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A new generalization of semiregular rings

TAYYEBEH AMOUZEGAR

ABSTRACT. A ring R is called v-semiregular if for every semisimple principal right ideal aR of
R, there exists €2 = e € aR such that (1 — e)a € J(R). The class of right v-semiregular rings
contains all semiregular rings. Some properties of these rings are studied and some results
about semiregular rings are extended.
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1. Introduction

Semiregular rings were introduced by Nicholson in 1976. These rings constitute
the class of rings that posses beautiful homological and non homological properties.
Following [3], a ring R is called a semiregular ring if for each a € R, there exists e? =
e € aR such that (1 — e)a € J(R). Semiregular rings and their generalizations have
been studied by many authors (see [1, 2, 5, 6, 7]). In this note, we define v-semiregular
rings, as a generalization of semiregular rings. A ring R is called v-semiregular if for
every semisimple principal right ideal aR of R, there exists > = e € aR such that
(I1—e)a € J(R). Clearly, any semiregular ring is v-semiregular but v-semiregular rings
need not be semiregular (see Example 4.1). In this paper our aim is to generalize some
corresponding known results on semiregular rings.

In Section 2, we introduce the concept of the 6 equivalence relation on the set of
right ideals of a ring. We say right ideals I, I’ of R are 6 equivalent, I0I', if and only

if ”TI/ - M and IJIF—,I, C ](RI# We investigate some basic properties of the 6
relation.

In Section 3, we use the € relation to give a new characterization of semiregular
rings.

In Section 4, a characterization of v-semiregular rings is given. We examine when
direct sum of v-semiregular rings is v-semiregular. We give some sufficient conditions
under which a v-semiregular ring is semiregular.

Throughout this paper R will denote an associative ring with identity, M a unitary
right R-module. We will use the notation N < M to indicate that N is small in M
(ie. VLS M,L+ N # M).
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2. The 6 relation

Definition 2.1. Any right ideals I,I’ of R are 0 equivalent, I0I', if and only if
I+I' - J(R)+I I+ — J(R)+I
I ="1 T A

and
Lemma 2.1. 0 is an equivalence relation.

Proof. Tt is clear that the reflexive and symmetric properties satisfy. For transitivity,
suppose AOB and BOC. So

A+B ~ J(R)+A A+B ~ J(R)+B
1< J(RI)4 B and J(R? c

B+C + B+C ~ J(R)+
5 S B and =F= C =5

So
A+BCJR)+A and A+ BCJ(R)+ B
B+CCJR)+B and B+CCJ(R)+C.

It is easy to see that A+ C C J(R)+ Aand A+ C C J(R)+ C. Hence AOC. O

Note that the zero ideal is 6 equivalent to any right ideal contained in J(R). Also,
if R =7 then mZ6OnZ if and only if m and n are divisible by the same primes.

Theorem 2.2. Let A and B be right ideals of R. The following are equivalent:

(1) A0B.

(2)A%B<<§ and%«%.

(3) For every right ideal I of R such that A+ B+ 1 =R then A+1 =M and
B+1=R.

(4) If H<Rwith A+ H=Rthen B+ H=R, and if K < Rwith B+ K =R
then A+ K = R.

Proof. (1) & (2) It is clear.
(2) = (3) Let I < R such that A+ B+ 1= R. Then
A+B B+4+1 R B+I R
5 5 S5~ 7B¢B+17R.
Similarly, A+ I = R.

(3) & (4) Let H < R such that A+ H = R. Then A+ H+ B = M. By (3),
B+ H = R. Let K < R such that B+ K = R. Then A+ B+ K = R. By (3),
A+ K = R. Conversely, suppose that A+ (B+ 1) = R. So B+ (B+I) = R. Thus
B+ 1= R. Similarly, A+ I = R.

(3) = (2) Let & < & such that 458 + £ = £ Then A+ B+ X = R. Hence
B+ X =X = Rsince BC X. Thus 452 <« £ Similarly, 448 <« £ O

Corollary 2.3. Let A,B < R such that AC B+1 and B C A+1', where I,I' < R.
Then AOB.

Proof. Let A+ B+ H = R, for some H < R. Then (B+ 1)+ B+ H = R. So
B+ 1+ H=R. Thus B+ H = R. Similarly, A+ H = R. (]

Note that there are rings R with H, A, B < R such that R= A+ H = B+ H, but
A is not 0 related to B. For example, take R =7, H = 3Z, A = 27 and B = 5Z.

Proposition 2.4. Let Ay, Ay, By, By be right ideals of R such that A10B1 and A20B5.
Then (Al + A2)0(B1 + Bg) and (A1 + Yg)@(Bl + AQ)
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Proof. Let H < R such that Ay +As+B1+Bs+H = R. Then Ap+B1+Bs+H =R
and Ay + As + B> + H = R, since A10B,. Moreover, By + Bs + H = R and
A1 + Ao + H = R, because A30Bs. By Theorem 2.2, (A; + A3)0(By + Bs). From
Lemma 2.1, we have (A; + Y2)0(B;1 + As). O

Theorem 2.5. Let A, B be right ideals of R such that AOB. Then

(1) AL R if and only if B < R.

(2) If A is a direct summand of R and B a principal right ideal of R, then A is
also principal.

(3) A has a (weak) supplement C' in R if and only if C is a (weak) supplement for
B.

Proof. (1) (=) Suppose that A < R. Let H < R such that B+ H = M. Then
A+ B+ H = R. By Theorem 2.2, A+ H = R. Since A < R, H = R. Hence B < R.

(<) It is clear because 6 is symmetric by Lemma 2.1.

(2) Assume that R = A@ A’ for some A’ < R. By Theorem 2.2, R = B+ A’. Since
ijv = % =~ A, A is principal.

(3) Suppose that C is a supplement for A. Then R=A+C = A+ B+ C. By
Theorem 2.2, B+C = R. Assume that H C C and B+ H = R. Then A+ B+ H = R.
By Theorem 2.2, A + H = R. By the minimality of C;, H = C. Hence C is a
supplement for B. The converse is true because 6 is symmetric (Lemma 2.1).

Now suppose that C' is a weak supplement for A. Then A+ C = Rand ANC < R.
By Theorem 2.2, B+ C' = R. Let us to show that BNC <« R. Let H < R such that
BNC+ H=R. Since BNC C B, B+ H =R and C+ H = R. By Theorem 2.2,
A4+ H=R. Since BNCCC,C=CnNnM=(BNC)+ (CNH). Then

R=B+C=B+BNnC+CnNnH=B+CnNH.

Hence A+ B+ CnNH = R. By Theorem 2.2, A+ CNH=R. Hence H=HNR =
HN(CNH+A)=(CNH)+ANH. Thus R=C+H = (BNC)+(CNH)+(ANH) C
C+ANHCR. SoR=C+(ANH)and hence A=ANR=AN((ANH)+C)=
ANH+ANC. Since ANC <K R, R=A+H=ANnC+AnH+H =ANnH+H =H.
Therefore BN C < R. The converse holds by the symmetry of the 6 relation. O

Proposition 2.6. Let R= Ry ® Ry and A,B < Ry. Then A0B in R if and only if

Proof. (=) Let AOB in R and A+ B+ I = R; for some right ideal I of R. We want
toshow A+ =Ry and B+1 = R;. Since ABin R, R=R1®Ry = A+B+1+Rs
implies A+I+Ry=Rand B+I+ Ry =R. So A+1 =Ry and B+ 1 = R;. From
Theorem 2.2, we get AOB in R;.

(<) Let A0B in Ry. Then AtB C JUHTA )05 A48 ¢ JUOEA - Gippijarly,

A+B J(R)+A
5 CTE -

3. Semiregular rings
Recall that an element a € R is von Neumann regular if a € aRa. A ring R is
called von Neumann regular if, for any a € R, a is von Neumann regular.

Lemma 3.1. The following conditions are equivalent for an element a of a ring R:
(1) There exists €2 = e € aR such that (1 — e)a € J(R).
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(2) There exists e = e € Ra such that a(l —e) € J(R).

(3) There exists a von Neumann reqular element b € R with a —b € J(R).

(4) There exist two right ideals A and B of R such that aR = A ® B, where A is
a direct summand of R and B is small in R.

Proof. By [3, Lemma 2.1]. O

Let K and N be submodules of an R-module M. K is called a supplement of N
in M if M = K4+ N and K is minimal with respect to this property, or equivalently,
M=K+ Nand KNN < K [4].

Lemma 3.2. A ring R is semiregular if and only if every principal right ideal I of R
has a supplement which is a direct summand.

Proof. Since R is a semiregular ring, for all @ € R, R has a decomposition R = A® B
with A C aR and BNaR <« R. Thus R = aR + B and so B is a supplement of
aR which is a summand of R. Conversely, let R = aR+ B, aRN B <« B and B is
a direct summand of R. Hence there exists A C aR with R = A® B and so R is
semiregular. O

Theorem 3.3. Let R be a ring. The following are equivalent:

(1) R is semiregular.

(2) For every principal right ideal I of R, there exists an idempotent e* = e € I
such that I0eR.

(3) For every principal left ideal I of R, there exists an idempotent e? = e € I such
that 16 Re.

(4) Every principal right ideal I of R has a supplement which is a direct summand.

(5) Every principal left ideal I of R has a supplement which is a direct summand.

Proof. (1) = (2) Let a € R. From (1), there exists an idempotent e? = e € aR
such that (1 —e)a € J(R). Since eR C aR, “R;;R - ‘I(I?EGR. By modularity,
aR =eR® ((1—e)RNaR). Hence ¢t — eReB((l;;)RﬂaR) C eR':IJ%(R). Therefore
aR0OeR.

(2) = (4) Let a € R. By (2), there exists an idempotent e? = ¢ € R such that
aRfeR. Since R=eR® (1 —e)R, (1 —e¢)R is a supplement of eR. Hence (1 —e¢)R is
a supplement of aR in R by Theorem 2.5.

(4) & (1) By Lemma 3.2.

(1) = (3) = (5) = (1) It can be proved similarly. O

Theorem 3.4. Let R be a ring. Then R is semiregular if and only if for each principal
right ideal I of R, there exists a direct summand A and a small right ideal H of R
such that |+ H=A+H =1+ A.

Proof. Assume that R is semiregular. Then there exists a direct summand A of R
such that J6 A by Theorem 3.3. By Proposition 2.4, I6(I + A) and A0(I + A). Note
that R = A® A’ for some A’ < R. By Theorem 2.5, A" is a supplement for A, I and
I+ A Hence I+ H=A+H=1+ A, where H= (I + A)N A’ < R. The converse
follows from Corollary 2.3. (|
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4. v-Semiregular ring

We say that a ring R is v-semireqular if for every semisimple principal right ideal
aR of R there exists e = e € R such that (1 —e)a € J(R).

Clearly semiregular rings are v-semiregular but the converse need not be true as
we see in the following example.

Example 4.1. Let Z be the ring of all integers. Since Soc(Z) = 0, Z is v-semiregular.
But Z is not semiregular since nZ has no supplement in Z, for any n > 2.

Lemma 4.1. Let R = A+ B where B is a right ideal of R and A is a semisimple
right ideal of R. Then R = A’ ® B for some right ideal A’ of A.

Proof. Let A be a semisimple right ideal of R. Then AN B is direct summand in A.
So there exists right ideal A" of A such that A = (AN B)® A’. Since R = A + B,
then we obtain R = (ANB)@® A')+ B = A + B. Thus R = A’ ® B because
(ANB)NA'=A'NnB=0. O

Theorem 4.2. Let R be a ring. Then the following are equivalent:

(1) R is v-semiregular.

(2) Every semisimple principal right ideal of R has a supplement that is a direct
summand.

(3) Every semisimple principal right ideal of R has a weak supplement.

(4) For every semisimple principal right ideal A of R there exists right ideal I of
R such that R=A+1 and ANIC J(I).

Proof. (1) < (2) It is similar to the proof of Lemma 3.2.

(2) = (3) Clear.

(3) = (4) Let A be a semisimple principal right ideal of R. Since A has a weak
supplement, then there exists a right ideal I of R such that A+ = Rand ANI < R.
By Lemma 4.1, R = A’ @ I for some right ideal A’ of A. Then ANT < R and so
ANICJ().

(4) = (2) Let A be a semisimple principal right ideal of R. By hypothesis, there
exists a right ideal H of R such that R = A+H and ANH C J(H). Thus ANH C J(R)
and so AN H < R. Since A is semisimple, by Lemma 4.1, R = A’ & H for some right
ideal A’ of A. Thus we obtain AN H < H. O

Proposition 4.3. Let R be a v-semiregular ring. Then, for every e> = e € R, eR is
v-semireqular.

Proof. Let aR be a semisimple principal right ideal of eR. If a = 0, then eR is trivially
v-semiregular. Let a # 0, then R = aR + I and aRN I < I for some right ideal I of
R. Then eR = aR+ (eRN1I) and consequently by Lemma 4.1, eR = A® (eRNI) for
some A C aR. Hence eRN [ is a direct summand of eR. Since aRN I < I, we have
aRNI < RandsoaRNI < eR. Thus aRN(eRNI) < eRNI. Therefore eRNI is
a supplement of aR in eR. (]

A right distributive Ting is a ring whose lattice of right ideals is distributive.

Theorem 4.4. Let R = Ry ® Ry be a right distributive ring. Then R is v-semireqular
if and only if each R; is v-semiregqular.
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Proof. Let aR be a semisimple principal right ideal of R. Since R is right distributive,
aR = ((aR)NRy) ® ((aR) N Ry). Let a = a1 + ag where a1 € Ry and as € Ry. Then
a1R =aRN Ry and asR = aR N Ry. Tt is clear that a1 R and as R are semisimple.
Thus there exists 4; < R; such that R; = a;R + A; and (a;R) N A; < A;, for
each i = 1,2. Then R = a1R+ asR+ A1 + As = aR + A1 + A;. Now we prove
aRN (A1 + AQ) < A; + Ay. Note that

aRﬁ(Al —|—A2) = (aRﬁRl +aRﬂR2)ﬁ(A1 —|—A2)
< (A1N((@aRNR1) + R2)) + (A2 N ((aRN Ry) + Ry))
<(aRNRi)N (A1 + Ra) + (aRNR2) N (A2 + Ry).

On the other hand, (aRN Ry) N (A1 + R2) = (a1 R)N (A1 + Re) < AjN(aR+ Re) <
aitR N (A1 + Rg) implies that ai R N (A1 + RQ) = AN (CL1R + Rg) = (alR) NnA;.
Similarly, as R N (A2 + R1) = AN (agR + Rl) = ((IQR) N As. Since a; RN A; < A;,
arRNA;+asRNAs < Ay + Ag. Therefore aRN (A1 + Ag) < A1+ As. The converse
is clear by Proposition 4.3. (]

Proposition 4.5. Let I be a small right ideal of a ring R and R/I a v-semiregular
ring. Then R is v-semiregular.

Proof. Let A be a semisimple principal right ideal of R. Then # is a semisimple

principal right ideal of £. If £ = AH then R = A+ 1 and so R = A. Thus R
is v-semiregular. Let # be a proper right ideal of % By hypothesis, # has a

supplement ? in %. That is, % = # + % and # N ? < ?. Therefore R = A+ B

and M < %. By Lemma 4.1, R = A’ & B for some right ideal A’ of A. Now,
we show that AN B <« B: Let B = (AN B)+ X for some right ideal X of B. Then

B — ANBIRL XA Ginge ADBIET « B hen B = XHL It follows that B = X +1.

T
As B is a direct summand of R, B = X. (|

Lemma 4.6. Let R be a ring with Soc(R) C J(R). Then R is v-semiregular.

Proof. Clearly, if Soc(R) = 0, then R is v-semiregular. Let aR be a semisimple
principal right ideal of R, then aR C Soc(R), so aR C J(R) < R. Then R = R+ aR
and aRN R =aR < R. O

Corollary 4.7. Let R be a right distributive ring, then R is v-semiregular if and only
if Soc(R) has a supplement in R.

Proof. (=) Clear.

(<) Let A be a supplement of Soc(R) in R. Then R = Soc(R) + A and Soc(A) =
Soc(R)NA <« A. Hence, by Lemma 4.6, A is v-semiregular. By Lemma 4.1, R = B&A
where B is a semisimple right ideal of R. Hence, by Lemma 4.4, R is v-semiregular. [

Corollary 4.8. Let R be a ring. If J(R) = R, then R is v-semiregular.

Proof. Let J(R) = R, then Soc(R) = Soc(J(R)) < R. Then, by Lemma 4.6, R is
v-semiregular. O

Note that if R is a semisimple ring, then R is v-semiregular if and only if R is
semiregular. For another case, we give the following theorem which is the relation
between v-semiregular rings and semiregular rings.
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Theorem 4.9. Let R be a ring. Suppose that for any a € R, there exists a semisimple
principal right ideal I of R such that either aR = I+T or I = aR+T' for some right
ideals T, T" < R. Then R is semiregular if and only if R is v-semireqular.

Proof. Suppose that R is a v-semiregular ring and a € R.

Case (1): Assume that there exists a semisimple principal right ideal I such that
aR = T+T for some small right ideal T of R. Then, by [4, 41.1(4)], R is semiregular.

Case (2): Assume that there exists a semisimple principal right ideal I of R such
that I = aR + T’ for some small right ideal 7" of R. Since R is a v-semiregular
ring, there exists a right ideal H of R such that R = H + I and H NI < H. Hence
R=H+aR+T,andso R=H+aRasT' < R. Note that HNaR< HNI <K H.
Thus R is semiregular. The converse is clear. O

Note that rings that every principal right ideal of them is semisimple, satisfy the
condition of Theorem 4.9 (for example, Z,, satisfies the condition of Theorem 4.9 for
any prime p).
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