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Competition phenomena and weak homoclinic solutions to
anisotropic difference equations with variable exponent
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Abstract. In this paper, we prove the existence of weak homoclinic solutions for a family of

second order difference equations under competition phenomena between parameters.
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1. Introduction

In this paper, we study the following nonlinear anisotropic discrete problem with an
homoclinic condition at the boundary{

−∆(a(k − 1,∆u(k − 1))) + α(k)|u(k)|p(k)−2u(k) = δf(k, u(k)), k ∈ Z
lim
|k|→∞

u(k) = 0, (1)

where ∆u(k) = u(k + 1)− u(k) is the forward difference operator.
Difference equations can be seen as a discrete computation of PDEs and are usually
studied in connection with numerical analysis. Many authors studied anisotropic
PDEs with as main operators, the following :

−
N∑
i=1

∂

∂xi
a

(
x,

∂

∂xi

)
,

under Leray–Lions type conditions [9] in the context of variable exponent (see[1, 2,
6, 7, 10, 11, 14, 15]).
The problem (1) can then be seen as a discrete counterpart of such PDEs under a
homogeneous Dirichlet boundary condition.
In this paper, we adapt the classical minimization methods used for the study of
anisotropic PDEs to prove the existence of solutions to problem (1).
Anisitropic discrete problems on a bounded interval was studied by many authors (see
[4, 7, 8, 12]). Note that, in this paper, we examine anisotropic difference equations
on an unbounded discrete interval, typically, on the whole set Z, with asymptotic
conditions of homoclinic type. The first study in that direction was done by Guiro et
al (see [5]). More precisely, the authors in [5] studied the following problem{

−∆(a(k − 1,∆u(k − 1))) + |u(k)|p(k)−2u(k) = f(k), k ∈ Z
lim
|k|→∞

u(k) = 0. (2)
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They proved an existence result of a weak homoclinic solution of (2).
In this paper, we also prove an existence result of (1) and for that, we define other
new spaces and new associated norms compared to that of [5]. Some of the norms
defined may be equivalent in order to prove the main result of this paper. Note also
that in our study, we show some competition phenomena between α(.) and δ(.) and
between p(.) and q(.). Such competition phenomena are also necessary for the proof
of the existence of weak homoclinic solutions of (1).
The paper is organized as follows : Section 2 is devoted to the mathematical prelim-
inary. In Section 3, we study problem (1), where δ is a positive constant and where
we prove the existence of weak homoclinic solutions of (1). In the last section, we
study problem (1) for a more general δ.

2. Auxiliary results

For the data f , α and a, we assume the following.

(H1)


a(k, .) : R→ R, ∀k ∈ Z and there exists a mapping
A : Z× R→ R which satisfies
a(k, ξ) = ∂

∂ξA(k, ξ), ∀k ∈ Z and A(k, 0) = 0, ∀k ∈ Z.

(H2) |ξ|p(k) ≤ a(k, ξ)ξ ≤ p(k)A(k, ξ), ∀k ∈ Z and ξ ∈ R.
(H3) ∃ C1 > 0; |a(k, ξ)| ≤ C1(j(k) + |ξ|p(k)−1), ∀k ∈ Z and ξ ∈ R with

j ∈ lp′(.) such that
1

p(k)
+

1

p′(k)
= 1.

(H4) f : Z× R→ R, such that for every k ∈ Z and t ∈ R, lim
t→0

=
|f(k, t)|
|t|p(k)−1

= 0.

(H5) α : Z→ R+ such that α(k) ≥ α0 > 0, for all k ∈ Z.
(H6) p : Z → (1,+∞) with 1 < p− ≤ p+ < +∞, where p+ = sup

k∈Z
p(k) and

p− = inf
k∈Z

p(k).

(H7) α0p
− > δp+.

(H8) (a(k, ξ)− a(k, η)).(ξ − η) > 0, ∀k ∈ Z and ξ, η ∈ R such that ξ 6= η.
In order to present the main results of our paper, we introduce for each p(.) : Z →
(1,+∞), the spaces

lp(.) := {u : Z→ R; ρp(.)(u) :=
∑
k∈Z
|u(k)|p(k) <∞},

l
p(.)
α(.) := {u : Z→ R; ρα(.),p(.)(u) :=

∑
k∈Z

α(k)|u(k)|p(k) <∞},

l∞ := {u : Z→ R; sup
k∈Z
|u(k)| <∞}

and

W
1,p(.)
α(.) := {u : Z→ R; ρ1,α(.),p(.)(u) :=

∑
k∈Z

α(k)|u(k)|p(k) +
∑
k∈Z
|∆u(k)|p(k) <∞}.
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On lp(.), l
p(.)
α(.) and W

1,p(.)
α(.) , we introduce the Luxemburg norms

‖u‖p(.) := inf

{
λ > 0;

∑
k∈Z

∣∣∣∣u(k)

λ

∣∣∣∣p(k)

≤ 1

}
,

‖u‖α(.),p(.) := inf

{
λ > 0;

∑
k∈Z

α(k)

∣∣∣∣u(k)

λ

∣∣∣∣p(k)

≤ 1

}
and

‖u‖1,α(.),p(.) := ‖u‖α(.),p(.) + ‖∆u‖p(.).
As in [5], we can prove the following results.

Lemma 2.1. Under the assumption (H6), we have :

(a) ρα(.),p(.)(u+ v) ≤ 2p+(ρα(.),p(.)(u) + ρα(.),p(.)(v)); ∀u, v ∈ lp(.)α(.).

(b) For u ∈ lp(.)α(.), if λ > 1 we have

ρα(.),p(.)(u) ≤ λρα(.),p(.)(u) ≤ λp
−
ρα(.),p(.)(u) ≤ ρα(.),p(.)(λu) ≤ λp

+

ρα(.),p(.)(u)

and if 0 < λ < 1,

λp
+

ρα(.),p(.)(u) ≤ ρα(.),p(.)(λu) ≤ λp
−
ρα(.),p(.)(u) ≤ λρα(.),p(.)(u) ≤ ρα(.),p(.)(u).

(c) For every fixed u ∈ lp(.)α(.) \ {0}, ρα(.),p(.)(λu) is a continuous convex even function

in λ, and it increases strictly when λ ∈ [0,∞).

Proposition 2.2. Let u ∈ lp(.)α(.) \ {0}, then ‖u‖α(.),p(.) = γ ⇔ ρα(.),p(.)

(
u

γ

)
= 1.

Proposition 2.3. If u ∈ lp(.)α(.) and p+ < +∞, then the following properties hold :

1) ‖u‖α(.),p(.) < 1(= 1; > 1)⇔ ρα(.),p(.)(u) < 1(= 1;> 1);

2) ‖u‖α(.),p(.) > 1⇒ ‖u‖p
−

α(.),p(.) ≤ ρα(.),p(.)(u) ≤ ‖u‖p+α(.),p(.);

3) ‖u‖α(.),p(.) < 1⇒ ‖u‖p
+

α(.),p(.) ≤ ρα(.),p(.)(u) ≤ ‖u‖p−α(.),p(.);

4) ‖u‖α(.),p(.) → 0⇔ ρα(.),p(.)(u)→ 0.

Proposition 2.4. Let u ∈W 1,p(.)
α(.) \{0}, then ‖u‖1,α(.),p(.) = a⇔ ρ1,α(.),p(.)

(u
a

)
= 1.

Proposition 2.5. If u ∈W 1,p(.)
α(.) and p+ < +∞, then the following properties hold :

1) ‖u‖1,α(.),p(.) < 1(= 1; > 1)⇔ ρ1,α(.),p(.)(u) < 1(= 1;> 1);

2) ‖u‖1,α(.),p(.) > 1⇒ ‖u‖p
−

1,α(.),p(.) ≤ ρ1,α(.),p(.)(u) ≤ ‖u‖p+1,α(.),p(.);

3) ‖u‖1,α(.),p(.) < 1⇒ ‖u‖p
+

1,α(.),p(.) ≤ ρ1,α(.),p(.)(u) ≤ ‖u‖p−1,α(.),p(.);

4) ‖u‖1,α(.),p(.) → 0⇔ ρ1,α(.),p(.)(u)→ 0.

We also have the following lemma (see [5]).

Lemma 2.6 (Hölder type inequality). Let u ∈ lp(.) and v ∈ lq(.) such that
1

p(k)
+

1

q(k)
= 1, ∀ k ∈ Z then,∑

k∈Z
|uv| ≤

(
1

p−
+

1

q−

)
‖u‖p(.)‖v‖q(.).
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3. Existence of homoclinic solutions

In this section, we study the existence of weak homoclinic solutions of (1) where δ is
a positive constant.

Definition 3.1. A weak homoclinic solution of (1) is a function u ∈ W
1,p(.)
α(.) such

that ∑
k∈Z

a(k − 1,∆u(k − 1))∆v(k − 1) +
∑
k∈Z

α(k)|u(k)|p(k)−2u(k)v(k)

= δ
∑
k∈Z

f(k, u(k))v(k),
(3)

for any v ∈W 1,p(.)
α(.) .

The main result of this section is the following.

Theorem 3.1. Assume that (H1)–(H8) hold true. Then, there exists at least one
weak homoclinic solution of (1).

Remark 3.1. The competition phenomena is relative to the condition α0p
− > δp+

on the data. It means that the parameter α(.) should be bigger than the parameter
δ in order to get homoclinic solutions of (1).

We denote F (k, t) =

∫ t

0

f(k, τ)dτ, ∀k ∈ Z, t ∈ R.

The energy functional corresponding to problem (1) is defined by J : W
1,p(.)
α(.) → R

such that

J(u) =
∑
k∈Z

A(k − 1,∆u(k − 1)) +
∑
k∈Z

α(k)

p(k)
|u(k)|p(k) − δ

∑
k∈Z

F (k, u(k)). (4)

We first present some basic properties of J .

Proposition 3.2. The functional J is well-defined on W
1,p(.)
α(.) and is of class

C1(W
1,p(.)
α(.) ,R) with the derivative given by

〈J ′(u), v〉 =
∑
k∈Z

a(k − 1,∆u(k − 1))∆v(k − 1) +
∑
k∈Z

α(k)|u(k)|p(k)−2u(k)v(k)

− δ
∑
k∈Z

f(k, u(k))v(k),

(5)

for all u, v ∈W 1,p(.)
α(.) .

Proof. Let J(u) = I(u) + L(u)− Λ(u) with
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I(u) =
∑
k∈Z

A(k−1,∆u(k−1)), L(u) =
∑
k∈Z

α(k)

p(k)
|u(k)|p(k) and Λ(u) =

∑
k∈Z

F (k, u(k).

One has

|I(u)| =

∣∣∣∣∣∑
k∈Z

A(k − 1,∆u(k − 1))

∣∣∣∣∣
≤

∑
k∈Z
|A(k − 1,∆u(k − 1))|

≤
∑
k∈Z

C1

(
j(k − 1) +

1

p(k − 1)
|∆u(k − 1)|p(k−1)−1

)
|∆u(k − 1)|

≤
∑
k∈Z

C1j(k − 1)|∆u(k − 1)|+
∑
k∈Z

C1

p(k − 1)
|∆u(k − 1)|p(k−1)

< ∞.

|L(u)| =

∣∣∣∣∣∑
k∈Z

α(k)

p(k)
|u(k)|p(k)

∣∣∣∣∣ ≤ 1

p−

∑
k∈Z

α(k)|u(k)|p(k) <∞.

By (H4), there exists ν > 0 such that |f(k, t)| ≤ |t|p(k)−1 for all k ∈ Z, |t| ≤ ν. By

integrating, we deduce that |F (k, t)| ≤ |t|
p(k)

p(k)
for all k ∈ Z, |t| ≤ ν.

For all u ∈ W 1,p(.)
α(.) , there exists h ∈ N such that |u(k)| ≤ ν for all k ∈ Z, |k| > h,

so

|Λ(u)| =

∣∣∣∣∣∑
k∈Z

F (k, u(k))

∣∣∣∣∣
≤

∑
k∈Z
|F (k, u(k))|

≤
∑
|k|≤h

|F (k, u(k))|+
∑
|k|>h

|u(k)|p(k)

p(k)

≤
∑
|k|≤h

|F (k, u(k))|+ 1

p−α0

∑
k∈Z

α(k)|u(k)|p(k) <∞.

Therefore, J is well-defined.

Clearly I, L and Λ are in C1(W
1,p(.)
α(.) ,R). In what follows, we prove (5).

Let us choose u, v ∈W 1,p(.)
α(.) . We have

〈I ′(u), v〉 = lim
η→0+

I(u+ ηv)− I(u)

η
, 〈L′(u), v〉 = lim

η→0+

L(u+ ηv)− L(u)

η

and

〈Λ′(u), v〉 = lim
η→0+

Λ(u+ ηv)− Λ(u)

η
.
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Since

lim
η→0+

I(u+ ηv)− I(u)

η

= lim
η→0+

∑
k∈Z

A(k − 1,∆u(k − 1) + η∆v(k − 1))−A(k − 1,∆u(k − 1))

η

=
∑
k∈Z

lim
δ→0+

A(k − 1,∆u(k − 1) + η∆v(k − 1))−A(k − 1,∆u(k − 1))

η

=
∑
k∈Z

a(k − 1,∆u(k − 1))∆v(k − 1),

lim
η→0+

L(u+ ηv)− L(u)

η
= lim

η→0+

∑
k∈Z

α(k)(|u(k) + ηv(k)|p(k) − |u(k)|p(k))

p(k)η

=
∑
k∈Z

lim
η→0+

α(k)(|u(k) + ηv(k)|p(k) − |u(k)|p(k))

p(k)η

=
∑
k∈Z

α(k)|u(k)|p(k)−2u(k)v(k)

and

lim
η→0+

Λ(u+ ηv)− Λ(u)

η
= lim

δ→0+

∑
k∈Z

F (k, u(k) + ηv(k))− F (k, u(k))

η

=
∑
k∈Z

lim
η→0+

F (k, u(k) + ηv(k))− F (k, u(k))

η

=
∑
k∈Z

f(k, u(k))v(k),

we obtain (5). �

Lemma 3.3. The functional I is weakly lower semi-continuous.

Proof. From (H1) and (H8), I is convex with respect to the second variable. Thus, it
is enough to show that I is lower semi-continuous (see Corollary III.8 in [3]). For this,

we fix u ∈W 1,p(.)
α(.) and ε > 0. Since I is convex, we deduce that for any v ∈W 1,p(.)

α(.) ,

I(v) ≥ I(u) + 〈I ′(u), v − u〉
≥ I(u) +

∑
k∈Z

a(k − 1,∆u(k − 1)) (∆v(k − 1)−∆u(k − 1))

≥ I(u)− C(
1

p−
+

1

p′−
)‖g‖p′(.)‖∆(u− v)‖p(.)

≥ I(u)−K
(
‖u− v‖α(.),p(.) + ‖∆(u− v)‖p(.)

)
≥ I(u)−K‖u− v‖1,α(.),p(.) ≥ I(u)− ε,

for all v ∈ W
1,p(.)
α(.) with ‖u − v‖1,α(.),p(.) < ξ =

ε

K
. Here g(k) = j(k) + |∆u(k −

1)|p(k−1)−1.
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Hence, we conclude that I is weakly lower semi-continuous. �

Proposition 3.4. The functional J is bounded from below, coercive and weakly lower
semi-continuous.

Proof. By Lemma 3.3, J is weakly lower semi-continuous. We will only prove the
coerciveness of the energy functional since the boundedness from below of J is a
consequence of its coerciveness. To prove the coerciveness of J , we may assume that
‖u‖1,α(.),p(.) > 1 .

J(u) =
∑
k∈Z

A(k − 1,∆u(k − 1)) +
∑
k∈Z

α(k)

p(k)
|u(k)|p(k) − δ

∑
k∈Z

F (k, u(k))

≥
∑
k∈Z

1

p(k)
|∆u(k − 1)|p(k−1) +

∑
k∈Z

α(k)

p(k)
|u(k)|p(k) − δ

∑
k∈Z
|F (k, u(k))|

≥ 1

p+

∑
k∈Z
|∆u(k − 1)|p(k−1) +

1

p+

∑
k∈Z

α(k)|u(k)|p(k) − δ
∑
|k|>h

1

p(k)
|u(k)|p(k) −M(δ)

≥ 1

p+
(ρp(.)(∆u) + ρα(.),p(.)(u))− δ

p−α0

∑
k∈Z

α(k)|u(k)|p(k) −M(δ)

≥ 1

p+
ρ1,α(.),p(.)(u)− δ

p−α0
ρ1,α(.)p(.)(u)−M(δ)

≥
(

1

p+
− δ

α0p−

)
ρ1,α(.),p(.)(u)−M(δ)

≥
(

1

p+
− δ

α0p−

)
‖u‖p

−

1,α(.),p(.) −M(δ),

where M(δ) is a positive constant depending on δ.
By (H7), J is coercive.

Therefore, as ‖u‖1,α(.),p(.) → +∞ then J(u)→ +∞ and so, there exists c ∈ R such
that J(u) ≥ c.

If ‖u‖1,α(.),p(.) ≤ 1, then

J(u) ≥ 1

p+
ρ1,α(.),p(.)(u)− δ

p−α0
ρα(.),p(.)(u)−M(δ)

≥ − δ

p−α0
ρα(.),p(.)(u)−M(δ)

≥ −C > −∞.

Thus, J is bounded below.
As I is weakly lower semi-continuous, then J is weakly lower semi-continuous. �

We can now give the proof of Theorem 3.1.

Proof of Theorem 3.1. By Proposition 3.2, J has a minimizer which is a weak solution
of (1).
In order to complete the proof of Theorem 3.1, we will show that every weak solution
u is homoclinic, i.e u(k)→ 0 as |k| → +∞.
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Let u be a weak solution to problem (1), then, as u ∈W 1,p(.)
α(.) , we get∑

k∈Z
α0|u(k)|p(k) ≤

∑
k∈Z

α(k)|u(k)|p(k) <∞.

Let S1 = {k ∈ Z, |u(k)| < 1} and S2 = {k ∈ Z, |u(k)| ≥ 1}.
S2 is a finite set, then∑

k∈Z
|u(k)|p(k) =

∑
k∈S1

|u(k)|p(k) +
∑
k∈S2

|u(k)|p(k)

≤
∑
k∈S1

|u(k)|p(k) +R <∞,

where R is a positive constant.
So, ∑

k∈S1

|u(k)|p
+

+R ≤
∑
k∈S1

|u(k)|p(k) +R.

Therefore, as S2 is a finite set, we get∑
k∈Z
|u(k)|p

+

<∞.

Thus, lim
|k|→+∞

|u(k)| = 0. �

4. Extension

In this section, we show that the existence result obtained for (1) can be extended
to more general anisotropic homoclinic boundary value problems of the form.{

−∆(a(k − 1,∆u(k − 1))) + α(k)|u(k)|p(k)−2u(k) = δ(k)f(k, u(k)), k ∈ Z
lim
|k|→∞

u(k) = 0. (6)

For the data f , δ and α, we assume the following.
(H9) f : Z × R → R, such that there exists b : Z → R+, with b ∈ lq′(.)r′(.) and

|f(k, t)| ≤ b(k) + c|t|q(k)−1.
(H10) δ : Z → R, δ ∈ lr(.) with δ∗ = inf

k∈Z
|δ(k)| > 0 and α : Z → R, α ∈ l∞ with

α− > 0.
(H11) r− > 1 and +∞ > p+ ≥ p− > q+ ≥ q− > 1.
We also need the following space.

W 1,p(.) := {u : Z→ R;u ∈ lp(.),∆u ∈ lp(.)}.

On W 1,p(.) and l∞, we introduce the following norms.

‖u‖1,p(.) := inf

{
λ > 0;

∑
k∈Z

∣∣∣∣u(k)

λ

∣∣∣∣p(k)

+
∑
k∈Z

∣∣∣∣∆u(k)

λ

∣∣∣∣p(k)

≤ 1

}

= ‖u‖1,p(.)
= ‖u‖p(.) + ‖∆u‖p(.),

‖u‖∞ := sup
k∈Z
|u(k)|,
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and

‖u‖1,δ(.),p(.) := inf

{
λ > 0;

∑
k∈Z
|δ(k)|

∣∣∣∣u(k)

λ

∣∣∣∣p(k)

+
∑
k∈Z

∣∣∣∣∆u(k)

λ

∣∣∣∣p(k)

≤ 1

}

= ‖u‖δ(.),p(.) + ‖∆u‖p(.).

Lemma 4.1. For all r(.) < +∞, lr(.) ⊂ l∞.

Proof.

sup
k∈Z
|u(k)| ≤

(
ρr(.)(u)

)s
with


s =

1

r−
if ρr(.)(u) ≥ 1,

s =
1

r+
if ρr(.)(u) ≤ 1.

So, we have δ ∈ lr(.) ⇒ δ ∈ l∞. �

In this section, we need the following results.

Lemma 4.2. (see [13]) Assume that (H11) is fulfilled. Then, lq(.) ⊂ lp(.).

Lemma 4.3. ‖.‖1,δ(.),p(.) and ‖.‖1,p(.) are equivalent norms in W 1,p(.).

Proof. As δ ∈ lr(.), by Lemma 4.1, we have

A =
∑
k∈Z
|δ(k)|

∣∣∣∣u(k)

λ

∣∣∣∣p(k)

+
∑
k∈Z

∣∣∣∣∆u(k)

λ

∣∣∣∣p(k)

≤ max(1, ‖δ‖∞)

(∑
k∈Z

∣∣∣∣u(k)

λ

∣∣∣∣p(k)

+
∑
k∈Z

∣∣∣∣∆u(k)

λ

∣∣∣∣p(k))
= max(1, ‖δ‖∞)B,

where B =
∑
k∈Z

∣∣∣∣u(k)

λ

∣∣∣∣p(k)

+
∑
k∈Z

∣∣∣∣∆u(k)

λ

∣∣∣∣p(k)

;

elsewhere, we have

A =
∑
k∈Z
|δ(k)|

∣∣∣∣u(k)

λ

∣∣∣∣p(k)

+
∑
k∈Z

∣∣∣∣∆u(k)

λ

∣∣∣∣p(k)

≥ min(1, δ∗)

(∑
k∈Z

∣∣∣∣u(k)

λ

∣∣∣∣p(k)

+
∑
k∈Z

∣∣∣∣∆u(k)

λ

∣∣∣∣p(k))
= min(1, δ∗)B.

So, ∀u ∈W 1,p(.), min(1, δ∗)‖u‖1,p(.) ≤ ‖u‖1,δ(.),p(.) ≤ max(1, ‖δ‖∞)‖u‖1,p(.). �

Definition 4.1. A weak homoclinic solution of (6) is a function u ∈ W 1,p(.) such
that ∑

k∈Z
a(k − 1,∆u(k − 1))∆v(k − 1) +

∑
k∈Z

α(k)|u(k)|p(k)−2u(k)v(k)

=
∑
k∈Z

δ(k)f(k, u(k))v(k),
(7)

for any v ∈W 1,p(.).

The main result of this section is the following.
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Theorem 4.4. Assume that (H1)–(H3) and (H8)–(H11) hold true. Then, there exists
at least one weak homoclinic solution of (6).

The energy functional corresponding to problem (1) is defined by J : W 1,p(.) → R
such that

J(u) =
∑
k∈Z

A(k − 1,∆u(k − 1)) +
∑
k∈Z

α(k)

p(k)
|u(k)|p(k) −

∑
k∈Z

δ(k)F (k, u(k)), (8)

where F (k, t) =

∫ t

0

f(k, τ)dτ, ∀k ∈ Z and t ∈ R.

We first present some basic properties of J .

Proposition 4.5. The functional J is well-defined on W 1,p(.) and is of class
C1(W 1,p(.),R) with the derivative given by

〈J ′(u), v〉 =
∑
k∈Z

a(k − 1,∆u(k − 1))∆v(k − 1) +
∑
k∈Z

α(k)|u(k)|p(k)−2u(k)v(k)

−
∑
k∈Z

δ(k)f(k, u(k))v(k),

(9)
for all u, v ∈W 1,p(.).

Proof. Let J(u) = I(u) + L(u)− Λ(u) with I(u) =
∑
k∈Z

A(k − 1,∆u(k − 1)),

L(u) =
∑
k∈Z

α(k)

p(k)
|u(k)|p(k) and Λ(u) =

∑
k∈Z

δ(k)F (k, u(k).

As in Section 3, we have

|I(u)| <∞ and |L(u)| =

∣∣∣∣∣∑
k∈Z

α(k)

p(k)
|u(k)|p(k)

∣∣∣∣∣ ≤ α+

p−

∑
k∈Z
|u(k)|p(k) <∞.

By (H8), we have |f(k, u(k))| ≤ b(k)+c|u(k)|q(k)−1 and by Young inequality, we have
for all u ∈W 1,p(.),

|F (k, u(k))| ≤ |b(k)||u(k)|+ c

q(k)
|u(k)|q(k)

≤ 1

q′−
|b(k)|q

′(k) +
(1 + c)

q−
|u(k)|q(k).

So,

|Λ(u)| =

∣∣∣∣∣∑
k∈Z

δ(k)F (k, u(k))

∣∣∣∣∣ ≤ ∑
k∈Z
|δ(k)||F (k, u(k))|

≤ 1

q′−

∑
k∈Z
|δ(k)||b(k)|q

′(k) +
(1 + c)

q−

∑
k∈Z
|δ(k)||u(k)|q(k)
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≤ 1

q′−r−

∑
k∈Z
|δ(k)|r(k) +

1

q′−r′−

∑
k∈Z
|b(k)|q

′(k)r′(k)

+
(1 + c)‖δ‖∞

q−

∑
k∈Z
|u(k)|q(k) <∞.

Then, J is well-defined.
Clearly I, L and Λ are in C1(W 1,p(.),R) and we have

〈I ′(u), v〉 = lim
η→0+

I(u+ ηv)− I(u)

η
=
∑
k∈Z

a(k − 1,∆u(k − 1))∆v(k − 1),

〈L′(u), v〉 = lim
η→0+

L(u+ ηv)− L(u)

η
=
∑
k∈Z

α(k)|u(k)|p(k)−2u(k)v(k)

and

〈Λ′(u), v〉 = lim
η→0+

Λ(u+ ηv)− Λ(u)

η
=
∑
k∈Z

δ(k)f(k, u(k))v(k).

�

As in Lemma 3.3, we can prove the following lemma.

Lemma 4.6. The functional I is weakly lower semi-continuous.

Proposition 4.7. The functional J is bounded from below, coercive and weakly lower
semi-continuous.

Proof. By Lemma 4.6, J is weakly lower semi-continuous. We will only prove the
coerciveness of the energy functional since the boundedness from below of J is a
consequence of its coerciveness. We assume that ‖u‖1,p(.) > 1. Then

J(u) =
∑
k∈Z

A(k − 1,∆u(k − 1)) +
∑
k∈Z

α(k)

p(k)
|u(k)|p(k) −

∑
k∈Z

δ(k)F (k, u(k))

≥
∑
k∈Z

1

p(k)
|∆u(k − 1)|p(k−1) +

∑
k∈Z

α(k)

p(k)
|u(k)|p(k) −

∑
k∈Z
|δ(k)| |F (k, u(k))|

≥ 1

p+

∑
k∈Z
|∆u(k − 1)|p(k−1) +

α−

p+

∑
k∈Z
|u(k)|p(k)

−
∑
k∈Z
|δ(k)|

(
1

q′−
|b(k)|q

′(k) +
(1 + c)

q−
|u(k)|q(k)

)
≥ min(

1

p+
,
α−

p+
)(ρp(.)(∆u) + ρp(.)(u))−

(
1

r+q′−

∑
k∈Z
|δ(k)|r(k)

)
−

(
1

r′+q′−

∑
k∈Z
|b(k)|q

′(k)r′(k)

)
− (1 + c)

q−

∑
k∈Z
|δ(k)||u(k)|q(k)
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≥ min

(
1

p+
,
α−

p+

)
ρ1,p(.)(u)−M − (1 + c)

q−
ρ|δ(.)|,q(.)(u)

≥ C1‖u‖p
−

1,p(.) − C2‖u‖q
+

|δ(.)|,q(.) −M

≥ C1‖u‖p
−

1,p(.) − C3‖u‖q
+

1,p(.) −M,

where C1, C2, C3 and M are positive constants.
As ‖u‖1,p(.) → +∞, then J(u)→ +∞. So, there exists c ∈ R such that J(u) ≥ c.
If ‖u‖1,p(.) ≤ 1, then

J(u) ≥ C1ρ1,p(.)(u)−M − C2ρ|δ(.)|,q(.)(u)

≥ C1‖u‖p
+

1,p(.) − C2‖u‖q
−

α(.),q(.) −M

≥ C1‖u‖p
+

1,p(.) − C4‖u‖q
−

1,p(.) − C2

≥ −(C4 + C2) = −C0,

where C4 is a positive constant and thus J is bounded below. �

We can now give the proof of Theorem 4.4.

Proof of Theorem 4.4. By Proposition 4.5, J has a minimizer which is a weak solution
of (1.1) and as in Section 3, we prove that the solution satisfies lim

|k|→+∞
u(k) = 0. �

Remark 4.1. In this section,the competition phenomena is relative to the exponent.
Indeed, p(.) must be bigger than q(.) in order to get weak homoclinic solutions to
problem (6).
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