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New error estimation of Chebyshev functional and application
to the onepoint and twopoint weighted integral formula

K.M. AwAN, S. KOVAC, AND J. PECARIC

ABSTRACT. Recently there have been proven many results about error bounds for Chebyshev
functional. The aim of our paper is to extend those results and give some new error estimation
of the Chebyshev functional and applications to the onepoint and twopoint weighted integral
formulas.
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1. Introduction

The weighted one-point integral formula of Mati¢, Pecari¢ and Ujevié [1] is intro-
duced from the general m—point integral identity in [2] and states:

b
[ wos ZAw, (@) (a / Wou(t2) [ (0)de, (1)

where f : [a,b] — R is such that f(*~1 is absolutely continuous function, w : [a, b] —
[0, 00) is weight function, x € [a, b],
(-1

Aw,j(if) = W

b
/ (x —s) tw(s)ds, forj=1,...,n (2)
and

win(t) = ﬁ f:(t —s)" tw(s)ds for t € [a,x],
wop(t) = ﬁ fbt(t —s)" lw(s)ds for t € (x,b].

If we put wgo(t) = w(t) for k = 1,2, then it is easy to check that sequences {wgy, }nen
are w—harmonic sequences of functions, i.e.

Whow(t,x) = { (3)

w;cn(t) = wk,nfl(t), n 2 1.

In [2] is also given the following L,—inequality:
If f(”) € L, for some 1 < p < oo, then we have

n

b
| [ w0 =3 450(0)79 V@) < Culonpw) -1

j=1
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1,1 _
for sto= 1, where

1 xr
Ci(n,p,z,w) = (n—l)'l/;

for 1 < p < o0, and

1

/t(t —5)" tw(s)ds th] " ,
b

/ (= 5" u(s)ds

The inequality is the best possible for p = 1 and sharp for 1 < p < co.
In [3] authors have obtained the general two-point integral identity. Let w : [a,b] — R
be some integrable function and z € [a, “5*]. Consider a subdivision

q b
dt+ /

/at(t —5)" tw(s)ds

Ci(n,l,z,w) = max{ sup

1
R , Sup
(n - 1)' t€la,z]

t€(z,b]

/ (= )" Mu(s)ds

o={xo=a,21 =z, 29 =a+b—2x < x3 =0>}

of [a,b]. Let {Qg}ren be sequence of polynomials such that degQr . < k — 1,
ka(t) Qr-1,(t), k € N and Qo = 0. Define functions w;x(t) on [z;_1,x;], for
j=1,2,3and k € N:

W) = ﬁ/ﬂ(t—s)k_lw(s)ds

1

w0 = g / (t — )5 w(s)ds + Qx.a(t) (6)

b
w(t) = —ﬁ/t(t—s)k_lw(s)ds.

Obviously, {wﬁ)} reN are sequences of w—harmonic functions on [z;_1, z;], for every
j =1,2,3. Let us define coefficients A,(f) (x) and Bf)(ac) by following;:

A = (0 |ty [ 9 s - Quate). ”)

and

b
Bi(z) = (—1)k! [(kll)'/ (a+b—2x— s)k_lw(s)ds—i—Qk’x(a—i—b—x)} . (8)

Let f : [a,b] — R be such that f("~1) exists on [a,b] for some n € N. We introduce
the following notation:

T,(ft)u(m) = 0, forn=1,
Tn2 Z [A(z) ) fED (@) + B,(f) () f*V(a+b— x)} , forn>2.
k=2

Theorem 1.1. Let f : [a,b] — R be such that f™) is piecewise continuous on [a,b],
for some n € N. Then

/ bw(t)f(t)dt = AP (2) f(x)+B{> () f(a+b—a)+ T2, (x)+(~1)" / bWé,%L(t, @) [ (¢)dt,
a a (9)
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where

wﬁ)(t) fort € [a, x],
Wiw(t,z) = wéi)(t) forte (x,a+b—xl,

w:(,)i)(t) forte (a+b—x,b.

Assume (p, q) is a pair of conjugate exponents, that is 1 < p,q < oo,% + % =
Let f : [a,b] — R be such that f™ € L,[a,b]. Then we have

< 02(715 q,7, w)”f(n) ||P7
(10)

b
/@@V@Mﬁwﬁ”@ﬁ@ﬂfo%wﬂa+bfx)fm%()

where for 1 < ¢ < oo

1 xT
Ca(n,q,r,w) = m [/a

and for ¢ = 0o

at+b—2x
w0+

2 q i
w (0)[ at|

(11)

2) ¢ b
w&(ﬂdﬂ+/
at+b—zx

w2, sup  |w?)

t€(z,a+b—x]|

€la,x]

, sup ‘w@) )‘ .
t€la+b—ax,b]

The inequality is the best possible for p = 1, and sharp for 1 < p < oco. 3
For two Lebesque integrable function s f, g : [a, ] — R let us consider the Chebysev

functional:
dt—i/f t)dt - 7/ t. (13)

P. Cerone and S.S. Dragomlr have obtained in [4] the following bounds for Cebysev
functional T'(¢p, ¢):

1
Ca(n, 00, z,w) = (] max{t sup

T(f,

Lemma 1.2. If ¢ : [a,b] = R is an absolutely continuous function with
(- —a)(b—)(¢')* € La, b,
then we have the inequality
1 b 2
T(6.9) < gy | (@ )0 0) ¢/ do (14)
2(b—a) Jo
The constant % is the best possible.

The following inequality of Griiss type has been also delivered in [4]:

Theorem 1.3. Assume that g : [a,b] — R is monotonic nondecreasing on [a,b] and
f:a,b] = R is absolutely continuous with f' € Loo[a,b]. Then we have the inequality

b
IT(f. ) ﬂﬁlml(ww@xﬂﬂ@~ (15)

The constant % is the best possible.

|—2(
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In [5] authors have proved the following inequality of Griiss type:
Lemma 1.4. Let a < x and let g,h : [a,z] = R be two integrable functions. If
a<gt) <A Vtelaxl],
for some constants « and A, then

[T(g,1)] < (A~ )T, ). (16)

In this paper we shall give new bounds for general one-point (1) and twopoint
formula (9) by using upper results for Chebyshev functional.

2. Main result

Let us apply identity (13) for f < (=1)"W,, (-, ) and g <> f() :
1
b—a
1
b—a

b
T((—1)" Wi (- ), 1) / (—1)" W (b, 2) F ()t (17)

b 1 b
1) : (n)
/a( 1)" Wi (t, 2)dt b_a/a FM(t)dt

Theorem 2.1. Let f : [a,b] — R be such that f) is absolutely continuous function,
w: [a b] — [0, 00) is weight function and x € [a,b]. Then the following identity holds:

L [row dt—*ZA g @ FOD (@) = Aenl) (= g) _ o0 ()

b—a (b—a)?
= T((— ) Waw (), f). (18)
Proof. Divide relation (1) by b — a and add to both sides of new identity term
(e won ()
. _1\n - n) (n—1) _ p(n—1)
o [t [ ga= et (jeng) - o).
Now the right side of the 1dent1ty appears to be Chebyshev functional
T((—1)"Wpw(-,2), f7) so the theorem is proved. O
If we apply identity (13) for f « (71)”W,(L21)U(,a:) and g <> £ then we get
1 b
(0" WE ) £ = [ )W @ (19)

1 1
- [ W [0
—a Jg ’ —a Jq

Theorem 2.2. Let f : [a,b] = R be such that ) is absolutely continuous function,
w : [a,b] = [0,00) is weight function and x € [a, GTH)] Then the following identity
holds:

b
i [ FOud - (AP @)+ B @) fa+ b - ) + T 0)]

AP (@) + B“)( )
(b—a)?

(£ @) = 1 D(@)) = TU=1)" Wi (), £™)(20)
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Proof. Divide relation (9) by b — a and add to both sides of new identity term

b b A(2 B
_ﬁ a(_l)nWr(zi)v(tﬂm)dt : ﬁ/af(nhf)dt )W(f(n 1)(b f(r’L 1{01)

Now the right side of the identity appears to be Chebyshev functional
T((—l)”W}fEU(~, ), f() so the theorem is proved. O

Now we establish error bounds for T((—1)"W,, (-, ), f(™) and
T((~1)"Wau (), f®).

Theorem 2.3. Let f : [a,b] — R be such that f™ is absolutely continuous function
with

(=) (1) € Lfab],

w: [a,b] = [0,00) is weight function and x € [a,b]. Then we have

(1) Wal2), /)] <

7 |(Cr (. 2,0,w))" (An+17w($))2] v

b—a

L 1/2
{2/&(t—a)(b—t)f("“)(t)zdt] . (21)

Proof. The proof follows from Cauchy-Schwartz’s inequality

applied to T((—1)" Wy, (-, ), f(). So we have

T((_l)nW f(n)‘ \/T anw , )7( anw X \/T (n) f(n
We compute
T((=1)"Wa,w(-2), (=1)"Wa,w(- 7))

b b 2
= bia/ (—1)*" Wi (t,2)" dt — ﬁ V (—1)" Wi (£, 2) dt]

_ [Ol (nv 2z, w)]2 [An+1,w(x)]2

b—a (b—a)?

On the other side, according to the Lemma 1.2. we have

b
T (1. 1) < g [ = 6= 0 1

which finishes the proof. O

Theorem 2.4. Let f : [a,b] — R be such that f™ is absolutely continuous function
with

(=) (1) € Lfab],
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a—“’]. Then we have

w : [a,b] — [0,00) is weight function and x € [a, %

2
AR (@) + BEL (@)

T((fl)nWT(L,Zt)u(vx)a f(n))’ < (CQ (TL,Q,.CE,IU))Q - (

1/2
'[;/wﬁ—aﬂb—wfm“NﬂW4 . (22)

Proof. The proof follows from Cauchy-Schwartz’s inequality

applied to T((—1 )”Wfl%v)u( z), ™). So we have

(-1 WL ), £ < T WL (), (~)m W 2) - [T, )
We compute

T((=1)" W2 (@), (~1)"WEL ()

= bia/b(—l)%Wf& (t,)* dt — (b_la)Q l/b(—l)"w,g?; (t, ) dt]

2

(2) @ 1?
Oy (n,2,z,w)]? B [An+1($> +Bn+1]

b—a (b— a)?

On the other side, according to the Lemma 1.2. we have

1 b
T (1. 1) < gy [ = 6= 0 10D
a
which finishes the proof. ]

3. Applications for special weight functions

In this section we shall apply results from the Theorem 2.1 and Theorem 2.3 to
some special weight functions such as w(t) = 1,¢ € [a, b]; w(t) = ﬁ,t e (—1,1);

w(t) = V1—1t2t € [-1,1]; w(t) = }—:i, t € (—1,1); w(t) = Vt,t € [0,1] and
w(t) = %,t €(0,1].

Example 3.1. For the weight w(t) = 1, t € [a,b] we have (see [2],4.1):
wip(t) = % for t € [a, z],

Wn,w(tvx) =

wan (t) = =05 for t e (x,b],

b—z) — (a—x)

p) = O~ =)

72
and
1 2n+1 b 2n+1
Cl(n727‘r? 1) = 7| (x a) +( ) )



NEW ERROR ESTIMATION OF CHEBYSHEV FUNCTIONAL AND APPLICATION 185

so identity (18) becomes

n

! /b f@dt — L Z (b—a) _ (a—z) £ ()

b—a b—-aj:1 J!
- 0 ifb‘_%; o (F70) = 1 (a))

= T((=1)"Wai(2), ).
If the assumptions of Theorem 2.3 hold, then we have
T((=1)" Wi (), )|

1 [@—a)™ 4+ b-2)  (p—2)" = (a—a) )
= (b—a)n! [ }

2n+1 (b—a)(n+1)?
b 1/2
~ [; [t-ae-1 f<”+1><t>2dt] .

In particular, for n = 1 we have

1t fb) = f(a
e [ swar— s - L0 v )
and
1 [(z—a)+0b-2)2 a+b—22 1/2
T(=Wia(- N< -
Tt g | a
L 1/2
[2 [ e-ae-nrwra
which for z = %2 becomes
1/2
a+b vb—a |1 [
T(_Wl,l('7 2 >7fl) 2\/3 : lz/ (t - (l) (b_t) f//(t)th‘| .
Example 3.2. For the weight w(t) = ﬁ7 t € (—1,1) we have (see [2],4.2.1):
—1—x)?! .
A ( ) %F(l_‘%%vla%ﬂ)a if?é—l,
w,j\(T) =
’ 207t pel 1 -1
(j_l)! (2’.7 2)7 =
and
L SB35, L, 5+ ) for ¢ € [~1, 2],
Whw(t,x) =
_1 no1
()220 =BG (3, 5, 5+ ni 15t fort € (a,1],
where
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is the Beta function, and

1 ! B—1 —B—1 e
F(avﬁa'ﬂz):m/o P (1 =) (1 — zt)”dt,

for v > 8 > 0 and z < 1 is the hypergeometric function. We also use notation of
the hypergeometric function when integral fol tB=1(1 —t)7=F=1(1— 2t)~“dt converges.
Specially, when o < 0, then any z € R is allowed.
1
e dsrdt] |

e 2
Also Ci(n,2,z,w) = ﬁ {ffl (t_s) lds‘ dt+ fl Viers
As a special for n =1, x = 0, we have C1(1,2,0,w) = \/(2r —4), Ay 1(x) =7, and

sin~lt + = 5 te[-1,0]
W1 (8, 0) = -
sin~'t — 5 t e (0,1]

[f_l (1-2) (@]

Example 3.3. For the weight w(t) = ﬁ, t € (—1,1) we have (see [2],4.2.1):

gyt .
%F(l j’27l’w+1) .1'75—1,

Nl

which gives T (=W (-,0), f') :2f_ f(t) dt+ Tlf(=1)=2f(0) - f(1)],
where |T' (—=Wy . (-,0), f')] <

Aw,j(x) =
Jj—1 .
G-miBad—g) w=-1

and

1 o1

24" 2 2((751'3! “B(3,n)F(3,3, 1 +n L) for ¢ € [-1, z],
Wn,w(tax) = L L

(DM B F (G b g i) fort € (1],
where

is the Beta function, and

1 ' B—1 B—1
— [ A=) P — )t
B, 0

for vy > 8 > 0 and z < 1 is the hypergeometric function. We also use notation of
the hypergeometric function when integral fol tB=1(1 —t)7=F~1(1— 2t)~“dt converges.
Specially, when a < 0, then any z € R is allowed.

" " 3
Also Ci(n,2,z,w) = o= 1)| [f t\/L ds‘ dt—f—f ‘ t(t\/les‘ dt]

As a special for n =1, x = 0, we have C1(1,2,0,w) = \/(2r — 4), Ay 1(x) =7, and

F(a,B,7v:2) =

sin~ 't + =, t€[~1,0]

Wi w(t,0) = 2
1,’[1} J T

sin~'t — 5 te (0,1]
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which gives T'(=W1 4, (.,0), f') = 5 f 1 f(f) dt+ % [f(_l) —2£(0) = f(1)],

where [T (=Wi. (.,0), f1)] < “?[f_l( %) (f"(t)) r

Example 3.4. Here w(t) = (/3=%, t € (—1,1) we have (see [2],4.2.3):
2(=1—z) "' 3 1 .
ﬁB(iai)F(l ]72727 :1:+1) l’;é—l,
Aw,j(l’) = v
J .
ToBGi-3), e=-1
and
1 o1
2 ((t:__ll))l - B(%,H)F(—%, %a % + n; t21) fort € [_Lx]v
Whw(t,x) =

n2 30103 g
(=D =BG ) F(

(n—1)! 334+ mi5t) forte (x,1],

for this example we get
2 2 13
Ci(n,2,z,w) o= 1), {f_ f_ )n*1 }des‘ dt+ fxl ‘flt (t—s)nf1 ﬁds’ dt}

Then for n =1, z = 0, we have C;(1,2,0,w) = 6”3_8,Aw,1(:1:) =, Apa(z) = -3,

il 1 —t2+sin"'t, t € [-1,0]
Wi w(t,0) =19 7
5 1—t2+sin" ', t € (0,1]
which gives T(_Wl,w ('a 7 =3 f 1+tf dt + [f(_l) - Qf(o) - f(l)]v

where [T (=W, (,0), /)] < 7%%‘3“ [ =) ()]

Example 3.5. Here w(t) = v/%, t € [0,1] we have (see [2],4.2.4):
Cal B(1,3)F(1—j,3,3,1), 2#0,

(Jfl)! J 27 29
Aw,j (1) =
= 1),B(l i+3), =0
and
(:Jrf),B( 3) for t € [0, 2],
Wiw(t,x) =
“;7})”}?(—5, Ln+1;1—t) forte (z1],
which gives T (=W 4, (.,0), f fo Vif(t)dt — 2f(1 )

E

where |T (= Wi (-,0), /)] < 1—0[[0 (t— ) ()]

Example 3.6. Here w(t) = € (0,1] we have (see [2],4.2.5):

1

vk
2(—x)jF(1_ L3 L)y
G—1)1 35355 ) ,

Ay,j(z) =

2 _
@ gy *=0
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and
ﬁB(n,%) for t € (0, z],
Whyw(t,x) =
DRI 1,n+ 151 —1t) fort e (x,1],
which gives T (=W1 ., (.,0), f') = 1 f(t dt — 2f(1),
1
where |7 (< Wi (.0). /)] < §[fy (6= 22) (7"0)°]

4. Applications to the two points formula

In this section we shall apply results from the Theorem 2.2 and Theorem 2.4 for
the two point formula to a special weight function w(t) = 1,¢ € [a, (a+b)/2] forn =1
and for r = a,x = %31’ and x = 'IT“’ and will find bounds in these cases:

Example 4.1. For z = a, we have AgQ)(a) = Bf)(a) = bsa A(2 (a) = (2)( ) =

M where as C5(1,2,a,1) = % which gives

( Wf?( ) 1) = ke Jo F@®)dt = 5 (Fa) + F(8) = 52 (F0) - f(a)),
) — 1/2
where T (-W{f(.,a),f/) < v (fa (t—a)(b— t)(f”(t))th) .
Example 4.2. For z = 32t we have A(12)(3“T+b) = B%Q)(?’“T*‘b) = b=e AgQ)(?’“TH’) =
BéZ)(?’“T"‘b) = 0, where as C(1,2, 3“2‘”, 1) = 5(17_“)37 which gives

192

T (Wi 20, 1) = 5 [ F0de=3 (£ (3552) + f (242)) — 545 (F0) - f(a).

where

T (-~ (e, ) < VA ()b - o)) )

Example 4.3. For z = %%, we have A(Z)(a—"’b) = §2)(a7+b) = b=a Ag)(“;b) =
(2)(’1—“’) = M , where as C5(1,2, 442 1) = (b 1; which gives

T (-wi, -y ’) w0 PO = £ (55) — 51 (F0) - f(a)),

where

T (- Wt 1) < L (10— ) - () ar)

5. Conclusion

If we make a comparison of the results obtained in this section, it can be concluded
that the optimal error bound is achieved for x = ‘%rb, i.e. for the generalization of
the midpoint quadrature formula, and the worst error bound is obtained for x = a,

i.e. generalized trapezoidal formula.
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