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ABSTRACT. In the present paper, by using the Mountain Pass theorem and the Fountain
theorem, we obtain the existence and multiplicity of solutions to a class of p(z)-Kirchhoff-
type problem under Dirichlet boundary condition.
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1. Introduction

In this paper, we are concerned with the following problem

{ —M (A(z,Vu)) div(a(z,Vu)) = f(z,u) inQ, (1.1)
u=0 on 012, )
where Q ¢ RY (N >3) is a smooth bounded domain, p € C (ﬁ) for any x € Q
and div(a (x, Vu)) is a p (z) —Laplace type operator. Moreover M : RT — RT is a
continuous function and f : Q2 x R — R is a Carathéodory function, satisfying some

certain conditions.

The nonlinear problems involving the p (z)-Laplace type operator are extremely at-
tractive because they can be used to model dynamical phenomena which arise from the
study of electrorheological fluids or elastic mechanics. Problems with variable expo-
nent growth conditions also appear in the modelling of stationary thermo-rheological
viscous flows of non-Newtonian fluids and in the mathematical description of the
processes filtration of an ideal barotropic gas through a porous medium. The de-
tailed application backgrounds of the p(z)-Laplace type operators can be found in
[3, 5, 7, 10, 13, 20, 18] and references therein.

Problem (1.1) is related to the stationary version of a model, the so-called Kirchhoff
equation, introduced by Kirchhoff [15]. To be more precise, Kirchhoff established a
model given by the equation
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where p, Py, h, E, L are constants, which extends the classical D’Alambert’s wave

equation, by considering the effects of the changes in the length of the strings during
the vibrations. For some interesting results we refer to [4, 6, 9, 11, 14]. Moreover,
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nonlocal boundary value problems like (1.2) can be used for modelling several physical
and biological systems where u describes a process which depend on the average of
itself, such as the population density [1, 2, §].

In the present paper, we deal a more general Kirchhoff function M, and as a
consequence the operator div (a (x,Vu)) appears in problem (1.1), a more general
operator than p (x) —Laplace operator Ap;)u := div(|Vu|p(m)72 Vu) where p (z) > 1.
This caused some difficulties in calculations and required more general conditions.
Moreover, thanks to the Mountain-Pass theorem and Fountain theorem, we show the
existence and multiplicity of nontrivial weak solutions in the present paper. To our
best knowledge, the present papers results are not covered in the literature.

This paper is organized as follows. In Section 2, we present some necessary pre-
liminary results. In Section 3, using the variational method, we give the existence
results of problem (1.1).

2. Preliminaries

We recall some basic properties of variable exponent Lebesgue-Sobolev spaces
Lr@) (Q), Whr) (Q) (for details, see e.g., [12, 16, 17] )
Set,
Cy(Q)={p; peC(Q), minp(z)>1,VzeQ}.
For any p (z) € Cy ( ), denote p~ := minp (z), p™ := maxp (r) < oo, and define the
e

e
variable exponent Lebesgue space by

LP®) Q) = {u |u: Q — R is measurable, / lu (x)\p(z) dr < oo} )
Q

We define a norm, the so-called Luxemburg norm, on this space by the formula

p(z)
by —infda>0: [ [ <1 L
p(x)
Q

u(z)
A

and (LP®) (), |.|,(x)) becomes a Banach spaces.

Proposition 2.1 [12, 16] The conjugate space of LP®) (Q) is LP' @) (Q), where ﬁ—i—
L —1. For any u € L*® (Q) and v € L' *) (Q), we have

p(x)
/ uvdx
Q

Proposition 2.2 [12, 16]Denote p (u) = [, |u(z )P da, Vu, u, € LP@)(Q), then

1 1
S (=4 —) [uly@) 1) -
P~ (p7)

() [ulpee) > 1 = |u|§(;) < p(u) < Jul?,;

.o +
(ii) |u|p(m) <l = \u|5(w) <p(u) < ‘u|p(¢)v

(i) Hm fup|p@).0 =0 lm plu,) = 0;

(iv) nh_}n;o |[Un | p(z),0 — 00 & nh—>120 p(uy) — c0.
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Proposition 2.3 [12, 16] If u,u, € LP®) (Q), then the following statements are
equivalent:

(i) W fuy = ulpiey = 05 (id) lim_ p(uy —u) = 0;

n—oo

(441) up — u measure in Q and lim p(u,) = p(u).
n—roo
The variable exponent Sobolev space W'?(*) (Q) is defined by
whr@ (@) = fu e /@ Q)] |Vul € L' (@)},

with the norm ||u||1’p(a:) = |ulp(a) + | Vttlp), Yu € WLr() (Q) . The space WQLP(z) Q)
is denoted by the closure of C§°(2) in WLP) (Q) with respect to the norm Hu||17p(z).

We can define an equivalent norm ||ul| = [Vul,(), since Poincaré inequality holds
[13], i.e. there exists a positive constant C' > 0 such that

Ul p(z) < C|Vulp(g), for all u e Wol’p(w) (Q).

Proposition 2.4 [12, 16](i) If 1 < p~ < pt < oo, then the spaces LP(*) (),
W) (Q) and Wol’p(x) (Q) are separable and reflexive Banach spaces,

(i) If ¢ € C1 (Q) and q(z) < p* (z), for all € Q, then the embedding
Wol’p(w) (Q) = LI®) (Q) is compact and continuous, where

Np(z) ;
p*(ﬂf) . N—p(z)’ lf p (‘I) < N7
00, if N<p(x).

3. The main results

Let X denote the variable exponent Sobolev space WO1 -»(e) Q).
We say that u € X is a weak solution of (1.1) if

M </QA(CC,VU)) /Qa(a:,Vu) Vpdr = /Qf(:z:,u) wdz,
for all p € X.

Define the energy functional I : X — R associated with (1.1) by

1(@:1\7(/A(m,vu)dx)—/QF(m,u)dx;:J\?(A(u))—J(u),

Where A(u fQ (z,Vu)dx and J (u) = [, F (x,u) dz. Moreover,

fo s)ds and F (z,u) = [ f mt dt.
It is well known that standart arguments nnply that J € C*(X,R) and the derivate
of J is

(J'" (u) /fxuvdac for all u,v € X.

In this article, we assume that a(z, &) : QxRN — R¥ is the continuous derivative with
respect to & of the mapping A : O x RN — R, A = A(x,¢), i.e. a(z,£) = VeA(x, ).
Suppose that the following hypotheses:

(A1) For all z € Q and £ € RN |a(z, )| < co(ho (z) + €7 71), where ho (z) €
L' (#) () is a nonnegative measurable function.
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—~

A2) A is p(z)-uniformly convex: There exists a constant k > 0 such that

(A3) For all z € Q and £ € RY | [¢[P™) < a(x,€) - € < p(z) A(x,€).
(A4) A(z,0) =0, for all z € Q.
(A5) A(x, —¢) = A(x, ), for all z € Q and & € RV,

Lemma 3.1. [17]

(i) A verifies the growth condition; |A (x,&)| < co(ho (x) €] + \§|p(m)), forallz € Q
and & € RY;

(ii) A is p(x)—homogeneous; A (z,2€) < A(z,€) 2P for all z > 1, ¢ € RN and
x e

Lemma 3.2. (i) The functional A is well-defined on X;
(i1) The functional A is of class C* (X, R) and
(N (u),v) = / a(z,Vu) - Vudz, for all u,v € X;
Q
(iit) The functional A is weakly lower semi-continuos on X;
() For all u,v € X

1 _
A )+ 3A @) = kllu =l ;

(v) For all u,v € X
Au) = A(v) = (A (v),u = v);

(vi) I is weakly lower semi-continuos on X;
(vid)I is well-defined on X and of class C*(X,R), and its derivative given by

(r (u)7v>:M(/QA(x,Vu)dm)/Qa(sc,Vu)Vvdac—/Qf(x,u)vdx;
for all u,v € X.

Since the proof of Lemma 3.2 is very similar to the proof of Lemma 2.2 and Lemma
2.7 given in [17], we omit it.

Theorem 3.3. Assume that (A3) and the following conditions hold:
(My) M : Rt — R" 4s a continuos function and satisfies the condition

mes® ! < M(s) < mys® L,

for all s > 0 and mqg, my real numbers such that 0 < mg < my and a > 1.
(f1) f: Q2 xR — R is a Carathéodory condition and satisfies the growth condition

@Dl <o (141771, ¥ (2,t) € @ xR,
where cq is positive constant and 6(z) € Cy (Q) such that 6+ < ap™ < p* (x) for all

x e Q.
Then problem (1.1) has a weak solution.
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Proof. Let ||ul| > 1. By (M), (f1), (A3) and Proposition 2.2 (i), we get

«@
I(u) > o </ A (z,Vu) dx> — co/ |u*®) da — CQ/ |u| dz
@ Q Q Q
- +
> oy ™ el = e ull = o0, as ull > +oo,
Thus, I is coercive. Since I is weakly lower semi-continuous, I has a minimum point
uw in X, and u is a weak solution of problem (1.1). The proof is completed. O

Theorem 3.4. Assume that (My) and the following conditions hold:
(f2) f: QxR — R is a Carathéodory condition and satisfies the growth condition;

Dl e (11007 V(@ t) € xR,

(f3) f(z,t) =0 <|t|ap+71) , t — 0, for x € Q uniformly,

where ¢ is positive constant and n(z) € Cy (Q) such that ap™ < n~ < n™ < p* (z)
for all x € Q,
(AR) : 3t,. >0, 6 > %aer such that
0<0F(z,t) < f(z,0)t, [t| >ts, ae. x €.
Then problem (1.1) has a nontrivial weak solution.

Definition 3.1. We say that I satisfies Palais-Smale condition in X ((PS) condition
for short) if if any sequence {u, } in X such that {I (u,)} is bounded and I’ (u,,) — 0
as n — 00, has a convergent subsequence.

Lemma 3.5. Suppose (M), (f1),(A3) and (AR) hold. Then, I satisfies (PS) con-
dition.

Proof. Let assume that there exists a sequence {u,} C X such that
|I(u,)] <c and I'(up) — 0 as n — oo. (3.1)

Then, by (M), (A3) and (AR), we have

1
c+ unll > I(up) — 7 (I' (un), upn)

[eY + a—1
Mo (/A (x, Vuy,) d;v) _mp </A(a:,Vun) dx) /A (x, Vuy,) dz
@ Q 0 Q Q
+ «
mo mip
(0‘ -0 )( QA(.’E,VUn)d$>

By (A3) and Proposition 2.2 (ii), we can write

m m -+ _
c+wuz(° ”>WMW.
a 0

Since ap~ > 1, {u,} is bounded in X. Therefore, there exists v € X, up to a
subsequence, such that u,, — u in X.
Moreover, since we have the compact embedding X < L7(*) (Q), we get

Uy, — w in L"® (Q) and u,, — u a.e in Q (3.2)

vV

Y
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By (3.1), we have

(), — ) = M ( [ 4@V dx) /Qa (2, V) (Vun — V) da

—/ I (z,un) (uy —u)dz — 0.
Q

By using (f1) and Proposition 2.1, it follows

f(zun) (uy — ) dx

S C3 ’|un|77(3?)—1
Q

n'(x) fun = U"n(z) .

If we consider the relations given in (3.2), we get [, f (z,un) (tuy — u)dz — 0. Then,
we have

M (/ A(z,Vuy) dx) / a(z, Vuy,) (Vu, — Vu)dx — 0.
Q Q
From (M), it follows

/ a(z,Vuy,) (Vu, — Vu)dx — 0.

Q

that is, lim (A’ (up),u, —u) = 0. By using Lemma 3.2 (v), we get
n— oo

0= lim (A" (un),u—up) < lim (A (u) — A(u,)) =A(u) — lim A (uy,)
n—oo n—oo n—oo
or lim A (u,) < A (u). This fact and from Lemma 3.2 (iii) imply lim A (u,,) = A (u) .
n—oo n—oo
Now, we assume by contradiction that {u,} does not converge strongly to u in
X.Then, there exists € > 0 and a subsequence {u,,, } of {u,} such that ||u,, —u| >e.
On the other hand, by from Lemma 3.2 (iv), we have

Up,, +U

SA Q)+ A (un,,) — A )2 kllun, — ull?” > ke

Letting m — oo in the above inequality, we obtain

Up,, T U

lim supA( ) < A(u) — keP .

n—oo

Moreover, we have {U"WTM} converges weakly to v in X. Using Lemma 3.2 (iii),

we obtain
A (u) < lim ian(w
n—oo

);

which is a contradiction. Therefore, it follows that {u,} converges strongly to w in
X. The proof of Lemma 3.5 is complete. O

Lemma 3.6. Suppose (M), (f1), (f3), (A3)and (AR) hold. Then the following state-
ments hold:

(i) There exist two positive real numbers v and a such that I (u) > a >0, u € X
with ||u]| = .

(i) There exists u € X such that ||u|| > v, I (u) < 0.

Proof. (i) Let |Ju|| < 1. Then by (M), we have
I(u) >

Mo

apt /
—= ||u — | F(z,u)dx.
ot ™~ [ Pl
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Using the continuous embeddings X < LoP" () and X — L"(® (Q), there exist
positive constants ¢4 and c5 such that

|l < callull and ful,,+ <csllul| , VueX.

n(x apt
Let € > 0 be small enough such that Ecifp+ < appye- By (f1) and (f3), we get

F(z,t) <e |1f|0thr + e [t]") ¥ (2,t) € Q x R. Therefore, Proposition 2.2 (ii), we have

[w) > — ol —e / [l da — c. / Jul "™ dax
a(ph) Q Q
mo ap™ ap™ apt n- n-
> —¢ -
Z T " ] cy? lull cees |ull
Mo ap™ n- n-
> — — .
> g " = e[l

Since |lul < 1 and ap™ < n~, there exist two positive real numbers v and a such that
I(u)>a>0,uec X with ||u|| =~ € (0,1).
(ii) From (AR), one easily deduces

F(z,t) > cs|t|®, |t| > t., ae. x €.

In the other hand, when ¢ > ¢, > 1, from (M;) we can easily obtain

M(t) < Do < Mymge,
(6% (6%

Thus, for any fixed w € X\ {0}, ¢t > 1 and from Lemma 3.1 (ii), we have

I(tw) = M\(/QA(Q:,VM) dx) —/QF(x,tw)dx

mﬂ{
< my (/A(z,Vtw)dx) ’ f/F(:c,tw)dw
Q Q Q
< miilth%aer/A(x,Vw)dx—cGte/ |w|? da.
a(p=)mo Q Q

From (AR) ,it can be obtained that 6 > %a]ﬁ. Hence, I (tw) - —occast — +oo. O

Proof of Theorem 3.3. From Lemma 3.5, Lemma 3.6, Lemma 3.2 (vii), (A4) and the
fact that I (0) = 0, I satisfies the Mountain Pass Theorem [19]. Therefore, I has at
least one nontrivial critical point, i.e., problem (1.1) has a nontrivial weak solution.
The proof of Theorem 3.3 is complete. O

Theorem 3.7. Assume that (M1), (f1), (AR) and the following

(f2) : f (z,—t) = = f (z,1), for (x,t) € A xR,
then I has a sequence of critical points {u,}such that I (u,) — +o0o and (1.1) has
infinite many pairs of solutions.

In order to prove Theorem 3.7, we need Lemma 3.8.
Since X be a reflexive and separable Banach space, then there are {e;} C X and
{e;} € X* such that

X =spanfe;|j=1,2,...}, X*=span{e; |j=1,2,..},
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and
* _ 1a 1= j7
(e = { 0. i
For convenience, we write X; = span{e;}, Y = @?:1)(3‘, Zy = @52, X;.
Lemma 3.8. Ifn(z) € C4 (), n(z) < p* (z) for any x € Q, denote

B = sup {|u|n(w) el =1ue Zk} .
Then limg_, o B = 0.

Since the proof of Lemma 3.8 is similar to that of Lemma 4.9 in [13], we omit it.

Proof of Theorem 3.7. According to (M), (f4) and (AR), I satisfies (P.S) condition
and from (A5) it is an even functional. We only need to prove that if k is large
enough, then there exist pr > v > 0 such that

(A6) by, :=inf {I (u)| u € Zy,|lul| =y} = o0 as k — oo;

(A7) a, :=max{I (u)| u €Yy, |lu|| =pr} <O0.

Thus, the conclusion of Theorem 3.7 can be obtained by Fountain Theorem [19].

1
(A6) For any u € Zy, ||ul| = v = (c8n+,6’,2+m0_1) “»" =" we have

I(u) > mO(/A(x,Vu)dm) —co/ |u|"($)da§—co/ |u| dx
«Q Q Q Q

> #n 197" — o [ul”S) — co [[ull, where ¢ € ©

. {wamwf—%—?mh i Jul, ) <

) 7%?wwp—m%|mw-wwwuﬂwm@>l

> oy Nl = Bl o Jull — ex

Mo + % nt + #

= W<an 5k mg ) — cofBy (0877 5k my ) — co [lul| = ¢z

ap 1
(1) o) )
Because B; — 0 and o < ap™ < i, we have I (u) — oo as k — 0o
(A7) From (AR) ,we get F(z,t) > co|t|® — c10. Therefore, for any w € Yj, with
|lw]|=1and 1 <t = pg, we have

my

I(tw) < m (/ A(z, Viw) d:v) [ 09t9/ \w|0d;v —c1o
@ Q Q

my ot
miilﬂmé P / A(z,Vw)dx — CQtG/ \w|9 dx — c19.
o ()P s o
By 6 > %aer and dimY, = k, it is easy see that I (tw) — —oc as t — +oo for

u € Yy. O
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