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On some I-convergent sequence spaces defined by a compact
operator
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ABSTRACT. In this article we introduce and study I-convergent sequence spaces ST, Sé and
Sgo with the help of a compact operator T on the real space R. We study some topological
and algebraic properties, prove the decomposition theorem and study some inclusion relations
on these spaces.
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1. Introduction and preliminaries

Let N, R and C be the sets of all natural, real and complex numbers respectively.
We denote
w={x=(z): 2y € Ror C}

the space of all real or complex sequences.

Definition 1.1. Let K be a non-trivial scalar valued field and X be a vector space
over K. Then a real valued mapping || . || on X is said to be a norm on or over X if
it satisfies the following properties:

W) [z =0, [[z[=0=z=0,

2) || ez =] e[| = ],

@) lzt+yll<lzl+I[yl, foralle € K, z, y € X.

The pair (X, || . ||) is called a normed linear space over K.

Remark 1.1. If K =R (field of reals) or K = C ( field of complex), then X is called
a real/complex normed linear space respectively.

Definition 1.2. A normed linear space X is said to be a Banach space if it is complete.
That is, if every Cauchy sequence in X is convergent in X.

Definition 1.3. A linear operator T is an operator such that

(1) the domain D(T') of T is a vector space and the range R(T’) lies in a vector space
over the same field,

(2) T(ax + Py) = oT(x) + BT (y), for all,x,y € D(T).
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Definition 1.4. Let X and Y be two normed linear spaces and T : D(T) — Y be
a linear operator, where D(T) C X. Then, the operator T is said to be bounded if
there exists a real k > 0 such that

| Tx [|[< k|| x|, for all, z € D(T).

The set of all bounded linear operators B(X,Y) is a normed linear space normed by

[T (= sup [[Tx] (see[9,10])
zeX,|z||=1

and B(X,Y) is a Banach space if Y is Banach space.

Definition 1.5. Let X and Y be two normed linear spaces. An operator T': X — Y
is said to be a compact linear operator (or completely continuous linear operator) if
(1) T is linear,

(2) T maps every bounded sequence (zy) in X onto a sequence T(x) in Y which has
a convergent subsequence.

The set of all compact linear operators C(X,Y) is closed subspace of B(X,Y) and
C(X,Y) is a Banach space if Y is Banach space.

Throughout the paper, we denote ., ¢ and ¢y as the Banach spaces of bounded,
convergent and null sequences of reals respectively with norm

]| = sup | | .
k

Following Basar and Altay [1] and Sengoniil [15], we introduce the sequence spaces

S and Sy with the help of compact operator 7' on R as follows.
S={r=(ap) €l : Tz € ¢}
and
So ={z = (z1) €los : T2 € o}

As a generalisation of usual convergence, the concept of statistical convergent was
first introduced by Fast [3] and also independently by Buck [2] and Schoenberg [14]
for real and complex sequences. Later on, it was further investigated from a sequence

space point of view and linked with the Summability Theory by Fridy 4], Salat[11],
Tripathy [16] and many others.

Definition 1.6. A sequence x=(zj) € w is said to be statistically convergent to a
limit L if for every € > 0, we have

1
lim ~[{n € N: |z, — L| 2 ¢, n < k}| = 0.

where vertical lines denote the cardinality of the enclosed set.

That is, if 6(A(e)) = 0, where
Ale) = {kGN:|xk—LZG}.

The notion of ideal convergence (I-convergence) was introduced and studied by
Kostyrko, Macaj, Salat and Wilczynski [7,8]. Later on, it was studied by Salat,
Tripathy and Ziman [12,13], Tripathy and Hazarika [17,18], Khan and Ebadullah
[5,6] and many others.
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Here we give some preliminaries about the notion of I-convergence.

Definition 1.7. Let N be a non empty set. Then a family of sets I C 2V (power set
of N) is said to be an ideal if

(1) I is additive i.e VA,Be I = AUB¢€ I,

(2) I is hereditary i.e VA € Jand BC A= B¢ l.

Definition 1.8. A non-empty family of sets 7 C 2V is said to be filter on N if and

only if

We¢y,

2)VA BeJ=ANnBeJ,

B)VAe Jand ACB=BeJ.

Definition 1.9. An Ideal I C 2V is called non-trivial, if I /A2,

Definition 1.10. A non-trivial ideal I C 2V is called admissible, if
{{z}:2 e N} C I.

Definition 1.11. A non-trivial ideal I is maximal, if there cannot exist any non-trivial
ideal J /I containing I as a subset.

Remark 1.2. For each ideal I, there is a filter £(I) corresponding to I.

That is £(I) = {K CN: K° € I}, where K =N\ K.

Definition 1.12. A sequence x = () € w is said to be I-convergent to a number
L, if for every e > 0, the set {k e N: |z, — L| > €} € I.

In this case, we write I — limzy = L.

Definition 1.13. A sequence z = (z%) € w is said to be I-null, if L = 0. In this case,
we write I — limzy = 0.

Definition 1.14. A sequence x = (z}) € w is said to be I-cauchy, if for every ¢ > 0
there exists a number m = m(e) such that {k € N: |xy, — x| > €} € I.

Definition 1.15. A sequence z = (z3) € w is said to be I-bounded, if there exists
some M > 0 such that {k € N:|zy| > M} € I.

Definition 1.16. A sequence space E is said to be solid(normal), if (agxy) € F
whenever (z1) € E and for any sequence(ay) of scalars with | oy |[< 1, for all k € N.

Definition 1.17. A sequence space E is said to be symmetric, if (2 (r)) € E whenever
rr € E, where 7 is a permutation on N.

Definition 1.18. A sequence space E is said to be sequence algebra, if (xy) * (yx) =
(x.yx) € E whenever (zy), (yx) € E.

Definition 1.19. A sequence space E is said to be convergence free, if (yx) € FE
whenever (zy) € E and zj = 0 implies y; = 0, for all k.

Definition 1.20. Let K = {k1 < ky < k3 < k4 < ks5...} C N and F be a Sequence
space. A K-step space of E is a sequence space A2 = {(z,) € w: (x1) € E}.

Definition 1.21. A canonical pre-image of a sequence (zx,) € M\E is a sequence
(yx) € w defined by
N zy, if ke K,
Yk = { 0, otherwise.
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A canonical preimage of a step space )\f; is a set of preimages of all elements in
AE ie. y is in the canonical preimage of AE, iff y is the canonical preimage of some
reNE.

Definition 1.22. A sequence space E is said to be monotone, if it contains the
canonical preimages of its step space.

Definition 1.23. If I = I, the class of all finite subsets of N. Then, I is an admissible
ideal in N and Iy convergence coincides with the usual convergence.

Definition 1.24. If ] = I = {A C N: 6(A) = 0}. Then, [ is an admissible ideal in
N and we call the Is-convergence as the logarithmic statistical convergence.

Definition 1.25. If I = I; = {A C N:d(A) = 0}. Then, [ is an admissible ideal in
N and we call the I4-convergence as the asymptotic statistical convergence.

Remark 1.3. If Is — limz, =, then I — limzx, = [.

Definition 1.26. A map £ defined on a domain D C X i.e h: D C X — R is said
to satisfy Lipschitz condition if |h(z) — h(y)| < K|z — y| where K is known as the
Lipschitz constant.

Definition 1.27. A convergence field of I-covergence is a set
F(I) = {x = (zk) € l : there exists I —limx € R}.

The convergence field F(I) is a closed linear subspace of I, with respect to the
supremum norm, F (1) = I, N c!(see[12]).

The function i : F(I) — R defined by A(z) = I — limz,for allx € F(I) is a
lipschitz function (see[12]).

We used the following lemmas to establish some results of this article.

Lemma(I). Every solid space is monotone.
Lemma(II). Let K € £(I) and M CN. If M ¢ I, then M NK ¢ I.
Lemma(III). If I C2Y and M CN. If M ¢ I, then M NN ¢ 1.

Throughout the article, T' is considered as a compact operator on the
real space R.

2. Main Results
In this article we introduce and study the following classes of sequence.
ST = {x = (21) € loo : {k e N:| T(2),) — L |> €} € I,for some L € R}; (2.1)
Sé:{x:(ack)efoo:{k’ENJT(mkHZ e}e[}; (2.2)

SL = {xz (z1) € log : IM >0 s.t.{k € N:| T(zy) |[> M} GI}. (2.3)

Theorem 2.1. The classes of sequences ST, St and SL are linear spaces.
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Proof. We shall prove the result for the space S’. Rests will follow similarly.

For, let z = (), vy = (yi) be two elements of ST and «, 3 be scalars.

Now, since (x1), (yr) € ST, then, for given € > 0, there exists L;, Ly € R such that
the sets

{kENZ|T(ZL‘k)L1 |< } Ef([) (24)

€
2|
and

{k‘ eN Z‘ T(yk) Lo |< } S .,E(I) (25)

2181 ﬁ |
Therefore,

| T(e(zr) + Blyw)) — (aLy + BL2) |=| oT'(zy) + BT (yx) — (L1 + BLy) |
=| aT(xy) — aly + BT (y ) BLy <] @ || T(xk) = Li |+ | B T(yr) — La |

<el3

+

= €.

k) —
_ €
| \ 2
Thus the set
As = {k € N:| T(a(zk) + Byx)) — (aLy + BLs) |< e} e £(I).
Therefore the set

A§{keNﬂT@@w+ﬂ@M)@Mq+ﬂb)26}61

implies that a(zx) + B(yx) € S, for all scalars o, 8 and (), (yx) € ST.
Hence &7 is linear. O

Theorem 2.2. The spaces 8! and St are normed spaces normed by

Izl = sup | T(wy) |-

Proof. The proof of the result is easy in view of existing techniques and hence omitted.
O

Theorem 2.3. A sequence x = (x1,) € Lo I-converges if and only if for every e > 0,
there exists N. € N such that

{keNﬂT@@—T@M)Ke}E£U) (2.6)

Proof. Let © = (x) € £oo
Suppose that L = I — lim z. Then, the set

B, = {keN:|T(mk)—L|< ;} € £(I) for all e > 0.
Fix an N, € B.. Then, we have

€ €
| T(ax) = T(@n) [<| T(we) = L+ [ Tlen) —LI< 5+ 5 =€
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which holds for all k& € B..
Hence {k eN:| T(xx) —T(xn.) |< e} e £(I).

Conversely, suppose that

{k EN:|T(zg) —T(zn.) < e} € £(I).
That is {k eN:| T(xg) — T(xn.) |< e} € £(I), for all € > 0. Then, the set
C.= {k’ eEN:T(xx) € [T(zn.) — 6, T(zn.) + 6]} € £(I) for all € > 0.

Let J. = [T(:cN() —€6,T(zn,)+€|. If we fix an € > 0 then we have C. € £(I) as well
as Cg € £(I). Hence C. N Cs € £(I). This implies that

J=JNJs #¢.
That is

{keN:T(z) € J} € £(I).

That is

diamJ < diamJ,
where the diam of J denotes the length of interval J.
In this way, by induction, we get the sequence of closed intervals

Jo=Ih D2 D... DI D .

with the property that diamly < jdiamly_; for (k=2,3,4,.....) and
{keN:T(xy) € I} € £(I) for (k=1,2,34,......).
Then there exists a £ € NI where k € N such that £ = I — limT'(zy,).
Hence the result. (]

Theorem 2.4. Let I be an admissible ideal. Then, the following are equivalent.

(a) (xx) € S';

(b) there exists (yr) € S such that xy = yg, for a.a.k.r.I;

(c) there exists (yx) € S and (zx) € S! such that v = yi + 21 for all k € N and
{keN:|T(yx)—L|>e€}el;

(d) there exists a subset K = {k1 < ko < ks...} of N such that K € £(I) and
nh—>Holo | T(zy,) — L |=0.

Proof. (a) implies (b). Let (1) € SI. Then, for any € > 0, there exists L € R such
that the set

{keN:|T(xx)—L|>e€} el
Let (m4) be an increasing sequence with m; € N such that

{k<my:|T(xp) - L >t} el
Define a sequence (yi) as
Yk = Tk, for all k < mjy.

For my < k <myyq,t €N

_ Tk, if |T(.’Ek) — L| < til,

o L, otherwise.
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Then, (yr) € S and from the following inclusion
{k<mi:ap £y} C{keN:|T(xp)—L| >e€} el

We get xj = yi, for a.a.k.r.l.

(b) implies (c). For (z3) € ST. Then, there exists (y;) € S such that x;, = yy, for
a.akr.]. Let K ={keN:xz, #yy}, then K € I.

Define a sequence (z) as

o Tk — Yk, ikaK,
k= 0, otherwise.

Then (25,) € SE and (yx) € S.
(c) implies (d). Let P, = {k € N: |T(xy)| > €} € I and

K =P ={ki <ks<ks<..}e£().
Then, we have lim |T(zy,) — L| = 0.
(d) implies (a).nfe?coK ={k1 <ky<ks<..}e€£(I)and
nh_}rrgo |T (2, ) — L] =0.
Then, for any € > 0, and by Lemma (IT), we have
{keN:|T(xr)—L| >€e} CK°U{k e K:|T(x) — L| > €}
Thus, (zi) € ST. O

Theorem 2.5. The function h : S — R defined by h(z) = I — imT(z), for all
x € 8T is a Lipschitz function and hence uniformly continuous.

Proof. Clearly the function h is well defined. Let # = (z), y = (yx) € ST, = # y.
Then, the sets
Ay ={keN:|T(x) - h(z) 2| z—y|. } €1
Ay={keN:|T(y) -y =]z —y . } €.
where ||z — y||« = sup | T(zx — yx) | . Thus, the sets
k

B, ={keN:|T(z) - hx)|<|z -yl } € £().
By ={keN:|T(y) - h(y) <z —y | } € £(]).
Hence, B = B, N B, € £(I), so that B # (). Now taking k € B, we have
| A(x) — h(y) <[ W(z) = T(2) [+ | T(x) =T(y) |+ [T(y) —hy) [<3 [z —y ..
Thus, A is Lipschitz function and hence uniformly continuous. U

Theorem 2.6. If T is an identity operator and h: ST — R is a function defined by
h(z) = I —limT(z), for all x € ST and if v = (x1,), y = (yp) € ST, then, (v.y) € ST
and h(z.y) = h(z)h(y).

Proof. For € > 0, the sets
B, ={keN:|T(x) — h(z)| < e} € £(I), (2.7)
B, ={keN:|T(y) — hy)| < e} € £(1). (2.8)
where ||z — y||. = €. Now, since T is an identity operator, we have
T (zy)=h(x)h(y)| = |T(xryr)=Ax)A(y)| = [T (erye) =T (2r)Ay) +T (2x)Aly) = h(2)h(y)]
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= leryr — arhly) + zehiy) — W@)(y)| < lzkllys — By)] + [AY)llze — A2)]. - (2.9)
As 8T C /., there exists an M € R such that |zx| < M and |A(y)| < M.
Therefore, from (2.7), (2.8) and (2.9), we have

T (zy) — h(x)h(y)| = [T(xryr) — Mx)h(y)| < Me+ Me = 2Me
for all k € B, N By € £(I). Hence (z.y) € 8 and h(z.y) = h(z)h(y). O
Theorem 2.7. The space S! is solid and monotone.
Proof. For, let (z) € SL. Then, the set
{keN:|T(xy)|> €} €1 (2.10)

Let () be a sequence of scalars with | ay, |[< 1, for all, k € N.
Therefore,

| T(apar) |=| axT(zx) |<] ok || Tzx |<| Tay |, for all k € N,
Thus, from the above inequality and (2.10), we have
{keN:| T(apar) |> €} C{keN:|T(zxy)|>€} el
implies that
{k e N:| T(oxwi) |> €} € 1.
Therefore, ajx;, € SI. Hence the space S! is solid.
That the space is monotone follows from lemma (I). O

Theorem 2.8. The inclusions S§ € ST ¢ SL hold.

Proof. Let (z) € ST. Then, there exists some L such that
I—li}gn | T(xp)— L |=0.
That is, the set
{keN:|T(xy)—L|>e€} el
We have
| T(@x) |=[ T(xr) = L+ LI<|T(xx) = L[+ [ L].
Taking supremum over k on both sides, we get (x;) € SL..
The inclusion S¢ € 87 is obvious. Hence S! ¢ 8T c SL. O
Theorem 2.9. The set ST is closed subspace of {oc.

Proof. Let (x,(cn)) be a Cauchy sequence in S such that ac,(vn) — T.

We show that z € S. Since (m,(cn)) € ST, then there exists a, such that {k € N
T(x,(cn)) —an |> €} €1
We need to show that
(1) (an) converges to a.
(2) f U ={k e N:|T(zx) —a|< €}, then U® € I.
(1) Since (w,&n)) is Cauchy sequence in ST = for a given € > 0, there exists kg € N
such that sup |T(m,(€")) - T(x,(f))| < g, for all n, ¢ > ko.
k
For a given ¢ > 0, we have

Buy = {k e N:| Taf" — Taf? |< £}
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By={keN:|Tzl? —q,|< S
7= AT A s g

B, = {k:EN:|Tx,(cn)—an < E}

3
Then, B, BS, B, € I. Let B¢ = B, UBSU B, where B = {k € N:| ag —asn |< }.
Then, B¢ € 1.

We choose kg € B°. Then for each n,q > kg, we have
{keN:|a, —a" <€} 2 [{keNia,— T(a") |< £}
N{keN:|T@E?) - T |< %} N{keN:|T@E"™) —a, |< %}} :
Then (a,) is a Cauchy sequence of scalars in R, so there exists a scalar a in R such

that a,, — a as n — oo.

(2) Let 0 < § < 1 be given. Then we show that if U = {k eN:|T(xg) —al< 5},

then U€ € I.

Since x,(c") — x, then there exists gy € N such that

5
P={keN:|T(")—T(x)|< 3) (2.11)
implies P¢ € I. The number ¢y can be chosen that together with (2.11), we have
5
Q:{keN:‘aqo_a|< g}

such that Q° € I. Since {k € N :| T(a:ffo)) — g, |> 0} € I. Then we have a subset S
of N such that S¢ € I, where S = {k € N | T(xéqo)) —ag, |< 8}

Let U¢ = P°UQ°U S, where U = {k € N:| T(z),) — a |< §}.

Therefore, for each k € U¢, we have

{(keN:|T(xr) —a|< 8} 2 |{k € N:| T(x)) — T(2\)) |< g}

0 )
N {keN:| Tz ) - a |< SN {keN gy —a < 3},
Then the result follows. O

Since the inclusions ST C ¢, and is strict so in view of Theorem (2.9.) we have
the following result.

Theorem 2.10. The space ST is nowhere dense subsets of fo.
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