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Existence of renormalized solutions for a nonlinear elliptic
equation in Musielak framework and L1 data

Taghi AHMEDATT, Mohamed Saad Bouh ELEMINE VALL, Abdelmoujib
BENKIRANE, and Abdelfattah TOUZANI

Abstract. In this paper, we prove existence result of renormalized solutions in the setting of

Musielak-Orlicz spaces W 1
0Lϕ(Ω) for the following strongly nonlinear Dirichlet problem

A(u) + g(x, u,∇u) = f in Ω,

where A is a Leray-Lions operator acting from its domain D(A) ⊂ W 1
0Lϕ(Ω) into its dual,

while g(x, u,∇u) is a nonlinear term having a growth conditions with respect only to ∇u, and

does not satisfy any sign condition. The right-hand side f belongs to L1(Ω).

A modular-inequality of Poincaré type in this setting is also proved (see Lemma 2.5).
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1. Introduction

We consider a bounded open subset Ω of RN , (N > 2). Let

A(u) = −diva(x, u,∇u),

be a Leray-Lions operator defined from the space W 1
0Lϕ(Ω) into its dual W−1Lψ(Ω).

Our aim is to prove the existence of renormalized solutions u to the non-linear elliptic
problem {

A(u) + g(x, u,∇u) = f ∈ L1(Ω), in Ω,
u ≡ 0, ∂Ω,

(1)

where f ∈ L1(Ω) and g is a non-linear lower order term satisfying a growth condition
of the following from

|g(x, s, ξ)| ≤ c(x) + b(|s|)ϕ(x, |ξ|).
And without any sign condition, in the setting of the Musielak-Orlicz space W 1

0Lϕ(Ω),
without any restriction on the Musielak-Orlicz function ϕ (i.e., without the ∆2-
Condition).

We recall that the notion of renormalized solutions was introduced by Lions and
Diperna [18] for the study of Boltzmann equations. This notion was then adapted to
the study of the problem (1) by Boccardo, Giachetti, Diaz and Murat in [14], Lions
and Murat [25] and Murat [28,27] to non-linear elliptic problem and by Lions [26] to
evolution problems in fluids mechanics. Recently we refer to [16,14,12,13,17] for more
details.
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In the classical Sobolev space W 1,p
0 (Ω), Benkirane and Youssfi have studied (1)

where the non linearity term g depends only on x and u and the right hand side f
belongs to the dual space, Porretta in [30] has studied the problem (1) where the
right hand side is a measure, Boccardo, Murat and Puel, have studied the problem
(1) without sign condition in the particular case where g(x, s, ξ) = λs − |ξ|2, λ > 0,
also in [31] Rakotoson and Temam have proved the existence of a weak solution for
the problem (1).

In the sitting of Lebesgue of variable exponent, Bendahmane and Wittbold in [6]
proved the existence and uniqueness of renormalized solution to the problem (1) in

the particular case a(x, s, ξ) = |ξ|p(x)−2ξ, g ≡ 0, Azroul, Benboubker, and Rhoudaf
in [5] have studied the problem (1) where the right hand side is measure.

In the Orlicz spaces framework, various authors have studied the existence of so-
lution of (1). In the variational case, Gossez [21] solved the problem (1) in the case
where g depends only on x and u, Benkirane and Elmahi in [9,8] have studied (1)
by making some restriction and g depends also on ∇u, Elmahi and Meskine in [20]
proved the existence of solutions for the problem (1), without assuming the ∆2 condi-
tion on the N -function. In the case where f ∈ L1(Ω), Aharouch, Benkirane, Rhoudaf
have proved, in [2] the existence of solutions of problem (1) without assuming the ∆2

condition and the sign condition on the non linearity g.
In Musielak-Orlicz spaces, Benkirane and Sidi El Vally in [10] have proved the

existence results of (1) where the nonlinearity g depends only on x and u, recently
Benkirane, Blali and Sidi El Vally in [7] have solved (1) in the case where the Musielak-
Orlicz complementary function to ϕ satisfies the ∆2-condition, Ait Khellou, Benki-
rane, Douiri in [4,3] have proved the existence of solution of (1), without assuming
the ∆2-condition.

The paper is organized as follows: after introduction in section 1, we give in section
2 some preliminaries and some technical lemmas needed in our paper, in the section
3 we state the essential assumptions and our main result and his prove.

2. Preliminary

Let Ω be an open set in RN and let ϕ be a real-valued function defined in Ω×R+,
and satisfiying the following conditions:

a): ϕ(x, ·) is an N-function
(

convex, increasing, continous, ϕ(x, 0) = 0, ϕ(x, t) > 0,

∀t > 0, lim
t−→0

sup
x∈Ω

ϕ(x, t)

t
= 0, lim

t−→∞
inf
x∈Ω

ϕ(x, t)

t
=∞

)
.

b): ϕ(·, t) is a measurable function.
A function ϕ, which satisfies the conditions a) and b) is called Musielak-Orlicz func-
tion.
For a Musielak-Orlicz function ϕ we put ϕx(t) = ϕ(x, t) and we associate its nonneg-
ative reciprocal function ϕ−1

x , with respect to t that is

ϕ−1
x (ϕ(x, t)) = ϕ(x, ϕ−1

x (t)) = t.

The Musielak-Orlicz function ϕ is said to satisfy the ∆2-condition if for some k > 0;
and a non negative function h; integrable in Ω we have

ϕ(x, 2t) ≤ kϕ(x, t) + h(x) for all x ∈ Ω and t ≥ 0. (2)
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When (2) holds only for t ≥ t0 > 0; then ϕ said satisfies ∆2 near infinity.
Let ϕ and γ be two Musielak-Orlicz functions, we say that ϕ dominate γ, and we
write γ ≺ ϕ, near infinity (resp. globally) if there exist two positive constants c and
t0 such that for almost all x ∈ Ω

γ(x, t) ≤ ϕ(x, ct) for all t ≥ t0, ( resp. for all t ≥ 0 i.e. t0 = 0).

We say that γ grows essentially less rapidly than ϕ at 0 (resp. near infinity), and we
write γ ≺≺ ϕ, If for every positive constant c we have

lim
t−→0

(
sup
x∈Ω

γ(x, ct)

ϕ(x, t)

)
= 0, (resp. lim

t−→∞

(
sup
x∈Ω

γ(x, ct)

ϕ(x, t)

)
= 0).

Remark 2.1. [10] If γ ≺≺ ϕ near infinity, then ∀ε > 0 there exist k(ε) > 0 such that
for almost all x ∈ Ω we have

γ(x, t) ≤ k(ε)ϕ(x, εt), for all t ≥ 0. (3)

We define the functional

ρϕ,Ω(u) =

∫
Ω

ϕ(x, |u(x)|)dx.

where u : Ω −→ R a Lebesgue measurable function. In the following the measurability
of a function u : Ω −→ R means the Lebesgue measurability.
The set

Kϕ(Ω) =
{
u : Ω −→ R measurable

/
ρϕ,Ω(u) < +∞

}
.

is called the generalized Orlicz class.
The Musielak-Orlicz space (the generalized Orlicz spaces) Lϕ(Ω) is the vector space
generated by Kϕ(Ω), that is, Lϕ(Ω) is the smallest linear space containing the set
Kϕ(Ω).
Equivalently

Lϕ(Ω) =

{
u : Ω −→ R measurable

/
ρϕ,Ω

( |u(x)|
λ

)
< +∞, for some λ > 0

}
.

Let

ψ(x, s) = sup
t≥0
{st− ϕ(x, t)}.

that is, ψ is the Musielak-Orlicz function complementary to ϕ in the sens of Young
with respect to the variable s.
In the space Lϕ(Ω) we define the following two norms :

‖u‖ϕ,Ω = inf

{
λ > 0/

∫
Ω

ϕ
(
x,
|u(x)|
λ

)
dx ≤ 1

}
.

which is called the Luxemburg norm and the so called Orlicz norm by :

‖|u|‖ϕ,Ω = sup
‖v‖ψ≤1

∫
Ω

|u(x)v(x)|dx.

where ψ is the Musielak-Orlicz function complementary to ϕ. There two norms are
equivalent [29].
The closure in Lϕ(Ω) of the bounded measurable functions with compact support in

Ω is denoted by Eϕ(Ω). It is a separable space.
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We say that sequence of functions un ∈ Lϕ(Ω) is modular convergent to u ∈ Lϕ(Ω) if
there exists a constant k > 0 such that

lim
n→∞

ρϕ,Ω

(un − u
k

)
= 0.

For any fixed nonnegative integer m we define

WmLϕ(Ω) =

{
u ∈ Lϕ(Ω) : ∀|α| ≤ m, Dαu ∈ Lϕ(Ω)

}
.

and

WmEϕ(Ω) =

{
u ∈ Eϕ(Ω) : ∀|α| ≤ m, Dαu ∈ Eϕ(Ω)

}
.

where α = (α1, ..., αn) with nonnegative integers αi, |α| = |α1| + ... + |αn| and Dαu
denote the distributional derivatives. The space WmLϕ(Ω) is called the Musielak-
Orlicz Sobolev space.
Let

ρϕ,Ω(u) =
∑
|α|≤m

ρϕ,Ω

(
Dαu

)
and ‖u‖mϕ,Ω = inf

{
λ > 0 : ρϕ,Ω

(u
λ

)
≤ 1
}
.

For u ∈WmLϕ(Ω) there functionals are a convex modular and a norm on WmLϕ(Ω),

respectively, and the pair
(
WmLϕ(Ω), ‖ · ‖mϕ,Ω

)
is a Banach space if ϕ satisfies the

following condition [29] :

there exist a constant c > 0 such that inf
x∈Ω

ϕ(x, 1) ≥ c. (4)

The space WmLϕ(Ω) will always be identified to a subspace of the product∏
|α|≤m

Lϕ(Ω) = ΠLϕ, this subspace is σ(ΠLϕ,ΠEψ) closed.

We denote by D(Ω) the space of infinitely smooth functions with compact support
in Ω and by D(Ω)) the restriction of D(RN ) on Ω.

Let Wm
0 Lϕ(Ω) be the σ(ΠLϕ,ΠEψ) closure of D(Ω) in WmLϕ(Ω).

Let WmEϕ(Ω) the space of functions u such that u and its distribution derivatives up
to order m lie in Eϕ(Ω), and Wm

0 Eϕ(Ω) is the (norm) closure of D(Ω) in WmLϕ(Ω).
The following spaces of distributions will also be used :

W−mLψ(Ω) =

{
f ∈ D′(Ω); f =

∑
|α|≤m

(−1)|α|Dαfα with fα ∈ Lψ(Ω)

}
.

and

W−mEψ(Ω) =

{
f ∈ D′(Ω); f =

∑
|α|≤m

(−1)|α|Dαfα with fα ∈ Eψ(Ω)

}
.

We say that a sequence of functions un ∈ WmLϕ(Ω) is modular convergent to u ∈
WmLϕ(Ω) if there exists a constant k > 0 such that

lim
n→∞

ρϕ,Ω

(un − u
k

)
= 0.

For two Musielak-Orlicz functions ϕ and ψ the following inequality is called the Young
inequality [29]:

ts ≤ ϕ(x, t) + ψ(x, s), ∀t, s ≥ 0, x ∈ Ω. (5)
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This inequality implies the inequality

‖|u|‖ϕ,Ω ≤ ρϕ,Ω(u) + 1. (6)

In Lϕ(Ω) we have the relation between the norm and the modular

‖u‖ϕ,Ω ≤ ρϕ,Ω(u) if ‖u‖ϕ,Ω > 1. (7)

‖u‖ϕ,Ω ≥ ρϕ,Ω(u) if ‖u‖ϕ,Ω ≤ 1. (8)

For two complementary Musielak-Orlicz functions ϕ and ψ let u ∈ Lϕ(Ω) and v ∈
Lψ(Ω) we have the Holder inequality∣∣∣∣ ∫

Ω

u(x)v(x)dx

∣∣∣∣ ≤ ‖u‖ϕ,Ω‖v‖ψ,Ω. (9)

Lemma 2.1. [11] Let Ω be a bounded Lipschitz domain in RN and let ϕ and ψ be
two complementary Musielak-Orlicz functions which satisfy the following conditions:
i): There exist a constant c > 0 such that inf

x∈Ω
ϕ(x, 1) ≥ c.

ii): There exist a constant A > 0 such that for all x, y ∈ Ω with |x − y| ≤ 1

2
we

have

ϕ(x, t)

ϕ(y, t)
≤ t

A

log

(
1

|x−y|

)
, ∀t ≥ 1. (10)

iii):

If D ⊂ Ω is a bounded measurable set, then

∫
D

ϕ(x, 1)dx <∞. (11)

iv): There exist a constant C > 0 such that ψ(x, 1) ≤ C a.e in Ω.
Under this assumptions, D(Ω) is dense in Lϕ(Ω) with respect to the modular topol-

ogy, D(Ω) is dense in W 1
0Lϕ(Ω) for the modular convergence and D(Ω) is dense in

W 1Lϕ(Ω) the modular convergence.

Consequently, the action of a distribution S in W−1Lψ(Ω) on an element u of

W 1
0Lϕ(Ω) is well defined. It will be denoted by < S, u >.
Truncation operator. For k > 0 we define the truncation at height k: Tk : R −→ R

by:

Tk(s) =

{
s if |s| ≤ k.

k
s

|s|
if |s| > k. (12)

Lemma 2.2. [10] Let F : R −→ R be uniformly Lipschitzian, with F (0) = 0. Let
ϕ be a Musielak- Orlicz function and let u ∈ W 1

0Lϕ(Ω). Then F (u) ∈ W 1
0Lϕ(Ω).

Moreover, if the set D of discontinuity points of F ′ is finite, we have

∂

∂xi
F (u) =

 F ′(u)
∂u

∂xi
a.e in {x ∈ Ω : u(x) ∈ D}.

0 a.e in {x ∈ Ω : u(x) 6∈ D}.

Lemma 2.3. [4] Let (fn), f ∈ L1(Ω) such that
i): fn ≥ 0 a.e in Ω.
ii): fn −→ f a.e in Ω.

iii):

∫
Ω

fn(x)dx −→
∫

Ω

f(x)dx.
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then fn −→ f strongly in L1(Ω).

Lemma 2.4. [10] If a sequence gn ∈ Lϕ(Ω) converges in measure to a measurable
function g and if gn remains bounded in Lϕ(Ω), then g ∈ Lϕ(Ω) and gn ⇀ g for
σ(ΠLϕ,ΠEψ).

Lemma 2.5. [19] Under the assumptions of Lemma 2.1, that exists a constant c > 0
depends only of Ω such that∫

Ω

ϕ(x, |u(x)|)dx ≤
∫

Ω

ϕ(x, c|∇u(x)|)dx. (13)

Proof. The proof is more detailed in [19]. It suffices to show that∫
Ω

ϕ(x, |u(x)|)dx ≤
∫

Ω

ϕ
(
x, 2d

∣∣∣ ∂u
∂x1

(x)
∣∣∣)dx, ∀u ∈W 1

0Lϕ(Ω). (14)

where d = max
(

diam(Ω),
1

diam(Ω)

)
and diam(Ω) is the diameter of Ω.

First suppose that u ∈ D(Ω), then

ϕ(x, |u(x1, ..., xn)|) = ϕ
(
x,

∫ x1

−∞

∣∣∣ ∂u
∂x1

∣∣∣(σ, x2, ..., xn)dσ
)
,

≤ 1

d

∫ +∞

−∞
ϕ
(
x, d
∣∣∣ ∂u
∂x1

∣∣∣(σ, x2, ..., xn)
)
dσ,

and thus ∫
Ω

ϕ(x, |u(x)|)dx ≤
∫

Ω

ϕ
(
x, d
∣∣∣ ∂u
∂x1

(x)
∣∣∣)dx, ∀u ∈ D(Ω). (15)

For u ∈W 1
0Lϕ(Ω) according to Lemma 2.1, we have that exists un ∈ D(Ω) and λ > 0

such that

%ϕ,Ω

(un − u
λ

)
= 0, as n −→ +∞,

hence 

∫
Ω

ϕ
(
x,
|un − u|

λ

)
dx −→ 0, as n −→ +∞,∫

Ω

ϕ
(
x,
|∇un −∇u|

λ

)
dx −→ 0, as n −→ +∞,

un −→ u a.e in Ω, ( for a subsequence still denote un).

Then, we have∫
Ω

ϕ
(
x,
|u(x)|
2dλ

)
dx ≤ lim inf

n−→+∞

∫
Ω

ϕ
(
x,
|un(x)|

2dλ

)
dx

≤ lim inf
n−→+∞

∫
Ω

ϕ
(
x,

1

2λ

∣∣∣∂un
∂x1

(x)
∣∣∣)dx

= lim inf
n−→+∞

∫
Ω

ϕ
(
x,

1

2λ

∣∣∣∂un
∂x1

(x)− ∂u

∂x1
(x) +

∂u

∂x1
(x)
∣∣∣)dx

≤ 1

2
lim inf
n−→+∞

∫
Ω

ϕ
(
x,

1

λ

∣∣∣∂un
∂x1

(x)− ∂u

∂x1
(x)
∣∣∣)dx

+
1

2

∫
Ω

ϕ
(
x,

1

λ

∣∣∣ ∂u
∂x1

(x)
∣∣∣)dx

≤
∫

Ω

ϕ
(
x,

1

λ

∣∣∣ ∂u
∂x1

(x)
∣∣∣)dx.
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Hence ∫
Ω

ϕ
(
x, |u(x)|

)
dx ≤

∫
Ω

ϕ
(
x, 2d

∣∣∣ ∂u
∂x1

(x)
∣∣∣)dx, ∀u ∈W 1

0Lϕ(Ω).

�

Lemma 2.6. [The Nemytskii Operator] [4] Let Ω be an open subset of RN with finite
measure and let ϕ and ψ be two Musielak-Orlicz functions. Let f : Ω×Rp −→ Rq be
a Carathéodory function such that for a.e. x ∈ Ω and all s ∈ Rp :

|f(x, s)| ≤ c(x) + k1ψ
−1
x ϕ(x, k2|s|). (16)

where k1 and k2 are real positives constants and c(·) ∈ Eψ(Ω).
Then the Nemytskii Operator Nf defined by Nf (u)(x) = f(x, u(x)) is continuous from(

P(Eϕ(Ω),
1

k2

)p
=
∏{

u ∈ Lϕ(Ω) : d(u,Eϕ(Ω)) <
1

k2

}
.

into (Lψ(Ω))q for the modular convergence.
Furthermore if c(·) ∈ Eγ(Ω) and γ ≺≺ ψ then Nf is strongly continuous from(
P(Eϕ(Ω),

1

k2

)p
to (Eγ(Ω))q.

3. Essential assumptions and some main results

Let Ω be a bounded open subset of RN , N ≥ 2, satisfying the segment property.
Let

A : D(A) ⊂W 1
0Lϕ(Ω) −→W−1Lψ(Ω)

be a mapping given by A(u) = −div(a(x, u,∇u)), where a is a function satisfying the
following conditions :

a(x, s, ξ) : Ω× R× RN −→ RN is a Carathéodory function. (17)

There exist two Musielak-Orlicz functions ϕ and γ such that γ ≺≺ ϕ, a positive
function d(·) ∈ Eψ(Ω) and positive constants ν, β such that for a.e. x ∈ Ω and for all

s ∈ R, ξ ∈ RN

|a(x, s, ξ)| ≤ β
(
d(x) + ψ−1

x γ(x, ν|s|) + ψ−1
x ϕ(x, ν|ξ|)

)
. (18)(

a(x, s, ξ)− a(x, s, ξ′)
)
(ξ − ξ′) > 0. (19)

a(x, s, ξ).ξ ≥ αϕ(x, |ξ|). (20)

Furthermore, let g(x, s, ξ) : Ω×R×RN −→ R be a Carathéodory function such that
for a.e. x ∈ Ω and for all s ∈ R, ξ ∈ RN , the following growth condition

|g(x, s, ξ)| ≤ c(x) + b(|s|)ϕ(x, |ξ|) (21)

is satisfied, where b : R+ −→ R+ is a continuous positive function which belongs to
L1(R+) and c(·) ∈ L1(Ω).

We consider the following boundary value problem

(P)

{
A(u) + g(., u,∇u) = f ∈ L1(Ω), in Ω

u ≡ 0, ∂Ω.

Lemma 3.1. [Technical Lemma] Assume that (17)...(20) are satisfies and let (zn)n
be a sequence in W 1

0Lϕ(Ω) such that

i): zn ⇀ z in W 1
0Lϕ(Ω) for σ(ΠLϕ,ΠEψ).
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ii): (a(·, zn,∇zn))n is bounded in (Lψ(Ω))N .

iii):

∫
Ω

(
a(x, zn,∇zn)− a(x, zn,∇zχs)

)
(∇zn −∇zχs)dx −→ 0 as n, s −→∞.

where χs is the characteristic function of Ωs = {x ∈ Ω : |∇z| ≤ s}.
Then, we have

zn −→ z for the modular convergence in W 1
0Lϕ(Ω).

Proof. Let s > 0 and Ωs = {x ∈ Ω : |∇z| ≤ s} and denote by χs the Characteristic
function of Ωs.
Fix r > 0 and let s > r, we have

0 ≤
∫

Ωr

(
a(x, zn,∇zn)− a(x, zn,∇z)

)
(∇zn −∇z)dx

≤
∫

Ωs

(
a(x, zn,∇zn)− a(x, zn,∇z)

)
(∇zn −∇z)dx

=

∫
Ωs

(
a(x, zn,∇zn)− a(x, zn,∇zχs)

)
(∇zn −∇zχs)dx

≤
∫

Ω

(
a(x, zn,∇zn)− a(x, zn,∇zχs)

)
(∇zn −∇zχs)dx.

By iii), we obtain

lim
n−→∞

∫
Ωr

(
a(x, zn,∇zn)− a(x, zn,∇z)

)
(∇zn −∇z)dx = 0.

So as in [22], we have

∇zn −→ ∇z a.e. in Ω. (22)

On the other hand, we have∫
Ω

a(x, zn,∇zn)∇zndx =

∫
Ω

(
a(x, zn,∇zn)− a(x, zn,∇zχs)

)
(∇zn −∇zχs)dx

+

∫
Ω

a(x, zn,∇zχs)(∇zn −∇zχs)dx+

∫
Ω

a(x, zn,∇zn)∇zχsdx. (23)

Since (a(·, zn,∇zn))n is bounded in (Lψ(Ω))N and using the almost every where
convergence of the gradients we obtain

a(x, zn,∇zn) ⇀ a(x, z,∇z) weakly in (Lψ(Ω))N for σ(ΠLψ,ΠEϕ).

Which implies that∫
Ω

a(x, zn,∇zn)∇zχsdx −→
∫

Ω

a(x, z,∇z)∇zχsdx. (24)

Letting s −→∞, we obtain∫
Ω

a(x, z,∇z)∇zχsdx −→
∫

Ω

a(x, z,∇z)∇zdx. (25)

On the other hand, it is easy to see that second term of the right hand side of (23)
tends to 0, as n −→∞, consequently, from iii), (24) and (25), we have∫

Ω

a(x, zn,∇zn)∇zndx −→
∫

Ω

a(x, z,∇z)∇zdx. (26)
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Using (20) and the convexity of ϕ, we have

αϕ
(
x,
|∇zn −∇z|

2

)
≤ 1

2
a(x, zn,∇zn) · ∇zn +

1

2
a(x, z,∇z) · ∇z.

Then by (26) we get

lim
meas(E)−→0

sup
n∈N

∫
E

ϕ
(
x,
|∇zn −∇z|

2

)
dx = 0.

Then by using Vitali’s theorem one has

zn −→ z for the modular convergence in W 1
0Lϕ(Ω).

�

We define

T 1,ϕ
0 (Ω) =

{
u measurable such that Tk(u) ∈W 1

0Lϕ(Ω), ∀k > 0
}
.

As in [14], we define the following notion of renormalized solution, which gives a
meaning to a possible solution of (P).

Definition 3.1. Assume that (17)-(20), (21) hold true. A function u is a renormalized
solution of the problem (P) if

u ∈ T 1,ϕ
0 (Ω), g(., u,∇u) ∈ L1(Ω), g(., u,∇u)u ∈ L1(Ω)∫

Ω

a(x, u,∇u)h(u)∇vdx+

∫
Ω

a(x, u,∇u)h′(u)∇uvdx+

∫
Ω

g(x, u,∇u)h(u)vdx

=

∫
Ω

fh(u)vdx

for all h ∈W 1,∞(R) such that h′ has a compact support in R
and for all v ∈W 1

0Lϕ(Ω) ∩ L∞(Ω).
(27)

The weaker problem (27) is obtained by using the test function h(u)v where h ∈
W 1,∞(R). and v ∈W 1

0Lϕ(Ω) ∩ L∞(Ω) in (P).

Remark 3.1. Let us note that in (27) every term is meaningful in the distributional
sense.

Theorem 3.2. Under assumptions (17)-(20), (21), there exists at least a renormal-
ized solution u (in the sense of definition 3.1) of problem (P).

Proof. We devide the proof into seven steps.
Step 1: Approximate problem. Let us define, for each k > 0, the truncation

Tk(s) =

{
s if |s| ≤ k

k
s

|s|
if |s| > k

and, for each n ∈ N the approximation

gn(x, s, ξ) = Tn(g(x, s, ξ)).

Consider the nonlinear boundary elliptic problem{
un ∈W 1

0Lϕ(Ω)

−div
(
a(·, un,∇un)

)
+ gn(·, un,∇un) = fn in D′(Ω).

(28)
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where fn be a sequence of regular functions which strongly converge to f in L1(Ω)
such that ‖fn‖L1(Ω) ≤ ‖f‖L1(Ω).

From Benkirane and Ould Mohameden Vall in [10], the problem (28), have at least
one solution un.

Step 2: A priori estimates. Let B(s) =
1

α

∫ s

0

b(|τ |)dτ , 0 ≤ B(s) ≤ B(+∞) =

1

α

∫ s

0

b(|τ |)dτ <∞ (b is the function in (21)).

Using σ = Tk(un)eB(|un|) as test function in (Pn), we obtain∫
Ω

a(x, un,∇un)∇
(
Tk(un)eB(|un|)

)
dx +

∫
Ω

gn(x, un,∇un)Tk(un)eB(|un|)dx

=

∫
Ω

fnTk(un)eB(|un|)dx.

Then by using (21) and the fact that

∇
(
Tk(un)eB(|un|)

)
= ∇Tk(un)eB(|un|) +

1

α
Tk(un)sign(un)b(|un|)∇uneB(|un|)

= ∇Tk(un)eB(|un|) +
1

α
|Tk(un)|b(|un|)∇uneB(|un|),

we have∫
Ω

a(x, un,∇un)∇Tk(un)eB(|un|)dx+
1

α

∫
Ω

a(x, un,∇un)∇unb(|un|)|Tk(un)|eB(|un|)dx

≤
∫

Ω

(
|fn|+ |c(x)|

)
|Tk(un)|eB(|un|)dx+

∫
Ω

b(|un|)|Tk(un)|ϕ(x, |∇un|)eB(|un|)dx.

By using (20) in the second integral, we deduce that∫
Ω

a(x, Tk(un),∇Tk(un))∇Tk(un)eB(|un|)dx+

∫
Ω

ϕ(x, |∇un|)b(|un|)|Tk(un)|eB(|un|)dx

≤ keB(+∞)

∫
Ω

(
|fn|+ |c(x)|

)
dx+

∫
Ω

ϕ(x, |∇un|)b(|un|)|Tk(un)|eB(|un|)dx.

Hence∫
Ω

a(x, Tk(un),∇Tk(un))∇Tk(un)eB(|un|)dx ≤ keB(+∞)

∫
Ω

(
|fn|+ |c(x)|

)
dx

≤ ck. (29)

Using again the condition (20)∫
Ω

ϕ
(
x, |∇Tk(un)|

)
dx ≤ c1k. (30)

By using the Lemma 2.5, we have∫
Ω

ϕ
(
x,
|Tk(un)|

c

)
dx ≤

∫
Ω

ϕ
(
x, |∇Tk(un)|

)
dx ≤ c2k. (31)

Then (Tk(un))n and (∇Tk(un))n are bounded in Lϕ(Ω), hence (Tk(un))n is bounded

in W 1
0Lϕ(Ω), there exists some vk ∈W 1

0Lϕ(Ω) such that{
Tk(un) ⇀ vk weakly in W 1

0Lϕ(Ω) for σ(ΠLϕ,ΠEψ)
Tk(un) −→ vk strongly in Eψ(Ω).

(32)
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Step 3: Convegence in measure of (un)n. Assume that exists a function M

satisfies lim
t−→∞

M(t)

t
=∞ and M(t) ≤ ess inf

x∈Ω
ϕ(x, t).

Let k > 0 large enough, by using (31), we have

M(k)meas{|un| > k} =

∫
{|un|>k}

M(|Tk(un)|)dx

≤
∫
{|un|>k}

ϕ
(
x, |Tk(un)|

)
dx ≤

∫
Ω

ϕ
(
x, |Tk(un)|

)
dx

≤ c3k.

Hence

meas{|un| > k} ≤ c3k

M(k)
−→ 0 as k −→∞.

For every λ > 0, we have

meas{|un − um| > λ} ≤ meas{|un| > k}+ meas{|um| > k}
+ meas{|Tk(un)− Tk(um)| > λ}. (33)

Consequently, by (31) we can assume that (Tk(un))n is a Cauchy sequence in measure
in Ω.
Let ε > 0, then by (33) there exists some k = k(ε) > 0 such that

meas{|un − um| > λ} < ε, for all n,m ≥ h0(k(ε), λ).

This prove that (un)n is a Cauchy sequence in measure in Ω, thus converge almost
every where to some measurables functions u. Then{

Tk(un) ⇀ Tk(u) weakly in W 1
0Lϕ(Ω) for σ(ΠLϕ,ΠEψ)

Tk(un) −→ Tk(u) strongly in Eψ(Ω).
(34)

Step 4: Boundness of (a(x, Tk(un),∇Tk(un)))n in (Lψ(Ω))N . Let w ∈ (Eϕ(Ω)N

be arbitrary such that ‖w‖ϕ,Ω ≤ 1, by (19), one has(
a(x, Tk(un),∇Tk(un))− a(x, Tk(un),

w

ν
)
)(
∇Tk(un)− w

ν

)
> 0.

hence∫
Ω

a(x, Tk(un),∇Tk(un))
w

ν
dx ≤

∫
Ω

a(x, Tk(un),∇Tk(un))∇Tk(un)dx

−
∫

Ω

a(x, Tk(un),
w

ν
)(∇Tk(un)− w

ν
)dx. (35)

Thanks to (29), we have∫
Ω

a(x, Tk(un),∇Tk(un))∇Tk(un)dx ≤ ck.

On the other hand, for λ large enough (λ > β), we have by using (17).∫
Ω

ψx

(a(x, Tk(un), wν )

3λ

)
dx



EXISTENCE OF RENORMALIZED SOLUTIONS ... 201

≤
∫

Ω

ψx

(β(d(x) + ψ−1
x (γ(x, ν|Tk(un)|)) + ψ−1

x (ϕ(x, |w|))
)

3λ

)
dx

≤ β

λ

∫
Ω

ψx

(d(x) + ψ−1
x (γ(x, ν|Tk(un)|)) + ψ−1

x (ϕ(x, |w|))
3

)
dx

≤ β

3λ

(∫
Ω

ψx(d(x))dx+

∫
Ω

γ(x, ν|Tk(un)|)dx+

∫
Ω

ϕ(x, |w|)dx
)

≤ β

3λ

(∫
Ω

ψx(d(x))dx+

∫
Ω

γ(x, νk)dx+

∫
Ω

ϕ(x, |w|)dx
)
.

Now, since γ grows essentially less rapidly than ϕ near infinity ad by using the Remark
2.1, there exists r(k) > 0 such that γ(x, νk) ≤ r(k)ϕ(x, 1) and so we have∫

Ω

ψx

(a(x, Tk(un), wν )

3λ

)
dx

≤ β

3λ

(∫
Ω

ψx(d(x))dx+ r(k)

∫
Ω

ϕ(x, 1)dx+

∫
Ω

ϕ(x, |w|)dx
)
.

hence a(x, Tk(un),
w

ν
) is bounded in (Lψ(Ω))N .

Which implies that second term of the right hand side of (35) is bounded, consequently
we obtain∫

Ω

a(x, Tk(un),∇Tk(un))wdx ≤ c4(k), for all w ∈ (Lϕ(Ω))N with ‖w‖ϕ,Ω ≤ 1.

Hence by the theorem of Banach Steinhous the sequence (a(x, Tk(un),∇Tk(un)))n
remains bounded in (Lψ(Ω))N .

Which implies that, for all k > 0 there exists a function hk ∈ (Lψ(Ω))N such that

a(x, Tk(un),∇Tk(un)) ⇀ hk weakly in (Lψ(Ω))N for σ(ΠLψ,ΠEϕ). (36)

Step 5: Almost everywhere convergence of gradients
For h > 2k > 0, we set bk = sup{b(s) : |s| ≤ k} and

wjn,h = T2k(un − Th(un) + Tk(un)− Tk(vj)),

wjh = T2k(u− Th(u) + Tk(u)− Tk(vj)),

wj = T2k(Tk(u)− Tk(vj)),

wh = T2k(u− Th(u)).

Let vj ∈ D(Ω) be a sequence such that vj −→ u in W 1
0Lϕ(Ω) for the modular

convergence.

Let θk(s) = seδs
2

, with δ >
( bk

2α

)2

, it is clear to see that

θ′k(s)− bk
α
|θk(s)| ≥ 1

2
, ∀s ∈ R. (37)
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Using σ = θk(wjn,h)eB(|un|) as test function in (Pn), we have∫
Ω

a(x, un,∇un)∇wjn,hθ
′
k(wjn,h)eB(|un|)dx+

∫
Ω

gn(x, un,∇un)θk(wjn,h)eB(|un|)dx

+

∫
Ω

a(x, un,∇un)∇unθk(wjn,h)
b(|un|)
α

sign(un)eB(|un|)dx

=

∫
Ω

fnθk(wjn,h)eB(|un|)dx.

Note that θk(wjn,h) have the same sign as un on the set {|un| > k}, then by using

(21), we have∫
Ω

a(x, un,∇un)∇wjn,hθ
′
k(wjn,h)eB(|un|)dx

+

∫
{|un|>k}

a(x, un,∇un)∇un|θk(wjn,h)|b(|un|)
α

eB(|un|)dx

−
∫
{|un|≤k}

a(x, un,∇un)∇un|θk(wjn,h)|b(|un|)
α

eB(|un|)dx

≤
∫

Ω

(|fn|+ c(x))|θk(wjn,h)|eB(|un|)dx+

∫
Ω

b(|un|)ϕ(x, |∇un|)|θk(wjn,h)|eB(|un|)dx.

Using (18) in the second integral of the first hand side of last inequality, we obtain∫
Ω

a(x, un,∇un)∇wjn,hθ
′
k(wjn,h)eB(|un|)dx−

∫
{|un|≤k}
a(x, un,∇un)∇un|θk(wjn,h)|b(|un|)

α
eB(|un|)dx

+

∫
{|un|>k}

ϕ(x, |∇un|)|θk(wjn,h)b(|un|)eB(|un|)dx

≤
∫

Ω

(|fn|+ c(x))|θk(wjn,h)|eB(|un|)dx+

∫
{|un|≤k}

b(|un|)ϕ(x, |∇un|)|θk(wjn,h)|eB(|un|)dx

+

∫
{|un|>k}

ϕ(x, |∇un|)|θk(wjn,h)b(|un|)eB(|un|)dx.

Hence∫
Ω

a(x, un,∇un)∇wjn,hθ
′
k(wjn,h)eB(|un|)dx−

∫
{|un|≤k}
a(x, un,∇un)∇un|θk(wjn,h)|b(|un|)

α
eB(|un|)dx

−
∫
{|un|≤k}

b(|un|)ϕ(x, |∇un|)|θk(wjn,h)|eB(|un|)dx

≤
∫

Ω

(|fn|+ c(x))|θk(wjn,h)|eB(|un|)dx.

Using (18) in the third integral of the right hand side, we obtain∫
Ω

a(x, un,∇un)∇wjn,hθ
′
k(wjn,h)eB(|un|)dx− 2bk

α

∫
{|un|≤k}
a(x, un,∇un)∇un|θk(wjn,h)eB(|un|)dx

≤ e
‖b‖

L1(R)
α

∫
Ω

(|fn|+ c(x))|θk(wjn,h)|dx.
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In the other hand we have, θk(wjn,h) ⇀ θk(wjh) weakly * in L∞(Ω) as n −→ ∞ and

θk(wjh) −→ θk(wh) by the modular convergence of (vj)j in Lϕ(Ω) as j −→∞.
Then∫

Ω

(|fn|+ c(x))|θk(wjn,h)|dx −→
∫

Ω

(|f |+ c(x))|θk(wh)|dx, as n, j −→∞.

So, we have∫
Ω

a(x, un,∇un)∇wjn,hθ
′
k(wjn,h)eB(|un|)dx− 2bk

α

∫
{|un|≤k}
a(x, un,∇un)∇un|θk(wjn,h)eB(|un|)dx

≤ ε(n, j, h). (38)

Splitting the first integral of the right hand side where {|un| ≤ k} and {|un| > k} and

using the fact that ∇wjn,j = 0 on the set {|un| > m := h+ 4k}, we obtain∫
Ω

a(x, Tm(un),∇Tm(un))∇wjn,hθ
′
k(wjn,h)eB(|un|)dx =∫

{|un|≤k}
a(x, Tm(un),∇Tm(un))

(
∇Tk(un)−∇Tk(vj)

)
θ′k(wjn,h)eB(|un|)dx.

−
∫
{|un|>k}

a(x, Tm(un),∇Tm(un))∇wjn,hθ
′
k(wjn,h)eB(|un|)dx. (39)

The first term of the right hand side of last equality can write as∫
{|un|≤k}

a(x, Tm(un),∇Tm(un))∇wjn,hθ
′
k(wjn,h)eB(|un|)dx ≥∫

Ω

a(x, Tk(un),∇Tk(un))
(
∇Tk(un)−∇Tk(vj)

)
θ′k(wjn,h)eB(|un|)dx.

−e
‖b‖

L1(R)
α θ′k(2k)

∫
{|un|>k}

|a(x, Tk(un), 0)||∇Tk(vj)|dx. (40)

Recalling that |a(x, Tk(un), 0)|χ{|un|>k} converge to |a(x, Tk(u), 0)|χ{|u|>k} strongly
in Lϕ(Ω), moreover, since |∇Tk(vj)| converge by the modular convergence to ∇Tk(u),
then

−e
‖b‖

L1(R)
α θ′k(2k)

∫
{|un|>k}

|a(x, Tk(un), 0)||∇Tk(vj)|dx = ε(n, j).

For the second term of the right hand side of (39), we can write∫
{|un|>k}

a(x, Tm(un),∇Tm(un))∇wjn,hθ
′
k(wjn,h)eB(|un|)dx ≥

−e−
‖b‖

L1(R)
α θ′k(2k)

∫
{|un>k|}

|a(x, Tm(un),∇Tm(un))||∇Tk(vj)|dx. (41)

Since |a(x, Tm(un),∇Tm(un))| is bounded in Lψ(Ω) and since also ∇vjχ{|un|>k} con-
verge to ∇vjχ{|u|>k} strongly in Eϕ(Ω) as n −→∞, we obtain by using (36) that the
integral

−θ′k(2k)

∫
{|un|>k}

|a(x, Tm(un),∇Tm(un))||∇Tk(vj)|dx.
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converge as n −→∞ to the quantity

−θ′k(2k)

∫
{|u|>k}

hm|∇Tk(vj)|dx.

Using now the modular convergence of (vj)j , we get

−θ′k(2k)

∫
{|u|>k}

hm|∇Tk(vj)|dx −→ −θ′k(2k)

∫
{|u|>k}

hm|∇Tk(u)|dx = 0.

Finally, we have

−θ′k(2k)

∫
{|un|>k}

|a(x, Tm(un),∇Tm(un))||∇Tk(vj)|dx = εh(n, j). (42)

So, we deduce that∫
Ω

a(x, Tm(un),∇Tm(un))∇wjn,hθ
′
k(wjn,h)eB(|un|)dx ≥ (43)∫

Ω

a(x, Tk(un),∇Tk(un))(∇Tk(un)−∇Tk(vj))θ
′
k(wjn,h)eB(|un|)dx+ ε(n, j, h).

Which implies by (43)∫
Ω

a(x, Tm(un),∇Tm(un))∇wjn,hθ
′
k(wjn,h)eB(|un|)dx

≥
∫

Ω

(
a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(vj)χ

j
s)
)

× (∇Tk(un)−∇Tk(vj)χ
j
s)θ
′
k(wjn,h)eB(|un|)dx

+

∫
Ω

a(x, Tk(un),∇Tk(vj)χ
j
s)(∇Tk(un)−∇Tk(vj)χ

j
s)θ
′
k(wjn,h)eB(|un|)dx

−
∫

Ω\Ωjs
a(x, Tk(un),∇Tk(un))∇Tk(vj)θ

′
k(wjn,h)eB(|un|)dx+ ε(n, j, h). (44)

where χjs is the characteristic function of the set Ωjs = {x ∈ Ω : |∇Tk(vj)| ≤ s}.
By the fact that∇Tk(vj)χΩ\Ωjsθ

′
k(wjn,h) −→ ∇Tk(vj)χΩ\Ωjsθ

′
k(wjh) strongly in (Eϕ(Ω))N ,

the third term of the right hand side of (44) tends as n −→∞ to∫
Ω

hk∇Tk(vj)χΩ\Ωjsθ
′
k(wjh)eB(|u|)dx.

Letting now j −→∞, by using the modular convergence of (vj)j , we have∫
Ω

hk∇Tk(vj)χΩ\Ωjsθ
′
k(wjh)eB(|u|)dx −→

∫
Ω

hk∇Tk(u)χΩ\Ωsθ
′
k(wh)eB(|u|)dx.

Finally, we have ∫
Ω\Ωjs

a(x, Tk(un),∇Tk(un))∇Tk(vj)θ
′
k(wjh)eB(|un|)dx

=

∫
Ω

hk∇Tk(u)χΩ\Ωsθ
′
k(0)eB(|u|)dx+ ε(n, j, h). (45)
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Concerning the second term of the right hand side of (44), we can write∫
Ω

a(xTk(un),∇Tk(vj)χ
j
s)
(
∇Tk(un)−∇Tk(vj)χ

j
s

)
θ′k(wjn,h)eB(|un|)dx

=

∫
Ω

a(x, Tk(un),∇Tk(vj)χ
j
s)∇Tk(un)θ′k(Tk(un)− Tk(vj))e

B(|un|)dx

−
∫

Ω

a(x, Tk(un),∇Tk(vj)χ
j
s)∇Tk(vj)χ

j
sθ
′
k(wjn,j)e

B(|un|)dx. (46)

The first term of the right hand side of (46) tends as n −→∞ to the quantity∫
Ω

a(x, Tk(u),∇Tk(vj)χ
j
s)∇Tk(u)θ′k(Tk(u)− Tk(vj))e

B(|u|)dx.

Since a(x, Tk(un),∇Tk(vj)χ
j
s)θ
′
k(Tk(un) − Tk(vj)) converge strongly as n −→ ∞ in

(Eψ(Ω))N to the quantity a(x, Tk(u),∇Tk(vj)χ
j
s)θ
′
k(Tk(u) − Tk(vj)), by the Lemma

2.6 and that ∇Tk(un) ⇀ ∇Tk(u) weakly by σ(ΠLϕ,ΠEψ) in Lϕ(Ω).
For the second term of the right hand side of (46), it is easy to see that∫

Ω

a(x, Tk(un),∇Tk(vj)χ
j
s)∇Tk(vj)χ

j
sθ
′
k(wjn,h)eB(|un|)dx

−→
∫

Ω

a(x, Tk(u),∇Tk(vj)χ
j
s)∇Tk(vj)χ

j
sθ
′
k(wjh)eB(|u|)dx. (47)

Consequently, we have∫
Ω

a(x, Tk(un),∇Tk(vj)χ
j
s)
(
∇Tk(un)−∇Tk(vj)χ

j
s

)
θ′k(wjn,h)eB(|un|)dx

=

∫
Ω

a(x, Tk(u),∇Tk(vj)χ
j
s)
(
∇Tk(u)−∇Tk(vj)χ

j
s

)
θ′k(wjh)eB(|u|)dx+ ε(n).

Since ∇Tk(vj)χ
j
sθ
′
k(wjh) −→ ∇Tk(u)χsθ

′
k(wh) in (Eϕ(Ω))N by the modular conver-

gence as j −→∞, it is easy to see that∫
Ω

a(x, Tk(u),∇Tk(vj)χ
j
s)
(
∇Tk(u)−∇Tk(vj)χ

j
s

)
θ′k(wjh)eB(|u|)dx

−→
∫

Ω\Ωs
a(x, Tk(u), 0)∇Tk(u)θ′k(wh)eB(|u|)dx.

Thus ∫
Ω

a(x, Tk(un),∇Tk(vj)χ
j
s)
(
∇Tk(un)−∇Tk(vj)χ

j
s

)
θ′k(wjn,h)eB(|un|)dx

=

∫
Ω\Ωs

a(x, Tk(u), 0)∇Tk(u)θ′k(0)eB(|u|)dx+ ε(n, j, h). (48)
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Combining (44), (45) and (48), we get∫
Ω

a(x, Tm(un),∇Tm(un))∇wjn,hθ
′
k(wjn,h)eB(|un|)dx

≥
∫

Ω

[
a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(vj)χ

j
s)
]

×
(
∇Tk(un)−∇Tk(vj)χ

j
s

)
θ′k(wjn,h)eB(|un|)dx

−
∫

Ω\Ωs
hk∇Tk(u)θ′k(0)eB(|u|)dx

+

∫
Ω\Ωs

a(x, Tk(u), 0)∇Tk(u)θ′k(0)eB(|u|)dx+ ε(n, j, h). (49)

Concerning the second term of the first hand side of (38), we can write

− 2bk
α

∫
{|un|≤k}

a(x, un,∇un)∇un|θk(wjn,h)|eB(|un|)dx

= −2bk
α

∫
Ω

a(x, Tk(un),∇Tk(un))∇Tk(un)|θk(wjn,h)|eB(|un|)dx

= −2bk
α

∫
Ω

(
a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(vj)χ

j
s)
)

×
(
∇Tk(un)−∇Tk(vj)χ

j
s

)
|θk(wjn,h)|eB(|un|)dx

− 2bk
α

∫
Ω

a(x, Tk(un),∇Tk(vj)χ
j
s)
(
∇Tk(un)−∇Tk(vj)χ

j
s

)
|θk(wjn,h)|eB(|un|)dx

− 2bk
α

∫
Ω

a(x, Tk(un),∇Tk(un))∇Tk(vj)χ
j
s|θk(wjn,h)|eB(|un|)dx.

As above it is easy to show that

−2bk
α

∫
Ω

a(x, Tk(un),∇Tk(vj)χ
j
s)
(
∇Tk(un)−∇Tk(vj)χ

j
s

)
|θk(wjn,h)|eB(|un|)dx = ε(n, j, h),

and

−2bk
α

∫
Ω

a(x, Tk(un),∇Tk(un))∇Tk(vj)χ
j
s|θk(wjn,h)|eB(|un|)dx = ε(n, j, h).

Then

−2bk
α

∫
{|un|≤k}

a(x, un,∇un)∇un|θk(wjn,h)|eB(|un|)dx

= −2bk
α

∫
Ω

(
a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(vj)χ

j
s)
)

×(∇Tk(un)−∇Tk(vj)χ
j
s)|θk(wjn,h)|eB(|un|)dx

+ε(n, j, h). (50)
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Combining (38), (49) and (50), we obtain∫
Ω

[
a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(vj)χ

j
s)
](
∇Tk(un)−∇Tk(vj)χ

j
s

)
×
(
θ′k(wjn,h)− 2bk

α
|θ′k(wjn,h)|

)
eB(|un|)dx.

≤ −
∫

Ω\Ωs
hk∇Tk(u)θ′k(0)eB(|u|)dx

+

∫
Ω\Ωs

a(x, Tk(u), 0)∇Tk(u)θ′k(0)eB(|u|)dx+ ε(n, j, h). (51)

Which implies by using (37)∫
Ω

[
a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(vj)χ

j
s)
]

×
(
∇Tk(un)−∇Tk(vj)χ

j
s

)
θ′k(wjn,h)eB(|un|)dx

≤ −2

∫
Ω\Ωs

hk∇Tk(u)θ′k(0)eB(|u|)dx+ 2

∫
Ω\Ωs

a(x, Tk(u), 0)∇Tk(u)θ′k(0)eB(|u|)dx

+ε(n, j, h). (52)

Now, remark that∫
Ω

[
a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(u)χs)

](
∇Tk(un)−∇Tk(u)χs

)
dx

=

∫
Ω

[
a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(vj)χ

j
s)
](
∇Tk(un)−∇Tk(vj)χ

j
s

)
dx

+

∫
Ω

a(x, Tk(un),∇Tk(vj)χ
j
s)
(
∇Tk(un)−∇Tk(vj)χ

j
s

)
dx

−
∫

Ω

a(x, Tk(un),∇Tk(u)χs)
(
∇Tk(un)−∇Tk(u)χs

)
dx

+

∫
Ω

a(x, Tk(un),∇Tk(un))
(
∇Tk(vj)χ

j
s −∇Tk(u)χs

)
dx. (53)

We shall pass to the limit as n, j −→∞ in the last three terms of the right hand side
of the last inequality, we get∫

Ω

a(x, Tk(un),∇Tk(vj)χ
j
s)
(
∇Tk(un)−∇Tk(vj)χ

j
s

)
dx

=

∫
Ω\Ωs

a(x, Tk(u), 0)∇Tk(u)dx+ ε(n, j),

and∫
Ω

a(x, Tk(un),∇Tk(u)χs)
(
∇Tk(un)−∇Tk(u)χs

)
dx

=

∫
Ω\Ωs

a(x, Tk(u), 0)∇Tk(u)dx+ ε(n),
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similarly, we show that∫
Ω

a(x, Tk(un),∇Tk(un))
(
∇Tk(vj)χ

j
s −∇Tk(u)χs

)
dx = ε(n, j).

Which implies that∫
Ω

[
a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(u)χs)

](
∇Tk(un)−∇Tk(u)χs

)
dx

=

∫
Ω

[
a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(vj)χ

j
s)
]

×
(
∇Tk(un)−∇Tk(vj)χ

j
s

)
dx+ ε(n, j) (54)

Combining (52) and (54), we have∫
Ω

[
a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(u)χs)

](
∇Tk(un)−∇Tk(u)χs

)
dx

≤ −2

∫
Ω\Ωs

hk∇Tk(u)θ′k(0)dx+ 2

∫
Ω\Ωs

a(x, Tk(u), 0)∇Tk(u)θ′k(0)dx

+ε(n, j, h). (55)

By passing to the lim sup over n and letting j, h, s −→∞, w obtain

lim
s→∞

lim
n→∞

∫
Ω

[
a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(u)χs)

]
×
(
∇Tk(un)−∇Tk(u)χs

)
dx = 0. (56)

Thus implies by using Lemma 3.1

Tk(un) −→ Tk(u) for the modular convergence in W 1
0Lϕ(Ω). (57)

Then

∇un −→ ∇u a.e. in Ω. (58)

Step 6: The equi-integrability of gn(x, un,∇un).
We shall show that

gn(x, un,∇un)→ g(x, u,∇u) in L1(Ω). (59)

Thanks to Vitali’s theorem, it suffices to prove that gn(x, un,∇un) is a uniformly
equi-integrable.

We define the function B(s) =
2

α

∫ s

0

b(|r|)dr and we take T1(un − Th(un))eB(|un|) as

a test function in (28), we have∫
Ω

a(x, un,∇un) · ∇T1(un − Th(un))eB(|un|) dx

+
2

α

∫
Ω

a(x, un,∇un) · ∇und(|un|)|T1(un − Th(un))|eB(|un|) dx

+

∫
Ω

gn(x, un,∇un)T1(un − Th(un))eB(|un|) dx

=

∫
Ω

fnT1(un − Th(un))eB(|un|) dx.
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According to (18) and (21), we obtain

α

∫
{h<|un|≤h+1}

a(x, un,∇un)∇uneB(|un|) dx

+

∫
{h<|un|}

ϕ(x, |∇un|)b(|un|)|T1(un − Th(un))|eB(|un|) dx

≤
∫
{h<|un|}

(|fn|+ |f0|)eB(|un|) dx, (60)

it follows that∫
{h+1<|un|}

b(|un|)ϕ(x, |∇un|) dx ≤ eB(∞)

∫
{h<|un|}

(|f |+ |f0|) dx.

Thus, for all η > 0, there exists h(η) ≥ 1 such that∫
{h(η)<|un|}

b(|un|)ϕ(x, |∇un|) dx ≤
η

2
. (61)

On the other hand, we set

bh(η) := max{b(s) : |s| ≤ h(η)},

for any measurable subset E ⊆ Ω, we have∫
E

b(|un|)ϕ(x, |∇un|) dx ≤ bh(η)

∫
E

ϕ(x, |∇Th(η)(un)|) dx

+

∫
{h(η)<|un|}

b(|un|)ϕ(x, |∇un|) dx.
(62)

From (57), there exists λ(η) > 0 such that∫
E

b(|Th(η)(un)|)ϕ(x, |∇Th(η)(un)|) dx ≤ η

2
for all E such that meas(E) ≤ λ(η).

(63)
Finally, by combining (61), (62) and (63), one easily has∫

E

b(|un|)ϕ(x, |∇un|) dx ≤ η for all meas(E) ≤ β(η), (64)

using (21), we then deduce that (gn(x, un,∇un))n are equi-integrable, and since

gn(x, un,∇un)→ g(x, u,∇u) a.e. in Ω.

In view of Vitali’s theorem, we conclude (59).
Step 7: Passage to the limit.
Let h(·) ∈W 1,∞(R) be such that supp h′(·) ∈ [−M,M ] for some M > 0. For every

v ∈ D(Ω).
We have h(TM (un))v ∈ W 1

0Lϕ(Ω). Indeed, Since TM (un) is bounded in W 1
0Lϕ(Ω)

there exists two constant c > 0 depends on M such that

∫
Ω

ϕ(x, |∇TM (un)|)dx ≤ c.

Let c1 > 0 such that ‖h(TM (un)∇v‖∞ ≤ c1 and ‖h′(TM (un))v‖∞ ≤ c1.
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Then, we have by using (11)∫
Ω

ϕ
(
x,
h(TM (un))∇v + h′(TM (un))v|∇TM (un)|

2c1

)
dx

≤
∫

Ω

ϕ
(
x,
c1 + c1|∇TM (un)|

2c1

)
dx

≤ 1

2

∫
Ω

ϕ(x, 1)dx+
1

2

∫
Ω

ϕ(x, |∇TM (un)|)dx

≤ c.

Taking h(TM (un))v as a test function in (28), we obtain∫
Ω

a(x, TM (un),∇TM (un)) · (h′(TM (un))v∇TM (un) + h(TM (un))∇v)dx

+

∫
Ω

gn(x, TM (un),∇TM (un)) h(TM (un))vdx

=

∫
Ω

fn h(TM (un))vdx. (65)

We start with the first integral in (65), we have∫
Ω

a(x, TM (un),∇TM (un)) · (h′(TM (un))v∇TM (un) + h(TM (un))∇v)dx

=

∫
Ω

a(x, TM (un),∇TM (un)) · h(TM (un))∇vdx

+

∫
Ω

[
a(x, TM (un),∇TM (un))− a(x, TM (un),∇TM (u))

]
×(∇TM (un)−∇TM (u))h′(TM (un))vdx

+

∫
Ω

a(x, TM (un),∇TM (u))(∇TM (un)−∇TM (u))h′(TM (un))vdx

+

∫
Ω

a(x, TM (un),∇TM (un))∇TM (u)h′(TM (un))vdx (66)

In the following we passe to the limit as n −→ ∞, in the each terms of (66), for the
first term, we have a(x, TM (un),∇TM (un)) → a(x, TM (u),∇TM (u)) a.e. in Ω and
a(x, TM (un),∇TM (un)) is bounded in (Lψ(Ω))N , using Lemma 2.4, we get

a(x, TM (un),∇TM (un)) ⇀ a(x, TM (u),∇TM (u)) in (Lψ(Ω))N ,

and since

h(TM (un))∇v −→ h(TM (u))∇v strongly in (Eϕ(Ω))N .

we deduce that

lim
n→∞

∫
Ω

a(x, TM (un),∇TM (un)) · h(TM (un))∇vdx

=

∫
Ω

a(x, TM (u),∇TM (u)) · h(TM (u))∇vdx

=

∫
Ω

a(x, u,∇u) · h(u)∇vdx.. (67)
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For the second term on the right hand side of (66), we have an argument as in (56),
thinks to (19) and since∣∣∣∣ ∫

Ω

[
a(x, TM (un),∇TM (un))− a(x, TM (un),∇TM (u))

]
×(∇TM (un)−∇TM (u))h′(TM (un))vdx

∣∣∣∣
≤
∫

Ω

[
a(x, TM (un),∇TM (un))− a(x, TM (un),∇TM (u))

]
×(∇TM (un)−∇TM (u))‖h′(TM (un))v‖∞dx

≤ c1
∫

Ω

[
a(x, TM (un),∇TM (un))− a(x, TM (un),∇TM (u))

]
(∇TM (un)−∇TM (u))dx.

Then

lim
n−→∞

∫
Ω

[
a(x, TM (un),∇TM (un))− a(x, TM (un),∇TM (u))

]
×(∇TM (un)−∇TM (u))h′(TM (un))vdx = 0. (68)

For the third term on the right hand side of (66), by using Lemma 2.6, we get

a(x, TM (un),∇TM (u)) −→ a(x, TM (u),∇TM (u))

as n −→ ∞ strongly in (Eψ(Ω))N and since ∇TM (un) ⇀ ∇TM (u) weakly in Lϕ(Ω)
and the fact that TM (un) −→ TM (u) strongly in Eϕ(Ω), we obtain

lim
n−→∞

∫
Ω

a(x, TM (un),∇TM (u))(∇TM (un)−∇TM (u))h′(TM (un))vdx = 0. (69)

For the third term on the right hand side of (66), as above we have

a(x, TM (un),∇TM (un)) ⇀ a(x, TM (u),∇TM (u))

as n −→∞ weakly in (Lψ(Ω))N and since TM (un) −→ TM (u) strongly in Eϕ(Ω), we
obtain

lim
n−→∞

∫
Ω

a(x, TM (un),∇TM (un))∇TM (u)h′(TM (un))vdx

=

∫
Ω

a(x, TM (u),∇TM (u))∇TM (u)h′(TM (u))vdx

=

∫
Ω

a(x, u,∇u)∇uh′(u)vdx. (70)

Concerning the other terms, we have h(TM (un)) v ⇀ h(TM (u)) v weak−∗ in L∞(Ω),
then by using (59)

lim
n−→∞

∫
Ω

gn(x, TM (un),∇TM (un)) h(TM (un))vdx

=

∫
Ω

g(x, TM (u),∇TM (u)) h(TM (u))vdx

=

∫
Ω

g(x, u,∇u) h(u)vdx (71)
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and ∫
Ω

fn h(TM (un)) v dx −→
∫

Ω

f h(TM (u)) v dx. (72)

By combining (65)− (72), we deduce that∫
Ω

a(x, u,∇u) · (h′(u)v∇u+ h(u)∇v) dx +

∫
Ω

g(x, u,∇u) h(u) v dx

=

∫
Ω

f h(u) v dx.

which is (27) in Definition 3.1. Therefore u is a renormalized solution to problem
(P). �
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