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Estimations of the difference between two weighted integral
means and application of the Steffensen’s inequality
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ABSTRACT. We present an estimate of the difference between two weighted integral means
related to the general one-point integral formula of Matié, Pecari¢ and Ujevié.
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1. Introduction

Let us recall Steffensen’s inequality which was introduced and proved in [9]:

Theorem 1.1. Suppose that f is decreasing and g is integrable on [a,b] with0 < g <1
and \ = fol g(t)dt. Then we have
b

b a+A
[t [Crwemar< [ s 1)
The inequalities are reversed for f increasing.

In [4] and [5] the following one-point integral formula is introduced from the general
m—point integral identity:

b n b
/ w(t)f(t)dt = ZAwJ(ar)fU—”(x)H—l)" / Wow(t,2) f™ (t)dt,  (2)

where f : [a,b] — R is such that f("~1 is absolutely continuous function, w : [a, b] —
[0, 00) is weight function, = € [a, D]

] —% bx—sjflws s or j = n
Apyfa) = 2y [ =P s o =1 3)
and
Wiy (t) = ﬁ fat(t —s)" lw(s)ds for t € [a,x],

wap (t) = ﬁ fbt(t —s)"tw(s)ds for t € (x,b].

Whow(t,x) = {

Let us define function W, ,,(¢, z) outside of the interval [a, b]:
Whpw(t,z) =0, fort <a
Wi w(t,2) = Wy, (b, ), for t > b.
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Let us define for n > 2:

labl (2) = ——— ZA k(x)f(k_l)(m)
w,n b w,

J, wt)dt 1 =

and Tgl”lb] () =0.

In [1] identity (2) is obtained as the extension of the weighted Montgomery identity
via Taylor’s formula. Also, the difference between two integral means, each having
its own weight, w and u defined on two different intervals [a,b] and [e, d] such that

[a,b] N [c,d] # 0 is obtained:

o ' B S _ rlad] fo.d]
max{b,d}
= [ Kt o 0 -
min{a,c}

where
Whw(t,z Wt x
Katyr) = Vo) Wou(t.a)
[ w@dt [T u(t)dt

. (6)

Assume (p, q) is a pair of conjugate exponents, 1 < p, ¢ < co. The following inequality
is also obtained in [1]: If f(®) € L,[a,d], then we have

b d
/wwmw—/ummw—HWuﬂmww>gmmwmwmwm

The inequality is sharp for 1 < p < oo and the best possible for p = 1.
In this paper we deal with n—convex functions. The following definitions and
theorem can be found in [8].

Definition 1.1. Let f be a real-valued function defined on the segment [a, b]. A k—th

order divided difference of f at distinct points xg, ...,z € [a,b] is defined recursively
by
f[$07--~7xk;] — f[xlw'wmk} _f['r()v"ka—l].
T — X0
The value f[zo,...,x] is independent of the order of the points xzq,...,z;. The

definition may be extended to include the case that some (or all) of the points coincide
by assuming that xg < ... <z and letting
fO9 (x
A I 2 ™

— 4!

j times

provided that fU)(z) exists.

Definition 1.2. A function f : [a,b] — R is said to be n—convex (n > 0) if for all
choices of n 4+ 1 distinct points in [a, b]

f[x()?"'umn]zo-
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Theorem 1.2. If f(") ezists, then f is n—convez if and only if f™ > 0.

The aim of this paper is to give the extension of the Steffensen’s inequality (1) by
using identity (5).

2. Generalization of the Steffensen’s inequality

We shall start with general inequality for n—convex functions.

Theorem 2.1. Let f : [a,b] U[c,d] — R be a n—convex function, x € [a,b] N [c,d]
and let w : [a,b] = R and u : [e,d] — R be integrable functions (weights). If
(—1)"K,(t,x) > 0 for every t € [a,b] U|c,d], then
e [wwsoa - [ soaz Te@ —TedE. ®
[, wt)dt Ja J2 u(t)dt Je ’ ’

If (-1)"K,(t,z) <0, for every t € [a,b] U [c,d] inequality (8) is reversed.

Proof. Without loss of generality we may assume that f(™) is continuous (see [8]).
The result follows from the identity (5) and Theorem 1.2. O

Theorem 2.2. Let f : [a,max{b,a + A\}] = R be a n—convex function for n > 1,
0 < X and let w : [a,b] — [0,00) be integrable on [a,b]. If x € [a,b] N[a,a + A] and
()" K, (t,x) > 0 for every t € [a,max{b,a + A\}|, then we have

_
[Pw(t)dt

Proof. We put ¢ = a and d = a + A, so we have two possibilities: [c,d] C [a,b] and
[a,b] C [c,d].
a) Case [a,a + A] C [a, b]
For u =1 on [a,a + A] we have

b 1 a+A
[ewswa-tiie = [ e -t e, o)

) S o
()" [ ot — o w(s)ds — SR8 a <t <a

n t n— —a—\)"
(1K) = | V" [ i (¢ = o) wleds - SR

r<t<a-+ X
n t n—
(-1) m‘[b (t—s)"tw(s)ds, a+ A<t <b.

Apply Theorem 2.1 to finish the proof.
b) Case [a,b] C [a,a + A]
For w =1 on [a,a + A] we have

n t n— —a)”
(=1) [(n_n!jl‘: w(t)dt Ja & =) Tw(s)ds — = } AStST
(—1)"Kn(t,z) =q (-1)" [Wlbw(t)dt fbt(t — )" Lw(s)ds — %} ,r<t<b
_M7 b<t<a+\

niA

Apply Theorem 2.1 to finish the proof.
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Let us introduce the following classes of functions for n > 1:

M,[a,b] := {w i [a, 0] = [0,1] : (/bw(t)dt> < n/b(t - a)”—lw(t)dt}
M [a,b] := {w : [a, 0] = [0,1] : (/bw(t)dt> > n/b(t - a)nlw(t)dt} .
)

Let us denote W := f:w t)dt

and

Corollary 2.3. Let w : [a,b] = [0,1] be integrable function on [a,b] and n > 1.
) If A= f t)dt and f : [a,b] = R is a 1—convex function then we have
a+A

b
[wwswa= [ rwa. (10)

a

A= [n-/b(t—a)"_lw(t)dt]

and f : [a,max{b,a + A\}] = R is a n—convex function then we have
1 /b la,a+A]
i [wosa- 18w = L [ a1 w.
JPw(t)dt Ja =3 b

c) If we M a,b,

n b i
A= [fbw(t)dt / (t— a)"lw(t)dt]

and f : [a,max{b,a + A\}] = R is a n—convex function then we have

b) If w € My,la,b],

n

1 b a,a+A
fbw(t)dt/a w(t) f(t)dt — Ty 2 )\/ Tl[;ﬁ * ](a). (12)
Proof. a) Since A = f t)dt < b— a, we have for z = a
— f —e 4] g<t<a+ A
_Kl(t,a) = fl w(t)dt ‘ A

fbw(t)dtft s)ds, a+A<t<b.

It is easy to check that —Kj (t,a) > 0, so the assertion follows from Theorem 2.2.
b) In this case we have

A= [n . /ab(t - a)"_lw(t)dt] ' < [n /ab(t - a)"_1] " = [n(b —na)"} ; =b—a,

so for £ = a we have
0, t=a
b n— a N\
(=1)"Ky(t,a) = (nfl)!flabw(t)dt Ji (s =" tw(s)ds — ( +nA!,\t) ;oa<t<at+A
b )" tw(s)ds, a+A<t<b.

1
(n—1) [P w(t)dt Ji (s
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Obviously, (—=1)"K,(t,a) >0, for t € [a + A, b].
In order to prove that (—1)"K,(t,a) > 0, for t € (a + A, b], we shall prove that

! bsf "Lw(s)ds latA=o"
(=1L f? s ), s > S

From the definition of the set M, it is obvious that A > W. We compute

n—l'W/ w(s)ds = n—l'W/ <§—2> 1(5*“)%1“’(3)‘“
- = 'W/ S"“‘S"_zgt_“) . (/sb(z_a)n—lw(z)dz> ds
> (n—+'VV /a+ (n—1) (s —(ts)”_z i_ @) | (/Sb(z - a)”lw(z)dz> ds

B (s —1)""2(t — a)
- (n— 'W/ (s—a)"
b s
/ z—a)" tw(z)dz — / (z—a)" 1w(z)dz> ds
"2t —a)
= (n—1)W / (s—a)"
b s
/ (z —a)" tw(z)dz — / (z — a)"ldz> ds
_ 1 o (s —t)"2(t—a)
= oow ) VT
b (s—a)"
(/ (z —a)" tw(z)dz — - ds

dv=(n-1)

b n
= (n—ll)!VV</a(Z_a) ()dz—2>

(a+A—t)nt N (a+A—t)" S (a+X—t)"
An—1 n!W - nI\ '
The assertion follows from the Theorem 2.2.
¢) In this case we have A" 1. W = f;(t —a)" tw(t)dt < W™ (since w € M/ [a, b)),
so A < W < b — a. Therefore for x = a we have

; w(t)dt ftb(s — )" w(s)ds — Wa a<t<a+A\

b
(~1)"Ka(t,a) =3 "0 b o
Wlabw(t)dt ft (3 1U)(S)d$, a + )\ < t S b
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Obviously, (—=1)"K,(t,a) >0, for t € [a + A, b].
In order to prove that (—1)"K,(t,a) > 0, for t € (a + A, b], we shall prove that

1 b _ nflw $)ds (a+)‘7t)n
(nl)!f;w(t)dt/t(s D" wls)ds 2 =

We compute
1 b n—1 1 b s—1 nt n—1

= 'W/ S‘Z"_Z “) . (/sb(za)"lw(z)dz> ds

_ $)n—2 b

= (n—1 IW/ - t agi 2y (/S (2 a)nlw(Z)dZ) ds
_ s—t "2(t —a)
- (n—1 'W/ —a)n

b S

/ (z —a)"tw(z)dz — / (z — a)"lw(z)dz> ds

1 atA (s —t)"2(t — a)

> (n—l)'VV/t (n—1) G o)

/ab(z — )" hw(z)dz — /:(z - a)"ldz> ds
e G

b g
(/ (z —a)"tw(z)dz — (s—a) ds

b )
uz(n—ll)'I/V</a (z—a)"_lw(z)dz—(s n) ),

dv=(n-1) (s —t)"*(t —a) ds‘

1 1t _ A"
= O] [(W/a (z —a) w(z)dz—nW>

(a+A—t)nt n (a+A—t)"
An—l nW

(a+X—t)"1 n /b i A atA—t
py T, (z—a)" w(z)dz W—|— W

_ (ata—t)nt <1_t—a> J larr—pn! (1_t_a> (a+A—1)"

n! w n!

The assertion follows from the Theorem 2.2. O
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Remark 2.1. Inequality (10) is the right-hand side of Steffensen inequality.

Theorem 2.4. Let f : [min{a,b — A},b] — R be a n—convex function for n > 1,
0 < X and let w: [a,b] — [0,00) be integrable on [a,b]. If x € [a,b] N [b— A, b] and
(—1)"K,(t,x) <0 for every t € [min{a,b — A},b], then we have
I =y 1 ’ fab]
st = oo e s@a - T, 03
b—A [, wt)dt Ja
Proof. We put ¢ = b — X and d = b, so we have two possibilities: [c,d] C [a,b] and
[a,b] C [c,d].
a) Case [b— A, 0] C [a, b
For w =1 on [b— A, b] we have

= Dnmf(t—S) Yw(s)ds,a <t <b— A
e [mﬂt—sw-l (s — 2] 43 i<
(=1)" [mfb )" lw(s)ds — (tn,bi },;z;<t§b,

Apply Theorem 2.1 to finish the proof.
b) Case [a,b] C [b— A, b]
For u =1 on [b— )\, b] we have

SOy N<t<a
¢ n— —bA)"
(-1)"K,(t,x) = (_1)7LT(’rLlf1b’w(t)dt f (t — s) v 1w(s)ds — (tn%)\)} a<t<uz
n "
—1) [WI (t—s)"w(s)ds — },x<tgb.

Apply Theorem 2.1 to finish the proof.

—~

O

Corollary 2.5. Let w: [a,b] — [0, 1] be integrable function on [a,b]. If f :[a,b] = R
is a 1—convex function then we have
b

b
Ft)dt > / w(t) f(t)dt. (14)

b—A

Remark 2.2. Inequality (14) is the left -hand side of reversed Steffensen inequality

(1)

3. n—exponential convexity of Steffensen’s inequality via one-point inte-
gral formula

In this section we shall generate means from the differences of weighted integrals,
and from Steffensen’s inequality via one-point integral formula.
Let € [a,b] N [c,d] and let w : [a,b] = R and u : [¢,d] — R be integrable functions
(weights). Let us define functional A : Cla, max{b, d}] — R with

Af = /bw(t)f(t)dt—T#,‘if](év)—/dU(t)f(t)dtJrTr[f;Z”(fE)- (15)

It is easy to check that A is linear functional.
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Corollary 3.1. Let f : [a,b] U [c,d] — R be a n—convezx function, x € [a,b] N
[c,d] and let w : [a,b] = R and u : [¢,d] — R be integrable functions (weights). If
()" K, (t,x) > 0 for every t € [a,b] U [c,d], then Af > 0.

Proof. The proof follows immediatelly from the Theorem 2.1. O

Theorem 3.2. Assume that w : [a,b] = R and u : [c,d] = R are weights such that
()" K, (t,x) > 0 for every t € [a,b] U [c,d]. Then for every f € C"[a, max{b,d}]
there exists & € [a, max{b,d}] such that

Af = f(OA(P), (16)

where P, (t) = 4=2°

nl
Proof. For given function f € C"[a, max{b,d}] let us define
m = min{f™(t) : a <t < max{b,d}}
and
M = max{f™(t) : a < t < max{b,d}}.
Now, let us define functions hq, hs : [a, max{b,d}] — R with
hi(t) = M- Po(t) = f(t),  ha(z) = f(t) —m- Pu(2).
Note that h(ln) (t) = M — f(™(t) > 0 for t € [a, max{b,d}], so we conclude from the

Corollary 3.1 that Ahy > 0 and consequently Af < M - A(P,). On the other hand,
from hg") (t) = f)(t) —m > 0 we conclude m - A(P,) < Af. Now from

m- A(P,) < Af < MA(P,)

and continuity of f(™ we conclude that there exists £ € [a, max{b, d}] such that (16)
is valid. g

Corollary 3.3. Assume that w : [a,b] — R and u : [¢,d] — R are weights such

that (—1)"K,(t,z) > 0 for every t € [a,b] U [¢c,d] and A(P,) # 0. Then for every

fyg € C"[a, max{b,d}] there exists £ € [a, max{b,d}| such that
Af _ f™(©)

Ag — g™(g)
provided that neither of the denominator equals zero.
Proof. Let us define function h(t) = f(t)A(g) — g(t)A(f). Since h(™)(t) = f(™)(t)Ag —
g™ (t)Af is continuous, then according to the Theorem 3.2, there exits ¢ € [a, max{b, d}]

such that Ah = h(™(£)A(P,). Tt is obvious that Ah = 0, so we conclude that
fM(€)Ag — g™ (€)Af = 0 which is equivalent to (17). O

(17)

Remark 3.1. If

(n) . .
J; oy has inverse function, then from (17) we have

()" (4

so £ is a mean.
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Using above results, we now make a list of linear functional that will give us
particular examples of Cauchy means. Motivated by inequalities (9),(13),(10) and
(14) we define functionals A;(f), A2(f), As(f) and A4(f) b

b a+A
Af) = fwl(t)dt [ o -zt -5 [ fode+ 1)
a (19
_ 1 A gy 1 - [a.]
al) = 5[ e -1 f;w(t)dt/a (00t + T8 2)
(20)
b a+A
I vl ACCLCLES S ARICE 1)
b b
adn) = 5 [ o= e [ut s 22)

Also, we define I} = [a, max{b,a+ A}], I = [max{b— \,a},b] and I3 = I, = [a, b)].

Now we will use above defined functionals to construct exponentially convex func-
tions. We start this part of the section with some definitions and facts about expo-
nentially convex functions which are used in our results (see[7]).

Definition 3.1. A function ¢ : I — R is n-exponentially convex in the Jensen sense

on [ if
Z 23 (x“LxJ) >0,
1,7=1
hold for all choices &1,...,&, € R and all choices x1,...,2, € I.

A function ¢ : I — R is n-exponentially convex if it is n-exponentially convex in
the Jensen sense and continuous on 1.

Remark 3.2. It is clear from the definition that 1-exponentially convex functions
in the Jensen sense are in fact nonnegative functions. Also, n-exponentially convex
function in the Jensen sense are k-exponentially convex in the Jensen sense for every
keN, k<n.

Definition 3.2. A function 9 : I — R is exponentially convex in the Jensen sense
on I if it is n-exponentially convex in the Jensen sense for all n € N.

A function ¥ : I — R is exponentially convex if it is exponentially convex in the
Jensen sense and continuous.

Remark 3.3. A positive function is log-convex in the Jensen sense if and only if it
is 2-exponentially convex in the Jensen sense.

A positive function is log-convex if and only if it is 2-exponentially convex. (see
31)
Proposition 3.4. If f is a conver function on I and if xr1 < y1, 22 < Yo, T #
To, Y1 7 Y2, then the following inequality is valid

f(zxo) = fz1) _ fly2) = F(y1)
T2 — X1 T Y2
If the function f is concave, the inequality is reversed.
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Theorem 3.5. Let T = {fs : s € J}, where J an interval in R, be a family of
functions defined on an interval I;, i = 1,2,3,4, in R, such that the function s —
fslzoy ..., 21] is n-exponentially convexr in the Jensen sense on J for every (I + 1)
mutually different points zg,...,2z1 € I;. Let A;, i = 1,2,3,4, be linear functionals
defined with (19)-(22). Then s — A;(fs) is an n-exponentially convex function in the
Jensen sense on J.

If in the addition the function s — A;(fs) is continuous on J, then it is n-exponentially
convez on J.

Proof. For {; €R, j=1,...,nand s; € J, j =1,...,n, we define the function

9(z) = Z fjfkf@(z)

jk=1

Since the function s — f4[z0, ..., 2] is n-exponentially convex in the Jensen sense, we
have

n
glzo, .zl = > §i€kfsiter 20, 2] 20,

jk=1

so we conclude that g is a l-convex function on J, and thus A;(g) > 0, i = 1,2, 3,4,

hence
n

3 664, (fsjﬂk) > 0.

jk=1 ’
We conclude that the function s — A;(fs) is n-exponentially convex on J in the
Jensen sense.

If the function s — A;(fs) is also continuous on J, then s — A;(f5) is n-exponentially

convex by definition. O

The following corollaries are an immediate consequences of the above theorem:

Corollary 3.6. Let T = {fs : s € J}, where J an interval in R, be a family of
functions defined on an interval I;, i = 1,2,3,4, in R, such that the function s —
fslzo,- -, 21] is exponentially convex in the Jensen sense on J for every (I4+1) mutually
different points zg, ...,z € I;. Let A;(f), i = 1,2,3,4, be linear functionals defined
with (19)-(22). Then s — A;(fs) is an exponentially convex function in the Jensen
sense on J. If the function s — A;(fs) is continuous on J, then it is exponentially
convez on J.

Corollary 3.7. Let T = {fs : s € J}, where J an interval in R, be a family of
functions defined on an interval I;, i = 1,2,3,4, in R, such that the function s —
fslzoy .-, 21] is 2-exponentially convex in the Jensen sense on J for every (I + 1)
mutually different points zo, ...,z € I;. Let A;(f), i =1,2,3,4, be linear functional
defined as in (19)-(22). Then the following statements hold:
(i) If the function s — A;(fs) is continuous on J, then it is 2-exponentially convex
function on J. If s — A;(fs) is additionally strictly positive, then it is also
log-convez on J. Furthermore, the following inequality holds true:

[A (O < [ A (23)

for every choice r,s,t € J, such that r < s < t.
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(ii) If the function s — A;(fs) is strictly positive and differentiable on J, then for
every s,q,u,v € J, such that s < u and q < v, we have

(A, T) < pruo(Ai, 1), (24)
where 1
Ai(fs) )59
fs,q(Ai, 1) = (Ai(fqzlA‘(f ) s#q, o5)
exp ( ds i(lfs)s ) , s=g¢q,
fOT f57 fq E T

Proof. (i) This is an immediate consequence of Theorem 3.5 and Remark 3.3.

(ii) Since the function s — A;(fs), i = 1,2, 3,4 is positive and continuous, according
to (i) the function s — A;(fs) is log-convex on J, and thus the function s —
log A;(fs) is convex on J. So, we get

log A;(fs) —log Ai(fy) < log Ai(fu) —log A;i(fu)

, 26
s—q uU—v (26)
for s <wu,q <wv,s # q,u # v, and there form conclude that
lffs,q(Aiy T) S /Jvuw(Aiv T)
Cases s = ¢ and u = v follows from (26) as limit cases.
O
Remark 3.4. Note that the results from above theorem and corollaries still hold when
two of the points zy,...,2; € I; coincide, say z1 = zg, for a family of differentiable
functions f, such that the function s — fs[zo,..., 2] is n-exponentially convex in

the Jensen sense (exponentially convex in the Jensen sense, log-convex in the Jensen
sense), and furthermore, they still hold when all (I + 1) points coincide for a family
of [ differentiable functions with the same property. The proofs are obtained by (7)
and suitable characterization of convexity.

4. Applications to Stolarsky type means

In this section, we present few families of functions which fulfill the conditions of
Theorem 3.5, Corollary 3.6, Corollary 3.7 and Remark 3.4. This enable us to establish
a lots of families of functions which are exponentially convex.

Example 4.1. Consider a family of functions

O ={fi : R—>R:seR}

defined by
<, s#0,
fs(t) = .
%!7 s=0
We have
et >0, s#0
£ :
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so fs is n-convex on R for every s € R and s +— fs(") (t) is exponentially convex by

definition. Using analogous arguing as in the proof of Theorem 3.5 we also have that

s+ fslz0,- .., 2m] is exponentially convex (and so exponentially convex in the Jensen

sense). Using Corollary 3.6 we conclude that s — A;(fs),i = 1,2, 3,4, are exponen-

tially convex in the Jensen sense. It is easy to verify that this mapping is continuous

(although mapping s — fs is not continuous for s = 0), so it is exponentially convex.
For this family of functions, p,4(A;, 1), ¢ =1,2,3,4, from (25) we have

1
Az(fs) =4
(Ai(fq)) ) 5 #q,
,U's,q(Ah Ql) = exp AA(LZ(dff;) — %) , §=q#0,
1 Ai(id-f o
e (i(fo)O)) , s=¢=0.

Also, by (24) it is monotonous function in parameters s and q.

any

Js s—q
We observe here that <(ﬁ%}1q) (logt) =t so using Corollary 3.3 it follows that

dt™
Mqu(Ai, Ql) = log,usyq(Ai, Ql), Z = 1, 2, 37 4
satisfies:

a < M 4(A1, ) < max{b,a+ A},
min{a, b — A} < M, 4(Az,Q1) <D,
0 < M, (A5, ) <,
a < Mg q(Ag, Q1) <b.

So, Mj 4(A;, 1) is monotonic mean.
Example 4.2. Consider a family of functions

Qo ={fs:(0,00) > R:seR}
defined by

fs(t) =

tS
W, 8¢{0,1,...,n_1},
(_1)”,153-;‘!(2_1_],)!, s=37€{0,1,...,n—1}.
Here, f{™ (t) = t>=" = e(s=M It 5 ( which shows that f, is n-convex for ¢t > 0 and
s fs(") (t) is exponentially convex by definition. Analogue as in Example 4.1 we
get that the mappings s — A;(fs),i = 1,2,3,4 are exponentially convex. Now (25)
equals to:

Ai(fs ﬁ
(Aigfq;) ; s#q,
n—1
. 1
exp ((—1)"1(71 DR Y+ ) ,s=q¢{0,1,...,n—1},
s q(As, Q2) = ko v 8
n—1
1
— Ai(fofs) _
exp | (=1)""1(n —1)! 5 i(“fs) —|—Z R ,s=qe€{0,1,...,n—1}.
k=0
k+#s
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Again, using Corollary 3.3 we conclude that

a< Al(fs)) o < max{b,a+ A},

- (Al(fq)

min{a,b— A} < <m> - <,

< (ai) " <e oo

which shows that ps4(As, Q2),7=1,2,3,4, is mean.
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