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Periodic solution for some parabolic degenerate equation with
critical growth with respect to the gradient

Fatima Aqel and Nour Eddine Alaa

Abstract. This work is concerned with the existence of periodic solution for a parabolic
degenerate equation with critical growth on the gradient and Dirichlet boundary condition.

The aim will be achieved by applying some recent results. The first result that we are based

on is the existence of solutions for quasilinear elliptic degenerate systems with L1 data and
nonlinearity in the gradient [1] and the second one is the existence of weak periodic solutions

of some quasilinear parabolic systems with data measures [2].
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1. Introduction

The existence of periodic solutions for coupled systems, semilinear and quasilinear
parabolic equations under either Dirichlet or Neumann boundary conditions has been
investigated by several authors ([2],[3],[4],[5],[6],...) by different methods such as the
theory of monotone operators, the Poincaré method, the Leray-Schauder fixed point
theory and the method of sub and super-solutions. As we can see, the periodic be-
havior of solutions of parabolic boundary value problems could be arise from many
biological, ecological, chemical engineering and physical systems. The typical prob-
lem, which is going to be discussed in the present paper, is to study the existence of
a periodic solution for the following model

∂u

∂t
−∆u+ a(t, x)|∇u|2 = f in QT ,

u = 0 on ΣT ,
u(0) = u(T ) in Ω,

(1)

where Ω is an open bounded subset of RN , N ≥ 1, with smooth boundary ∂Ω. For
given T > 0, we set QT = (0, T ) × Ω, ΣT = (0, T ) × ∂Ω, −∆ denotes the Laplacian
operator on L1 with Dirichlet boundary condition and a, f : (0, T ) × Ω → [0,+∞)
are two measurable functions, which are periodic in the time t with period T > 0.
In recent years, periodic problems for degenerate parabolic equations have been the
subject of extensive study; see [1− 6] and references therein.

In order to describe our results and relate them to others in the early literature,
we mention that many researches have studied the existence of periodic solutions
for different kinds of equations. One of those studies is the periodic solutions of
semilinear parabolic equations where H. Amann used some methods of functional
analysis, namely fixed point theorem in Banach spaces to prove the existence and
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multiplicity result for periodic solutions of semilinear differential equations of the
second order.

Krasnosel’skii [15] in the case of parabolic equations, it turns out that the Poincaré
operator is compact in suitable function spaces. Moreover, by involving the strong
maximum principle for linear parabolic equations, it can be shown that it is strongly
increasing in some closed subspace of C2+ν , 0 < ν < 1.
We are interested particularly in the case where a, f are irregular.

The purpose of the paper is to present a result of existence of at least one weak
periodic solution to problem (1) under quite general assumptions on the functions a
and f .

In this paper, we have organized our work as follows. In section 2, we introduce
the notations that will be used throughout the paper, we also recall some results
obtained previously and needed here. In section 3 we present our problem and we
exhibit the main result. The proof is given in the section 4, where we begin with an
approximating problem, then we give some a priori estimates, and we end by passing
to the limit.

2. Necessary conditions for existence

Throughout the paper we shall assume:
H1) f is a positive function such that f ∈ L1(QT ).
H2) a ∈ L1

loc(QT ) such that a ≥ 0.
The object of this paper is to investigate the existence, and almost periodicity of

bounded solutions. First of all, we introduce the definition of a weak periodic solution.

Definition 2.1. A function u is said to be a weak periodic solution of problem (1) if
u ∈ C([0, T ];L1(Ω)) ∩ L1(0, T ;W 1,1

0 (Ω)),
a(t, x)|∇u| ∈ L1

loc(QT ),
∂u

∂t
−∆u+ a(t, x)|∇u|2 = f in D

′
(QT ),

u(0) = u(T ) in L2(Ω).

(2)

Definition 2.2. We call periodic subsolution (resp. supersolution) of (1) a function
u satisfying (2) with ”=” replaced by ”≤” (resp. ≥).

3. Main result

In this section we state the main result of this work.
Let’s begin by the definition of truncated function Tk ∈ C2

Tk(r) = r if 0 ≤ r ≤ k,
Tk(r) ≤ k + 1 if r ≥ k,
0 ≤ T ′k(r) ≤ 1 if r ≥ 0, (3)

T ′k(r) = 0 if r ≥ k + 1,

0 ≤ −T ′′k (r) ≤ C(k) ..
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For example, the function Tk can be defined as

Tk(r) = r in [0, k],

Tk(r) =
1

2
(r − k)4 − (r − k)3 + r in [k, k + 1],

Tk(r) = k +
1

2
for r > k + 1 .

(4)

Also, we set

τ1,2(QT ) = {v : (0, T )× Ω→ (0, T )×RN measurable, such that

Tk(v) ∈ L2(0, T ;H1(Ω)) for all k > 0}.
Then, we introduce the function

jk(v) =

∫ v

0

Tk(s)ds. (5)

Now, we can enunciate the main theorem of this section.

Theorem 3.1. We assume that the hypothesis (H1) and (H2) are satisfied. If it
exists a function θ ∈ τ(QT ) and a function sequence θn ∈ L∞(QT ) such that

0 6 a 6 θ in QT ,
θn → θ almost everywhere in QT ,
∇Tk(θn)→ ∇Tk(θ) strongly in L2(QT ),
lim
k→∞

sup
n

∫
Ω

(|∇Tk(θn)|2) = 0,

∂θn
∂t
∈ L2(0, T ;H−1(Ω)).

(6)

Then the problem (1) has a non-negative weak periodic solution.

Remark 3.1. Let
∂a

∂t
−∆a = µ denotes the Radon measure. Then, we take θ = a

and θn solution of 
∂θn
∂t
−∆θn = µn in QT ,

θn = 0 in ΣT ,
θn(0, x) = θ0,n(x) in Ω,

(7)

where µn ∈ C∞0 (QT ), µn → µ in Mb(QT ) and µn ≤ µ.

4. Proof of the main result

Now we prove our main existence result which reads as follows.

4.1. The approximate problem. First, we define an approximated equation of
(1). For this, we need to truncate the functions a and f by considering the sequence
an and fn defined by

an = min
n>0
{a, θn}, (8)

and
fn ∈ C∞0 (QT ), fn → f in L1(QT ) and fn 6 f. (9)

Then, we approximate (1) by the following problem
un ∈ C([0, T ];L∞(Ω)) ∩ L∞(0, T ;W 1,∞

0 (Ω)),
∂un
∂t
−∆un + an(t, x)|∇un|2 = fn in D

′
(QT ),

un(0) = un(T ) in Ω.

(10)
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On the other hand, let an ∈ L∞(QT ). Furthermore, 0 is a subsolution of problem
(10) and ωn is a solution of the following linear problem

un ∈ L∞(0, T ;W 1,∞
0 (Ω)),

∂ωn
∂t
−∆ωn = fn in D

′
(QT ),

ωn(0) = ωn(T ) in Ω,

(11)

is a supersolution. So the problem (10) admits a positive solution un such that for
all n ≥ 0, 0 ≤ un ≤ ωn ( for more details, see [12] and [?]).

4.2. A priori estimates. In order to prove the Theorem 2.1, we propose to pass
to the limit in (10). For this, we will need to prove some certain estimates on the
nonlinearity and also on the gradient.

Lemma 4.1. Let u, w ∈ L2(0, T ;H1
0 (Ω)) ∩ C([0, T ];L2(Ω)) ∩ L∞(QT )

0 ≤ u ≤ w in QT ,

(w − u)t −∆(w − u) ≥ 0 in D
′
(QT ),

wt −∆w ≥ 0 in D
′
(QT ),

u(0) = u(T ) in L2(Ω),
w(0) = w(T ) in L2(Ω).

Then ∫
QT

|∇u|2 ≤ C
∫
QT

|∇w|2. (12)

Lemma 4.2. Let u, w ∈ L2(0, T ;H1
0 (Ω)) ∩ C([0, T ];L2(Ω)) ∩ L∞(QT ) such that

0 ≤ wn − un ≤ w − u in QT and u(0) = u(T ) in L2(Ω), w(0) = w(T ) in L2(Ω)

wn → w strongly in L2(0, T ;H1
0 (Ω)),

un → u weakly in L2(0, T ;H1
0 (Ω)),

(13)

and we have 
0 ≤ wn − un ≤ w − u in QT ,

(wn − un)t −∆(wn − un) = ρn in D
′
(QT ),

un(0) = un(T ) in L2(Ω),
wn(0) = wn(T ) in L2(Ω),
ρn ∈ L1(QT ), ρn ≥ 0 and ||ρn||L1(QT ) ≥ C,

where C is a positive constant independent of n. Then

un → u strongly in L2(0, T ;H1
0 (Ω)). (14)

Proof of Lemma 4.1. First, we define the Lebesgue-Steklov average uh of the solution.
For h > 0, we have

uh(t, x) =
1

h

∫ t+h

t

u(s, x)ds
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this function is well-defined in the space H1
0 (Ω). We have∫ T−h

0

∫
Ω

|(wh − uh)|2dxdt =

∫ T−h

0

∫
Ω

−(wh − uh)∆(wh − uh)dxdt

=

∫ T−h

0

∫
Ω

(wh − uh)[∂t(w
h − uh)−∆(wh − uh)dxdt]

−
∫ T−h

0

∫
Ω

(wh − uh)∂t(w
h − uh)

=

∫ T−h

0

∫
Ω

(wh − uh)[∂t(w
h − uh)−∆(wh − uh)dxdt] + ε1(h),

where

ε1(h) = −
∫ T−h

0

∫
Ω

(wh − uh)∂t(w
h − uh) = −

∫ T−h

0

∫
Ω

∂t(w
h − uh)2dxdt

=

∫
Ω

−(wh − uh)2(T − h) + (wh − uh)2(0)dxdt.

Then by passing to the limit, we get

lim
h→0

ε1(h) = lim
h→0

∫
Ω

−(wh − uh)2(T − h) + (wh − uh)2(0)dxdt = 0,

consequently∫ T−h

0

∫
Ω

|∇(wh − uh)|2dxdt ≤
∫ T−h

0

∫
Ω

wh[∂t(w
h − uh)−∆(wh − uh)dxdt] + ε1(h)

≤ −
∫ T−h

0

∫
Ω

(wh − uh)∂tw
h +

∫
Ω

[(wh − uh)wh]T−h0

+ 2

∫ T−h

0

∫
Ω

∇wh∇(wh − uh)dxdt+

∫ T−h

0

∫
Ω

(wh − uh)∆whdxdt+ ε1(h),

hence∫ T−h

0

∫
Ω

|∇(wh − uh)|2dxdt ≤ −
∫ T−h

0

∫
Ω

(wh − uh)[∂tw
h −∆wh]

+ 2

∫ T−h

0

∫
Ω

∇wh∇(wh − uh)dxdt+ ε1(h) + ε2(h).

Since ∂tw
h −∆wh ≥ 0, we get∫ T−h

0

∫
Ω

|∇(wh − uh)|2dxdt ≤ 2

∫ T−h

0

∫
Ω

∇wh∇(wh − uh)dxdt+ ε1(h) + ε2(h),

where

ε2(h) =

∫
Ω

[(wh − uh)wh]T−h0 ,

which implies that

lim
h→0

ε2(h) = lim
h→0

∫
Ω

[(wh − uh)wh]T−h0 dx

= lim
h→0

∫
Ω

[(wh − uh)(T − h)wh(T − h)− (wh − uh)(0)wh(0)]dx

= 0.
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It follows that∫ T−h

0

∫
Ω

|∇(wh − uh)|2dxdt ≤ 2

∫ T−h

0

∫
Ω

|∇wh|2 +
1

2

∫ T−h

0

∫
Ω

|∇(wh − uh)|2

+ ε1(h) + ε2(h),

which implies that∫ T−h

0

∫
Ω

|∇(wh − uh)|2dxdt ≤ 4

∫ T−h

0

∫
Ω

|∇wh|2 + 2(ε1(h) + ε2(h)).

Finally, we deduce ∫
QT

|∇u|2dxdt ≤ 12

∫
QT

|∇w|2.

2

Proof of Lemma 4.2. To prove that un converges strongly in L2(0, T ;H1
0 (Ω), it suffice

that

lim
n→∞

∫
QT

|∇un|2dxdt ≤
∫
QT

|∇u|2, (15)

For h > 0, let uh,wh and uhn, whn the sequences given by 0 ≤ whn − uhn ≤ wh − uh.
First, we have

lim
n→∞

∫
QT

|∇(wn − un)|2dxdt = lim
h→0

lim
n→∞

∫
QT−h

|∇(whn − uhn)|2dxdt

= lim
h→0

lim
n→∞

∫
QT−h

(whn − uhn)[
∂(whn − uhn)

∂t
−∆(whn − uhn)dxdt]

≤ lim
h→0

lim
n→∞

∫
QT−h

(wh − uh)[
∂(whn − uhn)

∂t
−∆(whn − uhn)dxdt]

≤ lim
h→0

lim
n→∞

∫
QT−h

[(wh − uh)
∂(whn − uhn)

∂t
+∇(wh − uh)∇(whn − uhn)]dxdt.

By using the weak convergence of un in L2(0, T ;H1
0 (Ω)) to u which implies that uhn ⇀

uh weakly in L2(0, T ;H1
0 (Ω)) and the strong convergence of wn in L2(0, T ;H1

0 (Ω))
which give us that whn → wh strongly in L2(0, T ;H1

0 (Ω)). Then we obtain

lim
n→∞

∫
QT

|∇(wn − un)|2dxdt ≤ lim
h→0

∫
QT−h

[(wh − uh)
∂(wh − uh)

∂t
+ |∇(wh − uh)|2]dxdt

≤ lim
h→0

(

∫
Ω

[(wh − uh)2]T−h0 dx+

∫
QT−h

|∇(wh − uh)|2dxdt)

≤
∫
QT

|∇(w − u)|2dxdt.

Finally we obtain the desired result (14). 2

Now, we need to prove that an(t, x)|∇un|2 is bounded in L1(QT ).

Lemma 4.3. Let (un) and (an) be sequences previously defined. Then we have
i)
∫
QT

an(t, x)|∇un|2 ≤ C1.
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Proof. i) By integrating the equation satisfied by un over QT and multiplying by a
test function ϕ which is equal to ϕ = 1, we obtain∫

QT

∂un
∂t
−∆un + an(t, x)|∇un|2 =

∫
QT

fn.

As un is periodic, un = 0 on ΣT , and by using (10), we have∫
QT

an(t, x)|∇un|2 ≤
∫
QT

f,

hence, we obtain the desired result. �

Lemma 4.4. Let un be a solution of (10), then

lim
h→0

lim
k→+∞

sup
n

(
1

k

∫
QT−h

|∇Tk(uhn)|2) = 0.

Proof. By using the Lebesgue-Steklov average and multiplying (1) by the truncated
function Tk(uhn) , then integrating on QT , we get for every 0 < M < k,∫

QT−h

∂jk(uhn)

∂t
+

∫
QT−h

|∇Tk(uhn)|2 +

∫
QT−h

FhnTk(uhn) =

∫
QT−h

fhnTk(uhn),

where Fhn =
1

h

∫ t+h
t

a(s, x)|∇u|2ds ≥ 0

which yields to∫
QT−h

∂jk(uhn)

∂t
+

∫
QT−h

|∇Tk(uhn)|2 ≤
∫
QT−h

fhTk(uhn).

By using the assumptions on Tk(uhn) and jk(uhn), we obtain∫
QT−h

|∇Tk(uhn)|2 ≤
∫
QT−h∩[uh

n≤M ]

fhTk(uhn) + k

∫
QT−h∩[uh

n>M ]

fhTk(uhn) + ε(n, h).

where

lim
h→0

lim
n→+∞

ε(n, h) = lim
h→0

lim
n→+∞

∫
QT−h

∂jk(uhn)

∂t
= 0,

therefore ∫
QT−h

|∇Tk(uhn)|2 ≤M
∫
QT−h

fh + k

∫
QT−h

fhχ[uh
n>M ] + ε(n, h).

On the other hand, we have

|[uhn > M ]| =
∫

[uh
n>M ]

dxdt ≤ 1

M
||uhn||L1(QT ) ≤

C

M
.

which yields

lim
M→+∞

(sup
n
|[uhn > M ]|) = 0.

On the other hand, since fh ∈ L1(QT ), we have for each ε > 0 there exists δ such
that, for all E ⊂ QT

|E| < δ,
∫
E
fh ≤ ε,

by taking into account the previous result, we obtain that for each ε > 0, then there
exists Mε such that, for all M ≥Mε

sup
n

(

∫
QT−h

fhχ[uh
n>M ]) ≤

ε

2
,
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we set M = Mε and for k → +∞, we get

lim
k→+∞

lim
h→0

sup
n

(
1

k

∫
QT−h

|∇Tk(uhn)|2) = 0.

�

4.3. Convergence. In this paragraph, we need to show the existence of u which is
a limit of un and also a solution of

∂u

∂t
−∆u+ a(t, x)|∇u|2 = f in D

′
(QT ),

u = 0 in ΣT ,
u(0) = u(T ) in Ω.

(16)

Let Ω be an open bounded subset of RN with smooth boundary and u solution of
(10). Then for every T > 0, the application

(un(0), gn) ∈ L1(Ω)× L1(QT )→ un ∈ L1(QT ),

is compact, where gn = fn − an(t, x)|∇un|2.
Moreover, it’s continuous from L1(Ω)×L1(QT ) into C([0, T ];L1(Ω)). For more details,
we refer you to see this paper (Baras & Pierre)[12].
Then we have

un → u in L1(QT ),
∇un → ∇u in L1(QT ),

(17)

ii) From Lemma 4.1 and 4.2, we have

Tk(un) converges to Tk(u) weakly in L2(0, T ;H1
0 (Ω)),

Tk(un) converges to Tk(u) strongly in L2(0, T ;H1
0 (Ω)).

Since Tk(un) is bounded in L∞(QT ), we conclude the existence of Tk(u) ∈ L∞(QT )
such that

Tk(un) converges to Tk(u) weak- * in L∞(QT ).

By Lemma 4.3, we know that an(t, x)|∇un|2 is uniformly bounded in L1(QT ) and
nonnegative. Moreover

an(t, x)|∇un|2 → a(t, x)|∇u|2 a.e in QT .

Then there exists λ non negative measure, see Schwartz [14], such that

lim
n→+∞

∂un
∂t
−∆un + an(t, x)|∇un|2 =

∂u

∂t
−∆u+ a(t, x)|∇u|2 + λ in D

′
(QT ).

(18)
However

lim
n→+∞

∂un
∂t
−∆un + an(t, x)|∇un|2 = f in L1(QT ), (19)

consequently
∂u

∂t
−∆u+ a(t, x)|∇u|2 + λ = f, (20)

where λ ≥ 0, which yields to the following inequality

∂u

∂t
−∆u+ a(t, x)|∇u|2 ≤ f.

but, it stills to prove that we can also establish an inequality in the opposite sense,
which means that

∂u

∂t
−∆u+ a(t, x)|∇u|2 ≥ f, (21)
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for this, we will introduce the function H ∈ C1(R), such that

0 ≤ H(s) ≤ 1

H(s) =

{
0 if |s| ≥ 1,

1 if |s| ≤ 1
2 .

Next, we define the test function Φ as follows

Φ = ψexp(−θnuhn)H(
θn
k

)H(
uhn
k

),

where H is the function defined previously and ψ ≤ 0, ψ ∈ L2(0, T ;H1
0 (Ω))∩L∞(QT )

and ∂tψ ∈ L2(0, T ;H−1(Ω)) + L1(QT ).
Now, we multiply our equation by Φ and we integrate over (0, T − h)×Ω, we obtain∫

QT−h

fnΦ =

∫
QT−h

[
∂un
∂t
−∆un + an(t, x)|∇un|2]Φ.

Then, we obtain∫
QT−h

fhnΦ =

∫
QT−h

[−un
∂ψ

∂t
+∇un∇ψ]exp(−θnuhn)H(

θn
k

)H(
uhn
k

)

+

∫
QT−h

(an(t, x)− θn)|∇un|2ψ exp(−θnuhn)H(
θn
k

)H(
uhn
k

)

+

∫
QT−h

θn(∇un −∇uhn)∇unψ exp(−θnuhn)H(
θn
k

)H(
uhn
k

)

+

∫
QT−h

un[θn
∂uhn
∂t

+ uhn
∂θn
∂t

]ψ exp(−θnuhn)H(
θn
k

)H(
uhn
k

)

− 1

k

∫
QT−h

un
∂θn
∂t

ψ exp(−θnuhn)H
′
(
θn
k

)H(
uhn
k

)−

− 1

k

∫
QT−h

un
∂uhn
∂t

ψ exp(−θnuhn)H(
θn
k

)H
′
(
uhn
k

)

−
∫
QT−h

ψuhn∇un∇θn exp(−θnuhn)H(
θn
k

)H(
uhn
k

)+

+
1

k

∫
QT−h

ψ∇un∇θn exp(−θnuhn)H
′
(
θn
k

)H(
uhn
k

)

+
1

k

∫
QT−h

ψ∇uhn∇un exp(−θnuhn)H(
θn
k

)H
′
(
uhn
k

) +

∫
Ω

[unΦ]T−h0

= I1 + I2 + I3 + I4 + I5 + I6 + I7 + I8 + I9 + I10.

Now, we study each term. For this we fix k and h and we pass to the limit as n→ +∞,
we obtain

lim
n→+∞

I1 = lim
n→+∞

∫
QT−h

[−Tk(un)
∂ψ

∂t
+∇Tk(un)∇ψ]exp(−θnuhn)H(

θn
k

)H(
uhn
k

)

=

∫
QT−h

[−u∂ψ
∂t

+∇u∇ψ]exp(−θuh)H(
θ

k
)H(

uh

k
).
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Since

∂ψ

∂t
exp(−θnuhn)H(

θn
k

)H(
uhn
k

)→ ∂ψ

∂t
exp(−θuh)H(

θ

k
)H(

uh

k
) strongly in L2(QT ),

and we have
Tk(un) ⇀ Tk(u) weakly in L2(0, T ;H1

0 (Ω)),

∇ψ exp(−θnuhn)H(
θn
k

)H(
uhn
k

)→ ∇ψ exp(−θuh)H(
θ

k
)H(

uh

k
)

converges strongly in L2(QT ).

For the second term I2, we have, since 0 ≤ an ≤ θn and ψ ≤ 0, we get

(an(t, x)− θn)|∇un|2ψ exp(−θnuhn)H(
θn
k

)H(
uhn
k

) ≥ 0.

Therefore by Fatou’s lemma, we obtain

lim
n→+∞

I2 ≥
∫
QT−h

(a(t, x)− θ)|∇u|2ψ exp(−θuh)H(
θ

k
)H(

uh

k
).

Let us pass to the third term I4, we have

lim
n→+∞

I3 = lim
n→+∞

∫
QT−h

θn(∇un −∇uhn)∇Tk(un)ψ exp(−θnuhn)H(
θn
k

)H(
uhn
k

)

=

∫
QT−h

θ(∇u−∇uh)∇Tk(u)ψ exp(−θuh)H(
θ

k
)H(

uh

k
),

where
∇Tk(un) ⇀ ∇Tk(u) in L2(QT ).

and
∇(un − uhn) ⇀ ∇(un − uhn) in L2(0, T ;H1

0 (Ω))).

Concerning the term I4, we have

lim
n→+∞

I4 = lim
n→+∞

∫
QT−h

un[θn
∂uhn
∂t

+ uhn
∂θn
∂t

]ψ exp(−θnuhn)H(
θn
k

)H(
uhn
k

)

=

∫
QT−h

u[θ
∂uh

∂t
+ uh

∂θ

∂t
]ψ exp(−θuh)H(

θ

k
)H(

uh

k
).

Where uhn is differentiable in time for all h > 0, and its derivative equal to
un(t+ h)− un(t)

h
. Then we have

ψ exp(−θnuhn)H(
θn
k

)H(
uhn
k

)→ ψ exp(−θuh)H(
θ

k
)H(

uh

k
) strongly in L2(QT ),

and
∂uhn
∂t
→ ∂uh

∂t
strongly in L2(0, T ;H1

0 (Ω)),

∂θn
∂t
→ ∂θ

∂t
strongly in L2(QT ).

Also, we have

ψ exp(−θhnuhn)H(
θhn
k

)H(
uhn
k

)→ ψ exp(−θhuh)H(
θh

k
)H(

uh

k
)

converges weak * in L∞(QT ).
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For I5 we have

lim
n→+∞

I5 = lim
n→+∞

−1

k

∫
QT−h

un
∂θn
∂t

ψ exp(−θnuhn)H
′
(
θn
k

)H(
uhn
k

)

= −1

k

∫
QT−h

u
∂θ

∂t
ψ exp(−θuh)H

′
(
θ

k
)H(

uh

k
).

The same thing for I6, we obtain that

lim
n→+∞

I6 = lim
n→+∞

−1

k

∫
QT−h

un
∂uhn
∂t

ψ exp(−θnuhn)H(
θn
k

)H
′
(
uhn
k

)

= −1

k

∫
QT−h

u
∂uh

∂t
ψ exp(−θuh)H(

θ

k
)H
′
(
uh

k
).

For I7, we get

lim
n→+∞

I7 = lim
n→+∞

−
∫
QT−h

ψuhn∇Tk(un)∇Tk(θn) exp(−θnuhn)H(
θn
k

)H(
uhn
k

)

= −
∫
QT−h

ψuh∇u∇θ exp(−θuh)H(
θ

k
)H(

uh

k
),

since

Tk(un) ⇀ Tk(u) weakly in L2(0, T ;H1
0 (Ω)),

Tk(θn)→ Tk(θ) strongly in L2(0, T ;H1
0 (Ω)).

For investigating the terms I8 and I9, we will need to use Lemma 4.4 and the fourth
hypothesis of the main theorem. Also we need 0 ≤ H(s) ≤ 1 and exp(−θnun) ≤ 1.
We obtain

I8 ≤

[
1

k

∫
QT−h

ψ|∇Tk(un)|2 exp(−θnuhn)H
′
(
θn
k

)H(
uhn
k

)

] 1
2

×

[
1

k

∫
QT−h

ψ|∇Tk(θn)|2 exp(−θnuhn)H
′
(
θn
k

)H(
uhn
k

)

] 1
2

≤
[
||ψ||L∞(QT )

1

k

∫
QT

|∇Tk(un)|2
] 1

2

×
[
||ψ||L∞(QT )

1

k

∫
QT

|∇Tk(θn)|2
] 1

2

≤
[
||ψ||L∞(QT )ρk

] 1
2 ×

[
||ψ||L∞(QT )βk

] 1
2 ,

where

ρk = sup
n

(
1

k

∫
QT

|∇Tk(un)|2), βk = sup
n

(
1

k

∫
QT

|∇Tk(θn)|2).

Similarly to the proof of Lemma 4.4, we get

lim
k→+∞

ρk = 0, lim
k→+∞

βk = 0.

Finally, we conclude
lim

k→+∞
sup
n

(I8) = 0.

Similarly for I9, we obtain
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I9 ≤

[
1

k

∫
QT−h

ψ|∇Tk(uhn)|2 exp(−θnuhn)H(
θn
k

)H
′
(
uhn
k

)

] 1
2

×

[
1

k

∫
QT−h

ψ|∇Tk(un)|2 exp(−θnuhn)H(
θn
k

)H
′
(
uhn
k

)

] 1
2

≤

[
||ψ||L∞(QT )

1

k

∫
QT−h

|∇Tk(uhn)|2
] 1

2

×
[
||ψ||L∞(QT )

1

k

∫
QT

|∇Tk(un)|2
] 1

2

≤
[
||ψ||L∞(QT )ρ1,k

] 1
2 ×

[
||ψ||L∞(QT )β1,k

] 1
2 ,

where ρ1,k = sup
n

(
1

k

∫
QT−h

|∇Tk(uhn)|2) and β1,k = sup
n

(
1

k

∫
QT
|∇Tk(un)|2).

From Lemma 4.4 we have lim
h→0

lim
k→+∞

ρ1,k = 0 and lim
k→+∞

β1,k = 0. Thus

lim
h→0

lim
k→+∞

sup
n

(I9) = 0.

Now we pass to I10, we have un → u in C([0, T ];L2(Ω)). Since Φ is bounded in

L∞(QT ), we conclude the existence of ψ exp(−θuh)H(
θ

k
)H(

uh

k
) ∈ L∞(QT ) such that

(ψ exp(−θnuhn)H(
θn
k

)H(
uhn
k

))(0) and (ψ exp(−θuh)H(
θ

k
)H(

uh

k
))(T −h) are bounded

in L∞(Ω) which yields to

lim
n→+∞

I10 = lim
n→+∞

∫
Ω

[Tk(un)ψ exp(−θnuhn)H(
θn
k

)H(
uhn
k

)]T−h0

=

∫
Ω

[u(T − h)(ψ exp(−θuh)H(
θ

k
)H(

uh

k
))(T − h)

− u(0)(ψ exp(−θuh)H(
θ

k
)H(

uh

k
))(0)]

Then, we obtain∫
QT−h

[−u∂ψ
∂t

+∇u∇ψ]exp(−θuh)H(
θ

k
)H(

uh

k
)

+

∫
QT−h

(a(t, x)− θ)|∇uh|2ψ exp(−θhuh)H(
θh

k
)H(

uh

k
)

+

∫
QT−h

u[θ
∂uh

∂t
+ uh

∂θ

∂t
]ψ exp(−θuh)H(

θ

k
)H(

uh

k
)

− 1

k

∫
QT−h

u
∂θ

∂t
ψ exp(−θuh)H

′
(
θ

k
)H(

uh

k
)

+

∫
QT−h

ψθ(∇u−∇uh)∇u exp(−θuh)H(
θ

k
)H(

uh

k
)

− 1

k

∫
QT−h

u
∂uh

∂t
ψ exp(−θuh)H(

θ

k
)H
′
(
uh

k
)

+

∫
Ω

[u(T − h)(ψexp(−θuh)H(
θ

k
)H(

uh

k
))(T − h)
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− u(0)(ψexp(−θuh)H(
θ

k
)H(

uh

k
))(0)]

−
∫
QT−h

uh∇u∇θψ exp(−θuh)H(
θ

k
)H(

uh

k
) + ωh(

1

k
)

≤
∫
QT−h

fhψexp(−θuh)H(
θ

k
)H(

uh

k
),

where ωh( 1
k ) is a quantity that tends to 0 as k → +∞ and h→ 0.

Next, we may define the following equation

ψ = −φ exp(θuh)H(
θ

k
)H(

uh

k
),

where φ ≥ 0 and belongs to D(QT ). Let us replace ψ by its value in the previous
inequality, we obtain∫

QT−h

u
∂φ

∂t
H2(

θ

k
)H2(

uh

k
) +

∫
QT−h

uφuh
∂θ

∂t
H2(

θ

k
)H2(

uh

k
)

+

∫
QT−h

uθ
∂uh

∂t
φH2(

θ

k
)H2(

uh

k
) +

2

k

∫
QT−h

u
∂θ

∂t
φH

′
(
θ

k
)H2(

uh

k
)H(

θ

k
)

+
2

k

∫
QT−h

u
∂uh

∂t
φH

′
(
uh

k
)H(

uh

k
)H2(

θ

k
)−

∫
QT−h

∇u∇φH2(
θ

k
)H2(

uh

k
)

−
∫
QT−h

φuh∇u∇θH2(
θ

k
)H2(

uh

k
)−

∫
QT−h

(a− θ)|∇u|2φH2(
θ

k
)H2(

uh

k
)

− 1

k

∫
QT−h

φ∇u∇θH
′
(
θ

k
)H2(

uh

k
)H(

θ

k
)− 1

k

∫
QT−h

φ∇uh∇uH2(
θh

k
)H(

uh

k
)H
′
(
uh

k
)

−
∫
QT−h

φθ(∇u−∇uh)∇uH2(
θh

k
)H2(

uh

k
)−

∫
QT−h

θ∇uh∇uφH2(
θh

k
)H2(

uh

k
)

−
∫
QT−h

uθ
∂uh

∂t
φH2(

θ

k
)H2(

uh

k
)−

∫
QT−h

uh
∂θ

∂t
uφH2(

θ

k
)H2(

uh

k
)

−
∫

Ω

[uφH2(
θ

k
)H2(

uh

k
)]T−h0 +

∫
QT−h

φuh∇u∇θH2(
θ

k
)H2(

uh

k
) + ωh(

1

k
)

≤
∫
QT−h

−fφH2(
θ

k
)H2(

uh

k
).

By simplifying some terms and developing some calculations, we get∫
QT−h

u
∂φ

∂t
H2(

θ

k
)H2(

uh

k
) +

2

k

∫ T−h

0

<
∂θ

∂t
, uφH

′
(
θ

k
)H2(

uh

k
)H(

θ

k
) >

+
2

k

∫
QT−h

u
∂uh

∂t
φH

′
(
uh

k
)H(

uh

k
)H2(

θ

k
)−

∫
QT−h

∇u∇φH2(
θ

k
)H2(

uh

k
)

−
∫
QT−h

a|∇u|2φH2(
θ

k
)H2(

uh

k
)−

∫
Ω

[uφH2(
θ

k
)H2(

uh

k
)]T−h0 + ωh(

1

k
)

≤
∫
QT−h

−fφH2(
θ

k
)H2(

uh

k
),

and by tending k → +∞ on the second and the third terms, we find
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lim
k→+∞

2

k

∫ T−h

0

<
∂θ

∂t
, uφH

′
(
θ

k
)H2(

uh

k
)H(

θ

k
) >= 0 and

lim
k→+∞

2

k

∫
QT−h

u
∂uh

∂t
φH

′
(
uh

k
)H(

uh

k
)H2(

θ

k
) = 0,

where
∂θ

∂t
∈ L2(0, T ;H−1(Ω)) and

∂uh

∂t
=
u(t+ h)− u(t)

h
∈ L2(0, T ;H1

0 (Ω)).

Finally, by using the fact that

lim
k→∞

H(
θ

k
) = 1, , lim

k→∞
H(

uh

k
) = 1,

and then by letting h→ 0, we conclude that for every φ ≥ 0 and belongs to D(QT )∫
QT

[−∆u+ a(t, x)|∇u|2]φ−
∫
QT

u
∂φ

∂t
+

∫
Ω

[uφ]T0 ≥
∫
QT

fφ.
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