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A Quasi-Uniformity On BC(C-algebras
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ABSTRACT. We introduce a quasi-uniformity ¢ on a BC'C-algebra X by a family of ideals of X.
If T(U) is the topology induced by U, we study some conditions under which (X, T'(U)) becomes
a (semi)topological BCC-algebra. Also, we show that bicompletion of the quasi-uniformity U
can be considered a T'(U*)-topological BCC-algebra which contains X as a sub-dense space.

2010 Mathematics Subject Classification. 06F35, 22A26 .
Key words and phrases. BCC-algebra, (semi)topological BC'C-algebra, filter,
Quasi-uniforme space, Bicompletion.

1. Introduction

In 1966, Y. Imai and K. Iséki in [13] introduced a class of algebras of type (2,0)
called BCK-algebras which generalizes on one hand the notion of algebra of sets whit
the set subtraction as the only fundamental non-nullary operation, on the other hand
the notion of impliction algebra. K. Iséki posed an interesting problem whether the
class of BCK-algebras form a variety. In connection with this problem Y. Komori in
[14] introduced a notion of BCC-algebras which is a generalization of notion BCK-
algebras and proved that class of all BCC-algebras is not a variety. W.A. Dudek in [9]
redefined the notion of BCC-algebras by using a dual form of the ordinary definition.
Further study of BCC-algebras was continued [3, 6, 7, 8]. In 1937, André Weil in [17]
introuduced the concept of a uniform space as a generalization of the concept of a
metric space in which many non-topological invariants can be defined. The study of
quasi-uniformities started in 1948 with Nachbin’s investigations on uniform preordered
spaces. In 1960, A. Csaszar introduced quasi-uniform spaces and showed that every
topological space is quasi-uniformizable. This result established an interesting analogy
between metrizable spaces and topological spaces. quasi-uniform structures were also
studied in algebraic structures. See for example [15]. In this paper, in section 3,
we use of ideals of a BCC-algebra X to define a quasi-uniformity &/ on X. We show
that (X,U) is precompact but it is not 77 and Th. We prove that for each cardinal
number « there is a Ty quasi-uniform BCC-algebra. In section 4, by using of regular
ideals we make the uniformity &* on X and show that (X, T(U*)) is compact semi
topological BCC-algebra, where T'(U*) is induced topology by U* on X. Finally, we
obtain U*- Cauchy filters and then construct a bicompletion BCC-algebra ()? ,Zjl) of
(X,U) and prove that (X,T(U)) is a topological BCC-algebra which has X as a
sub-dense-BCC-algebra.
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2. Preliminary

2.1. Topological Space. Recall that a set A with a family 7 of its subsets is called
a topological space, denoted by (A, T), if T is closed under finite intersections and
arbitrary unions. The members of U are called open sets of A and the complement
of A €U, that is A\ U, is said to be a closed set. If B is a subset of A, the smallest
closed set containing B is called the closure of B and denoted by B (or cl,B). A
subfamily {U, : « € I} of T is said to be a base of T if for each x € U € T there
exists an « € I such that z € U, C U, or equivalently, each U in 7 is the union
of members of {U,}. A subset P of A is said to be a neighborhood of x € A, if
there exists an open set U such that x € U C P. Let U, denote the totality of all
neighborhoods of z in A. Then a subfamily V, of U, is said to form a fundamental
system of neighborhoods of z, if for each U, in U,, there exists a V,, in V, such that
V. C U,. Topological space (A, T) is said to be compact, if each open covering of A
is reducible to a finite open covering, locally compact, if for each z € A there exist
an open neighborhood U of z and a compact subset K such that z € U C K. Also
(A, T) is said to be disconnected if there are two nonempty, disjoint, open subsets
U,V C A such that A = U UV, and connected otherwise, totally disconnected if each
nonempty connected subset of A has one point only, locally connected if each open
neighborhood of every point x contains a connected open neighborhood of z. The
maximal connected subset containing a point of A is called the component of that
point [2].

2.2. Quasi-Uniform Space. Let A be a non-empty set and ) # F C P(A). Then
F is called a filter on P(A), if for each Fy, Fy € F :
(i) F; € F and F; C F imply F € F,
(’LZ) FiNF, e F,
(iii) O & F.
A subset B of a filter F on A is a base of F iff, every set of F contains a set of B. If
F is a family of nonempty subsets of A, then we denote generated filter by F with
fil(F).

A quasi-uniformity on a set A is a filter @ on P(X x X) such that
(i) A={(z,z) e Ax A:x € A} C ¢, for each ¢ € Q,
(i4) For each ¢ € Q, there is a p € Q such that pop C ¢ where

pop={(zr,y) e Ax A:3z€ A st (x,z2),(zy) €p}.

The pair (A, Q) is called a quasi-uniform space. If @ is a quasi-uniformity on a set A,
then ¢~! = {qg~! : ¢ € Q} is also a quasi-uniformity on A called the conjugate of Q.

It is well-known that if a quasi-uniformity satisfies condition: ¢ € @ implies ¢~* € Q,
then @ is a uniformity. Also @ is a uniformity on A provided

VgeQIpeQstp lopCay.
Furthermore, Q* = Q V Q™! is a uniformity on A. A subfamily C of quasi-uniformity
@ is said to be a base for @ iff, each ¢ € @) contains some member of C. The topology

T(Q)={GC X :Vx e G3IqgeqQ s.tq(x) C G} is called the topology induced by the
quasi-uniformity @ [11].

Proposition 2.1. [11] Let C be a family of subset of X x X such that
(i) A C B, for each B € C;
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(#i) for By, Bs € C, there is a B3 € C such that B3 C By N By;

(91) for each B € C, there is a C € C such that C o C' C B.

Then there is the unique quasi-uniformityld ={U C X x X :3IBe€C: B CU} on
X for which C is a base.

Definition 2.1. [11] (¢) A filter G on quasi-uniform space (A, Q) is called Q*-Cauchy
filter if for each U € @, there is a G € G such that G x G C U.

(#) A quasi-uniform space (4, Q) is called bicomplete if each @*-Cauchy filter con-
verges with respect to the topology T'(Q™).

(#i1) A bicompletion of a quasi-uniform space (A4, Q) is a bicomplete quasi-uniform
space (Y,V) that has a T'(V*)-dense subspace quasi-unimorphic to (4, Q).

(iv) A Q*-Cauchy filter on a quasi-uniform space (4, Q) is minimal provided that it
contains no Q*-Cauchy filter other than itself.

Lemma 2.2. [11] Let G be a Q*-Cauchy filter on a quasi-uniform space (A, Q). Then,
there is exactly one minimal Q*-Cauchy filter coarser than G. Furthermore, if B is a
base for G, then {q(B) : B € B and q is a symetric member of Q*} is a base for the
minimal Q*-Cauchy filter coarser than G.

Lemma 2.3. [11] Let (A,Q) be a Ty quasi-uniform space and A be the set of all
minimal Q*-Cauchy filters on it. For each q € Q, let

G={GH) eAxA:3GcGand He M st Gx H C ¢},

and Q = fil{q : q € Q}. Then the following statements hold:
(i) (K, @) is a Ty bicomplete quasi-uniform space and (A, Q) is a quasi-uniformly
embedded as a T((Q*))-dense subspace of (A, Q) by the map i: X — A such that, for
each x € A, i(x) is the T(Q*)-neighborhood filter at x. Furthermore, the uniformities
(Q)* and (6:) coincide.
(i) Any Ty bicomplete of (A, Q) is a quasi-unimorphic to (;1,@)

In Lemma 2.3, (A, Q) is Tp if (2,y) € (gee B and (y,x) € (Ngee B imply z =y,

for each z,y € A. Also (A, Q) is Ty quasi-uniform space if and only if (4,7(Q)) is a
Ty topological space.

2.3. BCC- Algebra. A BCC-algebra is a non empty set X with a constant 0 and
a binary operation * satisfying the following axioms, for all z,y,z € X :
(1) ((xxy)*(zxy)) *(x*x2) =0,
(2) 0xz =0,
(3) %0 =num,
Dz *xy=0and y*xx =0 imply z = y.

A non empty subset S of BCC-algebra X is called subalgebra of X if it is closed
under BCC-operation. For a BCC-algebra X, we denote z Ay = y * (y * =) for all
z,y € X. On any BCC-algebra X one can define the natural order < putting

r<y&scxy=0

it is not difficult to verify that this order is partial and 0 is its smallest element.
In BCC-algebra X, following hold: for any x,y,z € X

(5) (wxy)*(zxy) <@z,

(6) z <yimpliesz* 2 <y*xzand zxy < z*z,
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(11) (z*xy) xx = 0. [§]

Definition 2.2. [4] Let X be a BCC-algebra and () # I C X. I is called an ideal of
X if it satisfies the following conditions:

(12) 0 € I,

(13) zxy el and y € I imply z € I.

If I is an ideal in BCC-algebra of X, then [ is a subalgebra. Moreover, if x € I
and y < x, then y € I. An ideal [ is said to be regular ideal if the relation

c=ly<=oxyyxzel

is a congruence relation. In this case we denote z/I = {y : x =! y} and X/I = {z/I :
x € X}. X/I is a BCC-algebra by z/I xy/I = (z*y)/I.

3. A quasi-uniformity in BCC-algebras

In this section we let X be a BC'C-algebra and n be an arbitrary family of ideals
of X which is closed under intersection.

Definition 3.1. Let 7 be a topology on a BCC-algebra X. Then:

(i) = is continuous in (first)second variable if z xy € U € T, then there is a (V)
W e T such that (x € V) y € W and (V xx CU) W C U. In this case, we also
say (X, *,T) is (right) left topological BCC-algebra.

(79) (X, *,7T) is semitopological BCC-algebra if it is left and right topological BCC-
algebra, i.e. if x xy € U € T, then there are VW € T such that z € V,y € W and
z«W CU and Vxy CU.

(#91) (X, *,T) is topological BCC-algebra if * is continuous , i.e. if zxy CU € T,
then there are two neighborhoods V, W of x,y, respectively, such that V « W C U.

Definition 3.2. A quasi-uniform BCC-algebra is a BCC-algebra endowed with a
quasi-uniformity.

Theorem 3.1. Let X be a BCC-algebra. The set C = {Iy, : I € n} is a base for a
quasi-uniformity U on X, where I, = {(z,y) € X x X :yxx € I}.

Proof. Let I € 5. Then A C I, because for any x € X, x xz =0 € I. Now we prove
that Iy, o Iy, C Iy. Let (x,y) € I, o I;,. Then there exists z € X such that (z,2) € I,
and (z,y) € Ir.. Hence z*x and y*z are in I. Since ((y*z)*(z*x))*(y*z) =0 € I and
yxz € I, (yxx)*(z*xx) € I. Again since zxx € I, we get that yxx € I. This implies that
(z,y) € I and so I, oI, C Iy. Since 7 is closed under intersection for each I,J € 1,
IrnJd,=({InNJ)g €C. Thus, C satisfies in conditions (4), (it), (¢4¢) from Proposition
2.1. Hence C is a base for the quasi-uniformity {U € X x X : 3l en st Iy CU}L. O

Notation. From now on, U is the unifomity in Theorem 3.1 and T(U) = {G C X :
Ve € G A €y s.t I (x) C G} is induced topology by it.
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Example 3.1. Let X = {0,1,2,3} be a BCC-algebra with the following table:
£]0 1 2 3

— O
o O

W N = O

wW N

w =

w o oo
[

Then obviously I1 = {0},I; = {0,1,2} and Is = X are ideals of X. Clearly,
(Il)L =AU {(L 0)7 (27 O)a (3,0)7 (23 1)}a
(IQ)L =AU {(13 0)7 (27 O)a (37 O)a (2a 1)7 (Oa 1)) (07 2)}
and (I3)p = X x X. Therefore, by Theorem 3.1, B = {(I;) : i = 1,2, 3} is a base of
the quasi-uniformity U = {U C X x X : Ji € {1,2,3} s.t (I;) C U} on X. Moreover
(11)(0) = {0}, (1) (1) = {0,1} and (1)L (3) = ([2)(3) = {0,3}. Also,
(12)2(0) = (I2)L(1) = (I)£(2) = (I2)(2) = {0,1,2},

(I13)2(0) = (I3)L(1) = (I3)2(2) = (I3)L(3) = X,
Therefore T(U) ={U C X x X : Ve e U Fi € {1,2,3} s.t (I;)r(x) CU}.

Recall subset I of BCC-algera X is called BCC-ideal if 0 € I and (x*y)*z € I,y € I
imply « x z € I. In a BCC-algebra any BCC-ideal is an ideal. [7]

Lemma 3.2. For any I € n and x € X, define IL(z) = {y € X : yxx € I}. Then
following holds:

(i) 0 € I (x),

(11) if x <y, then I (x) C IL(y),

(#31) if y € I.(x), then Ir(y) C Ir(z),

() if x € I, then I (x) =1,

(v) ify €I, then I (x xy) C I (x) for each x € X,

(vi) if I is a BCC-ideal and x € I, then for anyy € X, I (x *xy) C I (y).

Proof. (i) Since 0 =0xx € 1,0 € I(z).
(7i) Let z € I,(z). Then zxx € I. Since x < y, by (2), z*y < z*xz. Hence z*xy € I,
which implies that z € Iy (y).
(791) Let z € Ir(y). Then zxy € I. Since y € Ir(zr), y*x € I. Now from
((zxz)* (y*x)) * (2+y) =0 we conclude that z*x € I and so z € I (x).
(iv) Since x € I,

yel(v)e (zy) el s yxzeclsyel.
(v) Let z € IL(x xy). Then z* (z*xy) € I. By (9), (z %) xy < z* (z *y). Therefore
(zxx)xy €. Since y € I, zxx € I. Hence z € I (x).

(vi) Let z € I, (z*y). Then (z*z)*y € I. Since z € I and [ is a BCC-ideal, zxy € I.
Hence z € IL(y). O

Theorem 3.3. T(U) is the smallest topology on X which includes n and (X, *,T(U))
is a right topological BC'C-algebra.

Proof. By Lemma 3.2 (ii4), it is easy to prove that I (z) € T'(U), for each 2 € X and
I €n. Nowlet z,y € X and x xy € G € T(U). Then there exists I € n such that
In(zxy) CG. Let z € I,(z). Since zxx € [ and ((z*y) * (xxy))*x (zxx)=0€ I,
(zxy)*(xxy)isin I and so zxy € I (x*y). Hence I (x)xy C I (xz*y). This implies
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that * is contiuous in first variable. Now suppose 7T is a topology on X such that =
is continuous in first variable and n C 7. We show that T'(/) C 7. For this, given
x € G € T(U*). Then there exists I € nsuch that I (z) C G. Sincezxx =0l €T,
there exists V € T such that x € V and Vxx CI. If 2 € V, then z*xz € I and so
z€ I (x). Hence x € V C I (z) CG. Thus T(U) C T. O

Recall a non zero element a € X is called an atom of a BCC-algebra if x < a
implies = 0 or = a. It is easy to see if a # b are atoms, then a * b = a. [6]

Proposition 3.4. If all non zero elements of BC'C-algebra X are atoms, then:
() for each I €n and x € X, I (z) =1,

(i1) (X,*,T(U)) is a topological BCC-algebra,

(#31) (X,U) is a uniform space,

Proof. (i) The proof is obvious.

(#i) Let ,y € X and xxy € G € T(U). Then there exists I € n such that I (z*xy) =
I C G. Now

zxy €lp(x)«I(y)=I+xICICQG.

1it) Let U € U. Then there exists, I € n such that I, C U. We claim that
I;Y oI, CU. Let (2,y) € I;' o I. For some a z € X we have (z,2) € I;' and
(z,y) € I,. Hence x x z € I and y x z € I. Since xz,y are atoms, z,y € I. Therefore,
(x,y) eI, CU. O

Recall that a quasi-uniform space (A, Q) is said to be precompact if for each ¢ € Q
there exist x1, Z2, ..., zn, € A such that A = U q(x;). [11]

Proposition 3.5. Let X be a BCC-algebra. The following conditions are equivalent:
(i) the topological space (X,T(U)) is compact,

(i3) the quasi-uniform space (X,U) is precompact,

(#i1) there exists S = {x1,x2,...,xn} C X such that for alla € X and I € n, axx; € I,
for some x; € S.

Proof. (i) = (i) it is clear.

(ii) = (iit) Let I € n. Since (X,U) is precompact, there exist x1, za, ..., z, € X such
that X = U I (z;). If a € X, then there exists z; such that a € I (z;). Therefore
axx; €1.

(#i1) = (i) Let X = UneqGa, where each G, is an open set of X. Then for any x; € S
there exists a; € ) such that x; € G,. Since G, is an open set, there exists I € n
such that Iy (z;) C G,,, For any a € X by hypothesis a x z; € I for some z; € S.
Hence a € I(x;) C Gg,. Therefore, X = U Ip(z;) C U G,,. So (X, T(U)) is
compact. U

Proposition 3.6. Let n = {I}. Then:

(1) if I€ is a finite set, then topological space (X, T(U)) is compact,

(49) the set I is compact in topological space (X,TU)),

(#30) for any x € X, IL(x) is compact set in topological space (X, T(U)).

Proof. (i) Let {G, : @ € Q} be an open cover of X and I¢ = {x1, 23, ..., 2, }. Then
there exist ag, oy, ..., o, € Q such that 0 € Gy, 21 € Gy, 22 € Gy, ...y € Go,,. By
(3), I =IL(0) CGyp,80 X =TUI*C GoyUGq,... UG,, .

(ii) Let I € |J,eq G, where each G, is an open set of X. Since 0 € I, there is a € 2
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such that 0 € G,. Then I = I(0) C G,. Hence I is a compact set in topological
space (X, T(U)).

(#i1) Suppose z € X and {G,, : a € Q} an open cover of I, (z). Since x € I, (x), there
exists o €  such that € G,. Hence I (z) C G,. O

Let (A,Q) be a quasi-uniform space and C be a base for it. Recall (4, Q) is
said to be T; quasi-uniform space if A = (|z.o B and Tp quasi-uniform space if
A =Npgec B~1oB. [11]

Proposition 3.7. quasi-uniform space (X,U) is Ty space iff, {0} € n. But it is not
T, and Ty space.

Proof. Let (z,v), (y,z) € ﬂIEWIL. Hence z xy € I,y*xx € I, for all I € 5. Since
{0} en, zxy=yxx=0.By (4), z = y. Hence (X,U) is Ty space. Conversely, let
(X,U) be Ty. Let x € ﬂ1€n I. Then for each I € 5, x *0 = x and 0 * x = 0, both,
are in I. So (z,0),(0,z) € N, I Since (X,U) is Ty, x = 0. Hence (¢, I = {0}.
Since 7 is closed under intersection, {0} € 7.

For any y € X, (y,0) € ¢, Ir. Hence (o, U # A which implies that (X,U) is
not 17 and T5. O

Proposition 3.8. Let for anya € X, l, : X = X by l,(z) = a*x be an open map.
Then (X, T(U)) is a Ty space.

Proof. Let z,y € X and z # y. By (iv) of Lemma 3.2, [ is in T (), so x I and y* I
are open neighborhoods of z,y, respectively. We claim that y ¢ I or « ¢ y « I.
Ify € xxI and = € y * I, then there exist z1,20 € I such that x = y * 2; and
y=x*xz. By (8),z<yandy <z Soxxy=y*xx=0. By(4),x =y. Thisis a
contradiction. O

Proposition 3.9. The following conditions are equivalent:

(1) (X, T(U)) is a Ty space,

(i1) for every 0 # x € X there is I € ) such that x € 1,

(33) for each 0 # x € X there exists U € T(U) such that x ¢ U.

Proof. (i = i) Let 0 # x € X. Since (X, T(U)) is To, there is an open neighborhood
G of 0 such that x ¢ G. As 0 € G, there is I € n such that 0 € I C G. Clearly = & I.
(79 = 4ii) Because for each I € n, I belongs T'(U), the proof is obvious.

(iit = i) Let z,y € X and  # y. Then z xy # 0 or y x x # 0. Without the lost of
generality, suppose zxy # 0. By hypothesis there exists G € T'(U) such that xxy ¢ G.
Since 0 € G, there exists I € n such that I = I,(0) C G. Since (X, *,T(U)) is right
topological BCC-algebra and 0« = 0, there is J € 7 such that J(0) xz C I. Let
K =1nJ We claim that ¢ Kr(y). If € Kr(y), then x xy € K C I C G.
This is a contradiction. Hence (X,T(U)) is a Ty space. Conversely, Let 0 # = € X.
Since (X, T(U)) is a Ty space and each open set in (X, T(U)) contains 0, there exists
U € T(U) such that x ¢ U. O

Let (A,Q) and (A*, R) be quasi-uniform spaces.The map f : (4,Q) — (A", R)
is called quasi-uniform continuous if for each r € R there exists ¢ € @ such that
(z,y) € ¢ implies (f(z), f(y)) € r. [11],[16]

Proposition 3.10. Let X be a BCC-algebra and a € X. The mapping rq : (X, U) —
(X,U) given by ro(x) = x * a for all x € X is quasi-uniform continuous.
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Proof. Let U € U. Then there exists I € n such that I, C U. Let (x,y) € Ir,. Since
yxx €l and (y*a)=* (x*xa) < (y=*x), we get that (y*a) * (x*xa) € I and so

(ra(2),7a(y)) = ((z * a), (y *a)) € I, C U O

Theorem 3.11. For each n > 4, there exists a quasi uniform BCC-algebra of order
n.

Proof. Let (X, *,0) be a BCC-algebra and 7 be a family of ideals in X which is closed
under intersection. By Theorem 3.1, there is a uniformity & on X. Suppose a ¢ X
and X’ = X U{a}. Then X’ is a BCC-algebra by

zxy ifzx,yeX
_ a ifr=a,y=0
TOY= 0 fx=ay#0 (1)
z fzeXy=a

We prove that for all T € 5, I’ = I U {a} is an ideal of X’. Clearly, 0 € I'. Let
z@yel’andy e I'. If x,y # a, then xxy € I. Since I is an ideal in X and y € I, we
getthat re ICI'. Ifx=a,clearlyx e I''Ifr € X andy=a,thenz =22y € I'.
Thus ' = {I' : I € n} is a family of ideals in X’ which is closed under intersection.
By Theorem 3.1, there is a uniformity &’ on X'.

By Example 3.1, there is a quasi-uniform BCC-algebra of order 4. If (X, *,0,U) is
a quasi-uniform BCC-algebra of order n, then by the above paragraph there is a
quasi-uniform BCC-algebra of order n + 1. O

Corollary 3.12. For each n > 4, there is a right topological BCC-algebra of order n.
Proof. By Theorems 3.11 and 3.3, the proof is obvious. O

Theorem 3.13. For each n > 4, there is a Ty quasi-uniform BCC-algebra of order
n.

Proof. Let (X,*,0) be a BCC-algebra and a ¢ X. Then X = X U {a} is a BCC-
algebra by
rxy ifx,ye X
TRY = 0 ifreX,y=a (2)
a fr=ayeX

First we show that every ideal in X is an ideal in X’. Let I be an ideal in X, z®y € I
and y € I. © # a because axy = a ¢ I. Since zxy € I, z,y € X and I is an ideal
in X, we get that x € I. Hence if n is a family of ideals in X which is closed under
intersection it is in X’ so. By Theorem 3.1, there are quasi-uniformities I/, U on
X, X', respectively. By Proposition 3.7, (X,U) is a Ty quasi-uniform space iff {0} € 7
iff (X',U'") is Ty quasi-uniform space.
Now by Example 3.1, (X,U) is a Ty quasi-uniform BCC-algebra of order 4. Let
(X, *,0,U) be a Ty quasi-uniform BCC-algebra of order n. Then by the above para-
graph, we can find a quasi-uniform BCC-algebra (X /,Z/l/) of order n+1. (]

Theorem 3.14. Let a be an infinite cardinal number. Then there is a Ty quasi-
uniform BCC-algebra of order c.
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Proof. Let X be a set with cardinal number «. Consider Xy = {xg = 0,21, 22,...} a
countable subset of X. Define
[0 ifi=j
x*‘”f{x if i j. (3)
Then (X, *,0) is a BCC-algebra. Let 1 be a collection of ideals in Xy which is closed
under intersection and contains {0}. Then by Theorem 3.1 and Proposition 3.7, there
is a quasi-uniformity Uy on X such that (Xo,Up) is a Ty quasi-uniform BCC-algebra.
Now, define the binary operation ® on X by
zxy ifx,ye Xy
0 ifze Xo,y ¢ Xo
TRY = z ifz ¢ Xo,y € Xo (4)
0 ife=y¢ Xy
x ifx#y xyé¢ Xo.
It is routine to check that X is a BCC-algebra of order . Let I € n and z,y € X
such that r®y € I and y € I. Then y € Xj. If z € Xy, then since [ is an ideal in X
and zxy=2xQy € I, we get that z € I. If = ¢ Xy, then 2 = x ® y € I. This proves
that 7 is a collection of ideals in X which is closed under intersection and contains

{0}. Hence by Theorem 3.1 and Proposition 3.7, there is a Ty quasi-uniformity & on
X. O

Corollary 3.15. If a is a cardinal number, then there is a Ty right topological BCC-
algebra.

4. The bicompletion of topological BCC-algebra

In this section, we let X be a BCC-algebra and 7 be an arbitrary family of regular
ideals of X which is closed under intersection and prove that for T, quasi-uniform
BCC-algebra (X,U), the bicompletion ()~( ,Z] ) admits the structure of a topological
BCC-algebra such that X is a T'({/)*-dense sub BCC-algebra of X.

Proposition 4.1. Let I be a regular ideal of BCC-algebra X. Define I;' = {(x,y) €
XxX:(y,x) €I} and IT =1, N IL_l. Then following holds:
(7) Iil—{(w y) e X x X:xxyel}
(1) I, () {lye X :xxy eI},
(44d) Iy H0) =X,
(WHL—waeXxX'w—yL
(v) I (z) ={y e X :a ="y} =2/,
(vi) zf:z:GI then I7(z) =1,
(viz) I} (I7(0)) = I7(0),
(viii) IT(GxH) =1I5(G) « I} (H).
Proof. The proofs (i), (47),(iv), ( ) and (viii) are easy. To prove (ii4), let z € X. Since
Oxx=0¢I, by (i), z € I;'(0). So X C I;(0).
(vi)
zelj(z)ez=lvorsxzelzxzclezel.
(vii) By (iv) we have

o)== {yecX:Jxeclsty='a}={yeX:yel}=I=15(0). O
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Theorem 4.2. There is a uniformity U* on X such that (X, T(U*)) is a completely
regular topological BCC-algebras, where T(U*) is the induced topology by U* on X.

Proof. Let B = {I} : I € n}. As the proof of Theorem 3.1, we can show that B is a
base for the quasi-uniformity U* = {U C X x X : 3] € n s.t I} C U}. We prove U*
is a uniformity. For this we must show U~ € U*, for all U € U*. Let U € U*. Then
If C U for some I € n. Since I3 = (I3)~!, (I3)~' C U andso I3 C U~'. This implies
that U~ € U*. Now suppose T(U*) = {G C X : Vo € G I € n st I5(z) CU}
is the induced topology by U* on X. We will prove that * is continuous. For this,
suppose x *y € G € T(U*). Then there exists I € n such that I7(z*y) C G. Let
z € It (z) * I} (y). Then z = a x B, for some « € I} (x) and B € I} (y). Since a =l z
and f = y and =’ is congruence relation, z * y = a * f = z. This implies that
z € IT(x *y) and so I} (z) = I7(y) C I} (x *y). Finally, since T'(U*) is the induced
topology by uniformity U/*, it is completely regular on X. O

Example 4.1. Let (X, *,0) be as BCC-algebra in example 3.1. It is easy to see that
I, 1 and I3 are regular ideals of X. Hence (I1)} = A,

(IQ)Z =AU {(0’ 1)> (1’ 0)’ (07 2)’ (2a 0)7 (17 2)1 (27 1)}
and (I3)% = X x X. Therefore, U* = {U C X x X : i € {1,2,3} s.t (I;); CU}.

Example 4.2. Let X = [0,00). Then X is a BCC-algebra with the following opera-
tion
_J 0 ifzx<y

x*y—{x if x> y. (5)
Let I,, = [0,n], for each n > 1. We show that I, is a regular ideal. Let (x*xy)*z € I,
andy € I,. f y <z, then x %z = (xxy) *z € I,. If y > x, then = € I,. Since x * z
is ¢ or 0, we get that x x z € I,,. Thus, I,, is a BCC-ideal and so is a regular ideal.
Moreover,

I ={(z,y) e XxX:zxyyxx<n}={(zr,y) e X x X :z,y € I,} = I, x L.

Now let n = {I,, : n > 1}. Then 7 is a family of regular ideals which is closed under
intersection. By Theorem 4.2, U* ={U C X x X :In>1s.t [, x I, CU}.

A topological space A is connected if and only if it has only A and @ as closed and
open subsets.

Proposition 4.3. The space (X, T(U*)) is connected if and only if n = {X}.

Proof. Let X # I € nand x ¢ I. It is clear that I} (x) € T(U*). We show that
I7(z) is closed in this space. Let y € I} (x). Then there is a z € I} (y) N I} (x).
Hence y = 2z =! 2 which implies that y € I} (x). Obviously, I} () is nonempty. If
I} (x) = X, then 0 is in it and so z =! 0 which implies that = € I, a contradiction.
Thus, I} (x) is a nonempty proper subset of X which is closed and open. Hence
this space is not connected. Conversely, let n = {X}. Then T(U*) = {0, X }. Hence
(X, T(U*)) is connected. O

Recall quasi-uniform space (A, Q) is totally bounded, if for each ¢ € @ there exist
sets S1, 99, ...,.5, such that A = U?Zl S; and for each 1 <i <mn, S; x S; C ¢.[11],[16]
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Proposition 4.4. The following conditions are equivalent:
(t) for each I € n, X/I is finite,

(1) (X,U) is totally bounded,

(791) (X, T(U*)) is compact.

Proof. (i = i) Let for each I € n, X/I be finite. We prove that (X,U) is totally
bounded. Let I € 7. Since X/I is finite, there are z1,xo,...,z, € X such that
X =i, xi/I. For each 1 <i <n, x;/I x 2;/I C I, because if (x,y) € x;/I x z;/I,
then z =! z; = y and so (z,y) € I,. This proves that (X,U) is totally bounded.

(i = 1) Let (X,U) be totally bounded and I € . There exist sets S1, S2, ..., Sp, such
that U?:lsi =X and foreach 1 <i<mn, S;xS; CI;,.Let 1 <i<mnandzxvy€S;.
Since (z,y) and (y,z) are in I, we get x =’ y. This proves that S; C z;/I, for some
x; € S;. Now to prove that (X, T(U*)) is compact let X = J,cq Ga, where each G,
is in T(U*). Then there are G, ..., G,, such that x; € G,, for each 1 <i < n. Now
suppose x € X, then x € x;/1, for some 1 < i <n and so x € I} (x;) C Gy, . Therefore
X C Ui, Ga,, which shows that (X, T(U*)) is compact.

(14 = i) Let I € n. Since {I}(z) : € X} is an open cover of X in T(U*),
there are x1, 2, ...,x, € X such that X C (JI_, I} (z;). Now it is easy to see that
X/I={x1/I,...,x/1}. O

Theorem 4.5. Let (X,x,T) be a semi topological BCC-algebra. If n C T, then
TU*)CT.

Proof. Let (X,#*,7T) be a semitopological BCC-algebra which includes 7. Given z €
G € T(U*). Then there exists I € i such that I7(z) CG. Sincezxx=0€I€T,
there exists U € T such that x € U and axU,Uxx CI. If 2z € U, then x*z,zxx € I
and so z € I7(z). Hence x € U C I} (z) C G. Thus T(U*) C T. O

Lemma 4.6. Let B be a base for U*-Cauchy filter G on quasi-uniform BCC-algebra
(X,U). Then the set {I}(B) : I € n, B € B} is a base for a unige minimal U*-
Cauchy filter coarser than G.

Proof. By Lemma 2.2, the set {U(B) : B € B, U € U*} is a base for the unique
minimal U*-Cauchy filter Gy coareser than G. Let U € U* and B € B. Then for
some I € n, I CU. So I;(B) C U(B). Now it is easy to prove that the set
{I}(B): I €n, B e B} is a base for G. O

Lemma 4.7. 7 is a base for a minimal U*-Cauchy filter  on quasi-uniform BCC-
algebra (X, U).

Proof. Let C = {S C X : 3] € n s.t I C S}. It is easy to prove that C is a filter
with base 7. To prove that C is a U*-Cauchy filter , let U € U. There is a I € n such
that I, CU. If 2,y € I5(0), then z =! y and so (z,y) € I} C I;, C U. This proves
that I7(0) x I7(0) C U. By Proposition 4.1(vi), I x I C U. Hence C is a U*-Cauchy
filter. By Lemma 2.2, the set {I}(I7(0)) : I € n} is a base for the unige minimal /*-
Cauchy filter Z coareser than C. But by Proposition 4.1 (vii), I5(15(0)) = I7(0) = I.
Therefore, 7 is a base for Z = C. O

Lemma 4.8. Let G and H be U*-Cauchy filters on X. Then G« H ={G*xH : G €
G, H € H} is a U*-Cauchy filter base on X.
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Proof. Let I € n. Since G and ‘H are U*-Cauchy filters, there are G € G and H € ‘H
such that G x G C Iy and H x H C I;. We show that G« H x G« H C Ij.
Let g1,92 € G and hy,he € H. Then, (g1, 92), (92,91), (h1, ha), (ha, h1) are in Ij,. So
g1 =" go and hqy = hy. Since =7 is congruence, g1 * hy =’ g9 * ho, which implies that
(g1 % h1,92 % ho) € IF. U

Theorem 4.9. There is a quasi-uniform space ()?,Zj{) of minimal U*-Cauchy filers
of quasi-uniform BCC-algebra (X,U) that admits a BCC-algebra structure.

Proof. Let X be the family of all minimal U*-Cauchy filters of quasi-uniform BCC-
algebra (X,U). Let for each U € U,

—{(GH) eXxX:3GeG, HeH st Gx HCU}.

If i = fil{U : U € U}, then (X,U) is a quasi-uniform space of minimal ¢/*-Cauchy
filters of (X,U). Let G, H € X. Since G,H are minimal U*-Cauchy filters on X, then
by Lemma 4.8, G « H is U*-Cauchy filter base on X. We define GxH as the minimal
U*-Cauchy filter contained G * H. By Lemma 2.2, the set {I;(G*xH): Ge€ G, H €
H, I € n}is a base of G¥H. But by Proposition 4.1 (viii), I; (G« H) = I} (G)« I} (H),
so the set {I;(G)*I;(H): Ge G, HeH, Ien}isa base ofit. Now we will prove
that ()? %) is a BCC-algebra. For this, we have to prove that:

(1) ((GFH)*(K¥H))*(G*K) =

(i) IxG =1

(iii) G¥T = G

() GiH=H¥G=T=G=H

where G, H, K € )~(, and Z is minimal U*-Cauchy filter in Lemma 4.7.

(i) Let G, H,K € X. By Lemma 4.6, the set S; defined by

(L (I3 (I (GuHy )Ly (Ko Ho) )+ I3y (GoxK2)) < I €, Gy € G, Hi € H, K € K}
is the base of minimal U*-Cauchy filter ((G¥H)*(K¥H))*(G*K) and by Lemma 4.7, n
is the base of minimal J/*- Cauchy filter Z. Let I}, (I3, (I3 (G * Hy) = If; (K1 % Ha)) *
IgL(GQ*KQ))651 Putl—ﬂ jL,G G1NGy, H=H{NHy and K = K1 NK5>.
Then
I (T (TG + H) + T (K = H)) + T3 (GLK))

is a subset of

I (I (I3 (G x Hy) + I (Ko o+ Hp)) x I5 (G + K2)) € Sh.

Now since ((g*h) * (k+h))*(g+k) =0, foreach g € G, h € H and k € K, it is easy
to prove that

tULUL(G * H) * IL (K « H)) x I7 (G K)).
)%( G*K). Minimality ((G¥H)*(K*H))*(G*K) implies that
= ((GFH)*(K+H))#(G*K).

(73) The sets S; = {IZ(IE(O) xG):Ien,GeG}andn={I;(0):Iecn} are bases
of minimal U*-Cauchy filters Z%G and Z, respectively. But for each I € n and G € G,
by Proposition 4.1 (viii),

1L(I7(0) * G) = IL(I7(0)) * I1(G) = I7(0) * I1(G) = I1(0+ G) = I1(0).

13(0) € I}
Hence Z C ((G¥H)*(K¥H)
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So S1 =mn and Z = 7xG.
(233) The sets {I;(G*I;(0)) : G € G, I € n} and {I}(G) : G € G} are the bases of
G*Z and G. For each I € n and G € G, by Proposition 4.1 (viii),

13(G + 173(0)) = IL(G) * I (I7(0)) = I7(G) x I7(0) = I7(G + 0) = IL(G).

So S; = S5 and hence G = G*Z.

(tv) The sets S1 ={I;(G) : I en, Ge G}, S ={I[;(H): I en, HeH},
Ss={I}(GxH):Ien,GeG, HeH}, Sy={I[;(H+xG):ITen,Geg, HeMH}
and n = {I;(0) : I € n} are the bases of G , H , G¥H , H*G and Z respectively. Let
IT(G") € S;. Since G¥H = H*G =T, J5(Go *x Hy) = K;(Hy * G1) = I7(0) = I for
some J,K €. Let G = G NGyN Gy and H = Hy N H;. Now for each ¢ € G and
heH,

gxheJi(g)«Ji(h)=Ji(g*h) CJ(GxH) C J;(Go* Hpy) =1.

Hence g * h € I. With the similar argument we have hx g € I. So I} (g) = I} (h).
Therefore, I7(H) = I} (G) C I} (G’). Hence I} (G’) € H. So G C H. By minimality,
H=4G. O

Theorem 4.10. If quasi-uniform BCC-algebra (X,U) is a Ty, Then
(1) (X,U) is the bicompletion of (X,U).

(13) X is a sub BCC-algebra of X.
(#i1) (X, T(U*)) is a topological BCC-algebra.

Proof. (i) By Lemma 2.2 and Lemma 2.3 | ()?,Z]) is the unique Ty bicompletion
quasi-uniform of (X,U) and the mapping ¢ : X — X defined by
i(x) = {W C X : W is a T(U*) — neighborhood of x}
is a quasi-uniform embedded and clT(a;)i(X )=X.
(ii) Let x,y € X. We shall prove that i(z)%i(y) = i(z *y). By Lemma 2.3, the set

S={I;(Wy*«Wy):Ien, Wp Wy are T(U*) — neighborhoods x,y}

is base for i(x)%i(y). Since I} (x xy) C I} (WoxW,) and If(z xy) € i(x *y), we
deduced that filter i(x)%i(y) is contained in the filter i(z * y). Since they are minimal
U*-Canchy filters, i(z)%i(y) = i(z * y). Hence X is a sub-BCC-algebra of X.

(iii) By Lemma 2.3, (U)* = U*. Hence

TU*)={SCX:¥GeSIenstI(G)CS}

We prove that ()?,T(a;)) is a topological BCC-algebra. Let G¥H € }E(g;%). We
show that I7(G)*IF(H) C I5(G*H). Let Gy € I3 (G) and Hy € IF(H). Then, there
are G € G,G1 € G1,H € H and H; € H; such that G x G; C I} and H x H; C I7.
By Lemma 2.3, I7 (G« H) € G¥H and I} (G * Hy) € G1¥H;. We have to prove that
Gi1¥H, € TEJ(Q%H). For this, it is enough to show that I7(G* H) x IT(Gy* Hy) C I7.
Let y € I;(G+ H) and y; € I} (Gy* Hy). Then, y =! gxh and y; =! g1 * hy for some
g€ G,g1 € Gi,h € H hy € Hy. Since (g,91), (h, k1) are in I, we get gxh = gy % hy.
Hence (y,y1) € IF. O
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5. Conclusion

In this paper on a BCC-algebra of X we introduced the quasi-uniformity & induced
by a family n of BCC-ideals of X. We studied some properties of topological space
(X,T(U)). Next researches can study the following assertions:

(1) separation axioms on (X, T(U)) and (X, T(U*)),

(2) quasi-uniform continuouty of the operation of X in quasi-uniform space (X,U),
(3) quasi-uniform continuous homomorphisms on (X,U),

(4) quasi-uniform quotient BCC-algebras.

References

(1] R. A. Borzooei, G. R. Rezaei, N. Kouhestani, On (semi)topological BL-algebra, Iranian Journal
of Mathematical Sciences and Informatics 6 (2011), no. 1, 59-77.
[2] N. Bourbaki, Elements of mathematics general topology, Addison-Wesley Publishing Company,
1966.
[3] W.A. Dudek, A new characterization of ideals in BCC-algebras, Novi Sad J. Math. 29 (1999),
no. 1, 1-6.
[4] J. Hao, Ideal theory of BCC-algebras, Sci. Math. Japo. 3 (1998), 373-381.
[5] W.A. Dudek, Initial segments in BCC-algebras, Mathematica Moravica 4 (2000), 27-34.
[6] W.A. Dudek, X.Zhang, On atoms in BCC-algebras, Discussiones Mathematicae ser. Algebra
and Stochastic Methods 15 (1995), 81-85.
[7] W.A. Dudek, On ideal and congruences in BCC-algebras, Czecho. Math. J. 48(123) (1998),
21-29.
[8] W.A. Dudek, On proper BCC-algebras, Bull. Inst. Math. Acad. Sinica 20 (1992), 137-150.
[9] W.A. Dudek, On BCC-algebras, Logique et Analyse 129-130 (1990),103-111.
[10] W.A. Dudek, Subalgebras in finite BCC-algebras, Bull. Inst. Math. Acad. Sinica 28 (2000),
201-206.
[11] P. Fletcher, W.F. Lindgren, Quasi-uniform Spaces, Lecture Notes in Pure and Applied Mathe-
matics 77, Marcel Dekker, New York, 1982.
[12] M. Haveshki, E. Eslami, A. Borumand Saeid, A topology induced by uniformity on BL-algebras,
Math. Log. Quart. 53 (2007), no. 2, 162-169.
[13] Y. Imai, K. Iséki, On axioms system of propositional calculi XIV, Poc. Japan Acad. 42 (1966),
19-22.
[14] Y. Komori, The variety generated by BCC-algebras is finitely based, Reports Fac. Sci, Shizuoka
Univ. 17 (1983), 13-16.
[15] H.P.A. Kiinzi, J. Marin, S. Romaguera, Quasi-Uniformities on Topological semigroups and
Bicompletion, Semigroups Forum 62 (2001), 403-422.
[16] M.G. Murdeshwar, S.A. Naimpally, Quasi-Uniform Topological Spaces, Noordhoff, Groningen,
1966.
[17] A. Weil, sur les espaces a structuure uniforme et sur la topologibgeneral, Gauthier-Villars, Paris,
1973.

(S. Mehrshad) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ZABOL, ZABOL, IRAN
E-mail address: smehrshad@uoz.ac.ir

(N. Kouhestani) Fuzzy SYSTEMS RESEARCH CENTER, UNIVERSITY OF SISTAN AND BALUCHESTAN,
ZAHEDAN, IRAN
E-mail address: Kouhestani@math.usb.ac.ir



