

fn · (Th+1(un)− Th(un)) dx dt+

∫
QT

φn(un) · (∇Th+1(un)−∇Th(un)) dx dt.

(65)
We have∫

QT

∂ϕh+1(un)

∂t
− ∂ϕh(un)

∂t
dt dx =

∫
Ω

ϕh+1(un(T )) dx−
∫

Ω

ϕh+1(u0,n) dx

−
∫

Ω

ϕh(un(T )) dx+

∫
Ω

ϕh(u0,n) dx

having in mind (38), then∫
QT

∂ϕh+1(un)

∂t
− ∂ϕh(un)

∂t
dt dx ≥ −

∫
Ω

ϕh+1(u0,n) dx+

∫
Ω

ϕh(u0,n) dx,

and since the second term on the left-hand side of (65) is positive, we obtain
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∫
{h+1≤|un|}

|gn(x, t, un,∇un)| dx dt+ δ

∫
{h+1≤|un|}

|un|p(x)−1 dx dt

≤
∫
{h≤|un|}

gn(x, t, un,∇un)(Th+1(un)− Th(un)) dx dt

+δ

∫
{h≤|un|}

|un|p(x)−2un(Th+1(un)− Th(un)) dx dt

≤
∫
{h≤|un|}

|f | dx dt+

∫
QT

φn(un) · (∇Th+1(un)−∇Th(un)) dx dt

+

∫
Ω

ϕh+1(u0,n) dx−
∫

Ω

ϕh(u0,n) dx.

(66)

In view of (40)− (42), we deduce that : for all η > 0, there exists h(η) > 0 such that∫
{h(η)≤|un|}

|gn(x, t, un,∇un)| dx dt+ δ

∫
{h(η)≤|un|}

|un|p(x)−1 dx dt ≤ η

2
. (67)

On the other hand, for any measurable subset E ⊂ QT , we have∫
E

|gn(x, t, un,∇un)| dx dt+ δ

∫
E

|un|p(x)−1 dx dt

≤
∫
E

b(h(η))(c(x, t) + |∇Th(η)(un)|p(x)) dx dt+ δ

∫
E

|Th(η)(un)|p(x)−1 dx dt

+

∫
{h(η)≤|un|}

|gn(x, t, un,∇un)| dx dt+ δ

∫
{h(η)≤|un|}

|un|p(x)−1 dx dt,

(68)

thanks to (64), there exists β(η) > 0 such that∫
E

b(h(η))(c(x, t)+|∇Th(η)(un)|p(x))dxdt+δ

∫
E

|Th(η)(un)|p(x)−1dxdt ≤ η

2
formeas(E) ≤ β(η).

(69)
Finally, by combining (67), (68) and (69), we obtain∫

E

|gn(x, t, un,∇un)| dx dt+ δ

∫
E

|un|p(x)−1 dx dt ≤ η, with meas(E) ≤ β(η), (70)

then (gn(x, t, un,∇un))n and (|un|p(x)−2un)n are equi-integrable. In view of Vitali’s
Theorem, we conclude that

gn(x, t, un,∇un) −→ g(x, t, u,∇u) and |un|p(x)−2un −→ |u|p(x)−2u in L1(QT ).
(71)

Step 6 : The convergence of un in C([0, T ];L1(Ω))..
Let ψ ∈ V ∩ L∞(QT ) and m, n be two integers, then un and um verifies∫ T

0

〈∂un
∂t
− ∂um

∂t
, ψ〉 dt+

∫
QT

(
a(x, t,∇un)− a(x, t,∇um)

)
· ∇ψ dx dt

+

∫
QT

(
gn(x, t, un,∇un)− gm(x, t, um,∇um)

)
ψ dx dt

+δ

∫
QT

(
|un|p(x)−2un − |um|p(x)−2um

)
ψ dx dt

=

∫
QT

(fn − fm)ψ dx dt+

∫
QT

(
φn(un)− φm(um)

)
· ∇ψ dx dt,
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By taking ψ = T1(un − um) · χ[0,s] for 0 < s ≤ T, we obtain∫
Ω

∫ s

0

∂ϕ1(un − um)

∂t
dt dx

+

∫ s

0

∫
Ω

(
a(x, t,∇un)− a(x, t,∇um)

)
· ∇T1(un − um) dx dt

+

∫ s

0

∫
Ω

(
gn(x, t, un,∇un)− gm(x, t, um,∇um)

)
T1(un − um) dx dt

+δ

∫ s

0

∫
Ω

(
|un|p(x)−2un − |um|p(x)−2um

)
T1(un − um) dx dt

=

∫ s

0

∫
Ω

(fn − fm)T1(un − um) dx dt

+

∫ s

0

∫
Ω

(
φn(un)− φm(um)

)
· ∇T1(un − um) dx dt.

(72)

We have∫
Ω

∫ s

0

∂ϕ1(un − um)

∂t
dt dx =

∫
Ω

ϕ1(un(s)− um(s)) dx−
∫

Ω

ϕ1(u0,n − u0,m) dx.

Concerning the terms on the left-hand side of (72), since ∇T1(un − um) = (∇un −
∇um).χ{|un−um|≤1}, then∫ s

0

∫
Ω

(
a(x, t,∇un)− a(x, t,∇um)

)
· (∇un −∇um).χ{|un−um|≤1} dx dt ≥ 0, (73)

also, we have ∫ s

0

∫
Ω

(
|un|p(x)−2un − |um|p(x)−2um

)
T1(un − um) dx dt ≥ 0, (74)

and in view of (71), we obtain∣∣∣ ∫ s

0

∫
Ω

(gn(x, t, un,∇un)− gm(x, t, um,∇um))T1(un − um) dx dt
∣∣∣

≤
∫
QT

|gn(x, t, un,∇un)− gm(x, t, um,∇um)| dx dt −→ 0 as n,m→∞.
(75)

For the terms on the right-hand side of (72), since∣∣∣ ∫ s

0

∫
Ω

(fn−fm) ·T1(un−um)dxdt
∣∣∣ ≤ ∫

QT

|fn−fm|dxdt −→ 0 as n,m→∞. (76)

and since (see Appendix), we have∫ s

0

∫
Ω

(
φn(un)− φm(um)

)
· ∇T1(un − um) dx dt −→ 0 as n,m→∞. (77)

By combining (72) − (77), and the fact that |u0,n − u0,m| → 0 in L1(Ω), we conclude
that ∫

Ω

ϕ1(un(s)− um(s)) dx −→ 0 as n,m→∞ for any 0 < s ≤ T. (78)

On the other hand, we have∫
{|un−um|≤1}

|un(s)− um(s)|2 dx+

∫
{|un−um|>1}

|un(s)− um(s)| dx

≤ 2

∫
Ω

ϕ1(un(s)− um(s)) dx,
(79)
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and∫
Ω

|un(s)− um(s)| dx =

∫
{|un−um|≤1}

|un(s)− um(s)| dx

+

∫
{|un−um|>1}

|un(s)− um(s)| dx

≤
(∫
{|un−um|≤1}

|un(s)− um(s)|2 dx
) 1

2 · (meas(Ω))
1
2

+

∫
{|un−um|>1}

|un(s)− um(s)| dx,

(80)

In view of (78)− (80), we deduce that∫
Ω

|un(s)− um(s)| dx −→ 0 as m,n→∞. (81)

Hence (un) is a Cauchy sequence in C([0, T ];L1(Ω)), thus u ∈ C([0, T ];L1(Ω)) and we
have un(s)→ u(s) in L1(Ω) for any 0 < s ≤ T.

Step 7 : Passage to the limit.
Let ψ ∈ V ∩L∞(QT ) with ∂ψ

∂t ∈ V
?+L1(QT ). By taking Tk(un−ψ) as a test function

in (20), we obtain∫ T

0

〈∂un
∂t

, Tk(un − ψ)〉 dt+

∫
QT

a(x, t,∇un) · ∇Tk(un − ψ) dx dt

+

∫
QT

gn(x, t, un,∇un)Tk(un − ψ) dx dt+ δ

∫
QT

|un|p(x)−2unTk(un − ψ) dx dt

=

∫
QT

fnTk(un − ψ) dx dt+

∫
QT

φn(un) · ∇Tk(un − ψ) dx dt

(82)
Taking M = k + ‖ψ‖L∞(QT ). If |un| > M then |un − ψ| ≥ |un| − ‖ψ‖∞ > k, therefore
{|un − ψ| ≤ k} ⊆ {|un| ≤M}, which implies that∫

QT

a(x, t,∇un) · ∇Tk(un − ψ) dx dt

=

∫
{|un−ψ|≤k}

a(x, t,∇TM (un)) · (∇TM (un)−∇ψ) dx dt

=

∫
{|un−ψ|≤k}

(a(x, t,∇TM (un))− a(x, t,∇ψ)) · (∇TM (un)−∇ψ) dx dt

+

∫
{|un−ψ|≤k}

a(x, t,∇ψ) · (∇TM (un)−∇ψ) dx dt

since ∇TM (un)→ ∇TM (u) in (Lp(x)(QT ))N , and in view of Fatou’s Lemma, we obtain

lim inf
n→+∞

∫
QT

a(x, t,∇un) · ∇Tk(un − ψ) dx dt

≥
∫
{|u−ψ|≤k}

(a(x, t,∇TM (u))− a(x, t,∇ψ)) · (∇TM (u)−∇ψ) dx dt

+

∫
{|u−ψ|≤k}

a(x, t,∇ψ) · (∇TM (u)−∇ψ) dx dt

=

∫
QT

a(x, t,∇u) · ∇Tk(u− ψ) dx dt.

(83)
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On the other hand, for the first term on the left-hand side of (82), we have
∂un
∂t

=
∂(un − ψ)

∂t
+
∂ψ

∂t
, then∫ T

0

〈∂un
∂t

, Tk(un − ψ)〉 dt =

∫ T

0

〈∂(un − ψ)

∂t
, Tk(un − ψ)〉 dt+

∫ T

0

〈∂ψ
∂t
, Tk(un − ψ)〉 dt

=

∫
Ω

ϕk(un − ψ)(T ) dx−
∫

Ω

ϕk(u0,n − ψ(0)) dx

+

∫
QT

∂ψ

∂t
Tk(un − ψ) dx dt,

since un → u in C([0, T ];L1(Ω)) then un(T )→ u(T ) in L1(Ω), it follows that∫
Ω

ϕk(u0,n − ψ(0)) dx −→
∫

Ω

ϕk(u0 − ψ(0)) dx, (84)

and ∫
Ω

ϕk(un − ψ)(T ) dx −→
∫

Ω

ϕk(u− ψ)(T ) dx. (85)

We have ∂ψ
∂t ∈ V ? + L1(QT ), since Tk(un − ψ) ⇀ Tk(u − ψ) in V and weak−? in

L∞(QT ), then ∫
QT

∂ψ

∂t
Tk(un − ψ) dx dt −→

∫
QT

∂ψ

∂t
Tk(u− ψ) dx dt, (86)

and ∫
QT

fnTk(un − ψ) dx dt −→
∫
QT

fTk(u− ψ) dx dt. (87)

in view of (71), we deduce that∫
QT

|un|p(x)−2unTk(un − ψ) dx dt −→
∫
QT

|u|p(x)−2u Tk(u− ψ) dx dt, (88)

and ∫
QT

gn(x, t, un,∇un)Tk(un − ψ) dx dt −→
∫
QT

g(x, t, u,∇u)Tk(u− ψ) dx dt. (89)

On the other hand, since φn(TM (un)) = φ(TM (un)) for n large enough (n ≥M), then

lim
n→∞

∫
QT

φn(un) · ∇Tk(un − ψ) dx dt= lim
n→∞

∫
{|un−ψ|≤k}

φ(TM (un)) · (∇TM (un)−∇ψ) dx dt

=

∫
{|u−ψ|≤k}

φ(TM (u)) · (∇TM (u)−∇ψ) dx dt

=

∫
QT

φ(u) · ∇Tk(u− ψ) dx dt.

(90)
By combining (82)− (90), we deduce that∫

Ω

ϕk(u− ψ)(T ) dx−
∫

Ω

ϕk(u− ψ)(0) dx+

∫
QT

∂ψ

∂t
Tk(u− ψ) dx dt

+

∫
QT

a(x, t,∇u) · ∇Tk(u− ψ) dx dt+

∫
QT

g(x, t, u,∇u)Tk(u− ψ) dx dt

+δ

∫
QT

|u|p(x)−2u Tk(u− ψ) dx dt ≤
∫
QT

fTk(u− ψ) dx dt+

∫
QT

φ(u) · ∇Tk(u− ψ) dx dt,

which conclude the proof of the Theorem 6.1.
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7. Appendix

Lemma 7.1. The operator Bn = A + Gn + Rn is pseudo-monotone from V into V ?.
Moreover, Bn is coercive in the following sense∫ T

0
〈Bnv, v〉 dt
‖v‖V

−→ +∞ as ‖v‖V −→ +∞ for v ∈ V.

Proof of Lemma 7.1. Using the Hölder’s type inequality and the growth condition (10)
we can show that the operator A is bounded, and by using (21) and (22), we conclude
that Bn bounded. For the coercivity, thanks to (22) we have for any u ∈ V,

〈Bnu, u〉 = 〈Au, u〉+ 〈Gnu, u〉+ 〈Rnu, u〉

=

∫
QT

a(x, t,∇u) · ∇u dx dt+

∫
QT

gn(x, t, u,∇u)u dx dt+ δ

∫
QT

|u|p(x) dx dt

−
∫
QT

φn(u) · ∇u dx dt

≥ α
∫
QT

|∇u|p(x) dx dt+ δ

∫
QT

|u|p(x) dx dt− 2‖φn(u)‖Lp′(x)(QT )‖∇u‖Lp(x)(QT )

≥ α(‖∇u‖p−
Lp(x)(QT )

− 1) + δ(‖u‖p−
Lp(x)(QT )

− 1)− C1.‖u‖V

≥ min(α, δ)

2p − 1
‖u‖p−V − α− δ − C1.‖u‖V ,

we deduce that ∫ T
0
〈Bnu, u〉 dt
‖u‖V

−→ +∞ as ‖u‖V → +∞.

It remain to show that Bn is pseudo-monotone. Let (uk)k by a sequence in V such
that 

uk ⇀ u in V,
Bnuk ⇀ χn in V ?,
lim sup
k→∞

〈Bnuk, uk〉 ≤ 〈χn, u〉.
(91)

We will prove that

χn = Bnu and 〈Bnuk, uk〉 −→ 〈χn, u〉 as k → +∞.

Using the compact embedding (6), we have uk → u in L1(QT ) for a subsequence still
denoted (uk)k .

By the growth condition, it’s clear that (a(x, t,∇uk))k is bounded in (Lp
′(x)(QT ))N ,

therefore, there exists a function ϑ ∈ (Lp
′(x)(QT ))N such that

a(x, t,∇uk) ⇀ ϑ in (Lp
′(x)(QT ))N as k →∞. (92)

and

|uk|p(x)−2uk ⇀ |u|p(x)−2u in Lp
′(x)(QT ). (93)

Similarly, we have (gn(x, t, uk,∇uk))k is bounded in Lp
′(x)(QT ), then there exists a

function ψn ∈ Lp
′(x)(QT ) such that

gn(x, t, uk,∇uk) ⇀ ψn in Lp
′(x)(QT ) as k →∞, (94)

and since φn(·) = φ ◦ Tn(·) is a bounded continuous function, using the Lebesgue
dominated convergence theorem we have Tn(uk)→ Tn(u) in Lp(x)(QT ), then

φn(uk) −→ φn(u) in (Lp
′(x)(QT ))N as k →∞. (95)
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For all v ∈ V, we have

〈χn, v〉 = lim
k→∞

〈Bnuk, v〉

= lim
k→∞

∫
QT

a(x, t,∇uk) · ∇v dx dt+ lim
k→∞

∫
QT

gn(x, t, uk,∇uk)v dx dt

+ lim
k→∞

δ

∫
QT

|uk|p(x)−2ukv dx dt− lim
k→∞

∫
QT

φn(uk) · ∇v dx dt

=

∫
QT

ϑ · ∇v dx dt+

∫
QT

ψnv dx dt+ δ

∫
QT

|u|p(x)−2uv dx dt−
∫
QT

φn(u) · ∇v dx dt.

(96)
By using (91) and (96), we obtain

lim sup
k→∞

〈Bn(uk), uk〉 = lim sup
k→∞

{∫
QT

a(x, t,∇uk) · ∇uk dx dt+

∫
QT

gn(x, t, uk,∇uk)uk dx dt

+δ

∫
QT

|uk|p(x) dx dt−
∫
QT

φn(uk) · ∇uk dx dt
}

≤
∫
QT

ϑ · ∇u dx dt+

∫
QT

ψnu dx dt+ δ

∫
QT

|u|p(x) dx dt−
∫
QT

φn(u) · ∇u dx dt.

(97)
Thanks to (94) and (95), we have∫
QT

gn(x, t, uk,∇uk)ukdxdt→
∫
QT

ψnudxdt and

∫
QT

φn(uk)·∇ukdxdt→
∫
QT

φn(u)·∇udxdt,

(98)
therefore

lim sup
k→∞

{∫
QT

a(x, t,∇uk)·∇ukdxdt+δ
∫
QT

|uk|p(x)dxdt
}
≤
∫
QT

ϑ·∇udxdt+δ
∫
QT

|u|p(x)dxdt.

(99)
On the other hand, using (12) we have∫

QT

(a(x, t,∇uk)− a(x, t,∇u)) · (∇uk −∇u) dx dt

+δ

∫
QT

(|uk|p(x)−2uk − |u|p(x)−2u)(uk − u) dx dt ≥ 0,
(100)

then ∫
QT

a(x, t,∇uk) · ∇uk dx dt+ δ

∫
QT

|uk|p(x)dx dt

≥
∫
QT

a(x, t,∇uk) · ∇u dx dt+ δ

∫
QT

|uk|p(x)−2uku dx dt

+

∫
QT

a(x, t,∇u) · (∇uk −∇u) dx dt+ δ

∫
QT

|u|p(x)−2u(uk − u) dx dt,

in view of (92) and (93), we get

lim inf
k→∞

{∫
QT

a(x, t,∇uk)·∇ukdxdt+δ
∫
QT

|uk|p(x)dxdt
}
≥
∫
QT

ϑ·∇udxdt+δ
∫
QT

|u|p(x)dxdt,

this implies, thanks to (99), that

lim
k→∞

{∫
QT

a(x, t,∇uk)·∇ukdxdt+δ
∫
QT

|uk|p(x)dxdt
}

=

∫
QT

ϑ·∇udxdt+δ
∫
QT

|u|p(x)dxdt,

(101)
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thanks to (98), we obtain 〈Bnuk, uk〉 → 〈χn, u〉 as k → +∞.
Now, by (101) we can obtain

lim
k→+∞

{∫
QT

(a(x, t,∇uk)− a(x, t,∇u)) · (∇uk −∇u) dx dt

+δ

∫
QT

(|uk|p(x)−2uk − |u|p(x)−2u)(uk − u)dx dt
}

= 0,

in view of the Lemma 5.4, we get

uk −→ u in V and ∇uk −→ ∇u a.e in QT ,

it follows that

a(x, t,∇uk) ⇀ a(x, t,∇u) in (Lp
′(x)(QT ))N ,

and

gn(x, t, uk,∇uk) ⇀ gn(x, t, u,∇u) in Lp
′(x)(QT ),

we deduce that χn = Bnu, which completes the proof of Lemma 7.1. �

Proof of the convergence (77). Let h > 0 and n, m large enough. We have∣∣∣ ∫ s

0

∫
Ω

(
φn(un)− φm(um)

)
· ∇T1(un − um) dx dt

∣∣∣
≤
∫
{|un|≤h}∩{|um|≤h}

|φ(Th(un))− φ(Th(um))| |∇Th(un)−∇Th(um)| dx dt

+

∫
{|un|>h}∪{|um|>h}

|φn(un)− φm(um)| |∇un −∇um|.χ{|un−um|≤1} dx dt

(102)

Concerning the first term on the right-hand side of (102), since ∇Th(un) and ∇Th(um)
converge strongly to ∇Th(u) in (Lp(x)(QT ))N , and since |φn(Th(un))− φn(Th(um))| is

bounded in Lp
′(x)(QT ), then∫

{|un|≤h}∩{|um|≤h}
|φ(Th(un))− φ(Th(um))| |∇Th(un)−∇Th(um)| dx dt→ 0, (103)

as m and n tend to infinity. Concerning the second term, we have φn(·) is a continuous
function, then there exists M1 > 1 such that sup

|r−s|≤1

|φ(s)− φ(r)| ≤M1. Also, it’s clear

that

∀s ∈ IR and ∀M2 > 1 we have |φn(s)− φm(s)| ≤M2 for m,n ≥ n0(s,M2).

Taking m and n large enough, By using (31), (43) and Young’s inequality, we obtain∫
{|un|>h}∪{|um|>h}

|φn(un)− φm(um)| |∇un −∇um|.χ{|un−um|≤1} dx dt

≤
∫
{|un|>h}∪{|um|>h}

|φn(un)− φn(um)|p
′(x) .χ{|un−um|≤1} dx dt

+

∫
{|un|>h}∪{|um|>h}

|φn(um)− φm(um)|p
′(x) .χ{|un−um|≤1} dx dt

+ 2

∫
{|un|>h}∪{|um|>h}

|∇un −∇um|p(x).χ{|un−um|≤1} dx dt

≤ (M
p′+
1 +M

p′+
2 )meas ({|un| > h} ∪ {|um| > h})

+ 2p+
∫
{|un|>h−1}∩{|un|−1≤|um|≤|un|+1}

|∇um|p(x) dx dt
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+2p+
∫
{|um|>h−1}∩{|um|−1≤|un|≤|um|+1}

|∇un|p(x) dx dt −→ 0 as h→∞. (104)

By combining (102)− (104), we get∫ s

0

∫
Ω

(
φn(un)− φm(um)

)
· ∇T1(un − um) dx dt −→ 0 as n,m→∞. (105)

�
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