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Texture synthesis by reaction diffusion process

MARIAM ZIRHEM AND NOUR EDDINE ALAA

ABSTRACT. This work is devoted to the mathematical study of nonlinear and anisotropic
reaction-diffusion equation. This type of equation appears in texture synthesis and computer
vision. The proposed model utilizes a diffusion tensor which may be adapted to the image
structure. For this reason, New techniques are needed to show the existence of weak solution
with the initial data is in L2(2) of this model.
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1. Introduction

The matrix field of the structure tensor, introduced by Forstner and Gulch [9]
plays a fundamental role in image processing and computer vision, as it allows both
orientation estimation and image structure analysis. It has proven its usefulness in
many application fields such as corner detection [9], texture analysis [10] and optical
flow [9].

The structure tensor offers three advantages. Firstly, the matrix representation of
the image gradient allows the integration of information from a local neighborhood
without cancelation effects. Such effects would appear if gradients with opposite orien-
tation were integrated directly. Secondly, smoothing the resulting matrix field yields
robustness under noise by introducing an integration scale. This scale determines
the local neighborhood over which an orientation estimation at a certain pixel is per-
formed. Thirdly, the integration of local orientation creates additional information,
as it becomes possible to distinguish areas where structures are oriented uniformly,
like in regions with edges, from areas where structures have different orientations, like
in corner regions.

Among the authors whose propose the anisotropic nonlinear diffusion models [1,
4, 6, 15, 17] for image processing, we can find that Cottet and Germain [12] proposed
the following model

2750— ()762 div((f‘;e(U)Vu) = f(u) i ]é) T[xQ "
wm0 on ]0, T[xd9

Where A.(u) is the orthogonal projection onto the direction which is perpendicular
to the gradient of u.. Their model diffuses only in one direction, it is clear that its
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result depends very much on the smoothing direction.
In 1994, Weickert [11] proposed an new model based on the structure tensor

9u — div(D(J,(Vu,))Vu) =0  in ]0,T[xQ
u(0, z) = ug(x) in (2)
< D(J,(Vu,))Vu, € >=0 on 10, T[x9Q

where diffusion tensor D is a matrix depending on the eigenvalues and on the eigen-
vectors of the structure tensor J = Vu ® Vu. This tensor product contains merely
the same information as the gradient itself, it has the big advantage that it can be
smoothed without cancelation effects for areas where gradients have opposite signs.
This smoothing stabilizes the orientation information.

In this work, we discuss the following problem:

9u — div(D(J,(Vu,))Vu) = f(t,z,u) in]0,T[xQ
u(0, ) = ug(z) in (3)
< D(J,(Vu,))Vu,& >=0 on |0, T[x 0N

where ug is an observed image, € is a regular bounded open set of RY with smooth

boundary 092, Qr =]0,T[x€Q, >, =]0,T[x08 and £ is the unit outward normal to
Q. Let 0 > 0, K, is the Gaussian filter where:

1 ik
Ko(z) = ——ze"5) z e RY
(2mo)=
We consider the gradient norm of w as |Vw| = 2511(%)27 Vw, is the smoothed

version of gradient norm: Vw, := V(w x K,) = w* VK,. The matrix Jy resulting
from the tensor product

Jo := Vu, ® Vu, := VUUVUZ

has an orthonormal basis of eigenvectors vy, vy with v1||Vu, and vy L Vu,. The
corresponding eigenvalues |Vuy|? and 0 give just the contrast in the eigendirections.
By convolving Jo(Vu,) with a Gaussian K, we obtain the structure tensor

Jpo(Vue) = K, * (Vu, ® Vu,)

. '11 '12 . . .. . .
The matrix J, = J J is symmetric, positive semidefinite and possesses or-
J21  J22
thonormal eigenvectors wy, wo with
2j12

\/(j22 —j11+/ (J11—J22)2+45%,)2 +452,

Jaz—jui4/ (11 —j22)2 4457,
\/(jzz —j11++/ (J11—Jd22)%+453,)2+45%,

if j11 # jag or ji2 # 0. The corresponding eigenvalues are given by

1/, . . . .
3 (Jn + Jo2 + \/(]11 — j22)? + 4]122)

w1 =

H1

po = % (jn +J22 — \/(ju — J22)? + 4j122)
The eigenvalues describe the contrast in the eigendirections. Furthermore, the diffu-
sion tensor D = (d; ;) satisfies the following properties:
(C1) Smoothness: D € C*°(R**%;R?*?),
(Cy) Symmetry: dya(J) = day(J) for all symmetric matrices J € R?*2,
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(C3) Uniform positive definiteness: For all w € L> (2, R?) with |w(x)| < K on Q,
there exists a positive lower bound v(K) for the eigenvalues of D(J,(w)).

The regularization by convolving with a Gaussian kernel makes the edge detection
insensitive to noise at scale smaller than o and helps to ensure the existence results.
To adapt the diffusion tensor D to the local structure, one may prescribe that it
should possess the same eigenvectors as the structure tensor J,. The corresponding
eigenvalues A\; and Ay of D are chosen as in Weickert [13] and that’s gives

D = SAST

A0
where S = (w1 wg) and A = (O )\2>.

Moreover, these following main properties hold:
e The positivity of the solution is preserved with time, which is ensured by

for almost (¢,z) € Qr, f(t,z,0) >0 4)
e The total mass of the components is controlled with time, which is given by
Vu € RT, for all (t,2) € Qr,uf(t,z,u) <0 (5)
Let introduce for f the hypotheses

f Q1 — R is measurable

f(t,z,.): R = R is Locally Lipshitz, namely : |f(¢, z,u) — f(¢t,z,4)| < K(r)|u— 4
(6)

for a.e (t,z) € Qr and for all 0 < |ul,|u| < 7.
We suppose that there exists a positive constant M such that
V(t,l‘,’l") € QT X R) |f(t,x,r)| S M

And that for all R > 0, supj,<r(|f(t,z,u)|) € L*(Qr).

2. Preliminaries and main result

Firstly, we precise in which sense we want to solve the problem (3).
Definition 2.1. A function u is a weak solution of (3) if:

w e C(0,T; LA(Q)) N L2(0, T; H'(Q))
flt,z,u) € LY(Q7)

for every ¢ € C1(Q7) such that o(T,.) =0 (7)
J —uSE+ [ D(J,(Vue))VuVp = [ ft,z,u)p+ [uo(x)p(0, )dw
Qr Qr Qr Q

The main result of this work is the following theorem:

Theorem 2.1. Assume that (4) — (6) hold. If ug in L?(S2), then there exists a weak
positive solution u of the problem (3).
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3. Approximating Scheme

We consider the function of truncation 7, € C§°(R) such that: 0 <n, <1 and
1 if |r| <n (8)
N (r) = .
0 if|r|>n+1 (9)
We truncate the nonlinearity by 7,
fu(tsm,u) = mn(Jul) f(t, 2,u)
Note that the function f, satisfy the same properties as f with M = M, r is a

constant depending on n and T
We consider the following truncated problem:

un, € W(H?)
%‘p + fD(Jp(Vum,))Vuano = ffn(tax»un)@ Vo € Hl(Q) (10)
Q Q
un(0) = ug

where

’

WH') = {w & (0,7 H'(@)); 50 & 20,3 (' (@) ).
We have W(H?') — C([0,T]; L3(Q)).

Theorem 3.1. Under the above hypothesis, the problem (10) admits a weak positive
solution uw € W(H?).

We consider the application:

£,: L*Qr) — L*(Qr)
v — Uy,

where u,, satisfies the following problem
W o+ [ D(Jp(Vine))Vun Vo = [ fult,z,v)p Vo € HY(Q)
Q Q Q
un (0) = uf

To prove the existence of solution of (11), we need to prove that £, admits a fixed
point. To this end, we prove through the following lemma, that the hypothesis for
the Schauder fixed point theorem are satisfied.

(11)

Lemma 3.2. 1. £, is a continous operator on L*(Qr).
2. L,(B) C B with

) QCg,T )
B ={U € L*(Qr) such that ||U|[12(q@.) < T(TO + HUOHL2(Q)) }

3. L, is a compact operator.

Proof. 1. Let’s consider v and ¥ in L?(Qr) such that:
Ln,(v) =u, and L, (7) =a,

we have for every ¢ € H*(Q):

/ O(up, — ﬂn)%@ N

- D(J (Vg )) Vit Vi — / D(J(Vitys ) Vitn Vg =
Q

Q

(fn(ta Z‘,U) - fn(taxvﬁ))@
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We choose ¢ = u,, — u,, we have:

10

ot~ T3 /D Vum,))VunV(n—ﬂn)—/D(J,,(Vﬂm))VﬂnV(un—Un)

Q

_ / (Fa0) = Fu(®) (w0 — ).

Q
which implies that

190

o 2
3% D(J,(Vtne))|Vip — V|

= lun — ﬂn”%%m +

(D(Jp(Vng)) — D(Jp(Ving))) Vi, V(u, — Up)

(fn(v) = fn(0) (Un = ).

:o\ D\ D\

Since the diffusivities D is smooth and uniformly positive definite, then

10

o — Tl + M1Vt~ ) By < 17n0) ~ Fu @3y
_ _ _ v _
+ aflun, — Un||%2(9) + 7||Un||§11(9)||un - un||2L2(Q) + §||Vun - VUnHZm(Q)

and that implies

190

_ v _ 1 _
3 llun = Unll720) + IV (un — Un)l72(0) < () = Fa @720
2c,, _
+ (a+ ;Ilun\lip(m)llun — Tnl[72(0)-

Choosing v such that § = o + %Hﬂn\@p(m and setting oy = a > 0, we obtain by
integration over 0 and ¢

2
= 1 B2 a—/|\fn QI
0

Since the nonlinearity f, is locally Lipschitz and it’s bounded then f, is globally
Lipschitz which enable us to deduce the existence of a constant C,, r depending only
on n and 7T such that:

1fn(0) = fa(@)l|22(@r) < Cnrllv = 7l|2(Qr)-

Integrating over 0 and 7', we obtain that

2

|tn = Tn|[72(0p < v =2[122(0)-

Finally:

1£n(0) = Ln ()22 (@r) < v =7l|L2(Qr)-
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QC;‘:,T
ag

2. Weset B={U € L*(Q7)/||U]||r2(0s) < \/T(
v € B such that: u, = £, (v). We have:

+ HuOH%Q(Q))}. Let’s consider

2
lunllZ2(@) + 211VUlli20r) < S IFn )72 + 20lIVullieigr) + lluoll72(0)-

Choosing a = v, we obtain

2
Cn,T

[lunl[F2(q) < + l[uollF2 ()

which implies that:

202 .
[unllz2(Qr) < \/T( OZ)’ + [luol132(q))-

Consequently, we conclude that: £, (B) C B.
3. Now, we prove that £, is a compact operator. Let vy, € L?(Qr) such that:
L, (vy,) = uk. We have:

1 1 1

5”“2”%2(9) + V||vufb||2L2(QT) < Ean(Uk)HQL?(QT) + O‘HquHZL?(QT) + §HU0||2L2(Q)

for a = %, we obtain that

202
|VuZ|L2<QT>s\/T< 2Lt ol )

Consequently,
sl 207 0y < C-
Otherwise u¥ satisfies for all ¢ € H(Q)

ouk
Gie+ [ DUV VETe = [ fwe
Q Q

Q
Then
Quy, k
| ﬁﬂ <[ fa(wR)l L2 llell 2 (0) + allug |l 2@ el 2 )
Q
Therefore
ouk
HWHL?(O,T;H*(Q)) <C.
duk

So, the sequences (uf);>o and (%2 )k>0 are respectively bounded in L?(0,T; H(2))
and £2(0,T; H=1(2)). Since the embedding L?(0,T; H'(2)) C L?(Q7) and

L?(0,T; H 1(Q)) € L?(Q2r) are compact, then the operator £,, is compact. Finally,
we conclude that the operator £,, admits a fixed point. ([l

Lemma 3.3. Let u,, be a weak solution of (10) and suppose that ug > 0 in Q. Then
Uy > 0 in Qr.

Let us introduce the following function defined on R by
— { -1 r <0 (12)
sign~r =
g 0 r>0 (13)

as sign” is an increasing function, we consider the convex function j. € C?(R) such
that
Je(r) — sign™r when € — 0.



62 M. ZIRHEM AND N.E. ALAA

In the first time, we will prove that the solution u is positive. We consider the
following problem:

aaitn - le(D(JP<vunU))Vun) = fn(taxa un) il’l }0, T[XQ

un (0, 2) = uf(x) in Q (14)
< D(J,(Vuns)) Vg, & >=0 on |0, T[x0Q

We multiply both sides of the first equation by j.(u,) in (14) and integrating on Qr
we obtain

Oy, 1

ot Je(un) = /D (Viine))Vu, V ]e Up)) /f Unp ]e Up)- (15)
Qr Qr

Let’s note by I; and I, respectively the two members in the right side of the equality
(15). Using the convexity of j. and the properties of the diffusion tensor D, we deduce
for the first integral

- / D(J,(Vting))|Vun |2, (un)dadt < 0.
Qr

Concerning the second member Iy, we have
lim I; = lim / fn(un)j;(un) + lim / fn(un)];(un)
e—0 e—0 e—0
[un>0] [un, <0]
According to (5) we have

lim I, = / fu(t,z,u,) <O0.
e—0

[u<0]

Then

consequently

which implies

Jtw) ) < [ ©.0)

Q Q

as ug > 0 almost for every x € €, we deduce that

/(un)’(t,x) <0.

Q

Since (uy)~ (¢, ) > 0 we obtain that (uy)~ (¢,x) = 0; therefore u,, > 0.



TEXTURE SYNTHESIS BY REACTION DIFFUSION PROCESS 63
4. A priori estimates
Lemma 4.1. There exists a constant M depending on ||ugl||p1(q) such that:

/un(t) <M for allt € [0,T). (16)
Q

Proof. We have for all ¢ € H(Q)

dun, .
[ o= [ ADUTun) Ve = [ fultaue

/Qun(t):/gfn(t,x,un)-i-/ﬂuo

and by hypothesis (5), we have
/ Un(t) < / Ug.
Q Q

Lemma 4.2. There exists a constant Ry depending on T and ||ug||11 (o) such that:

taking ¢ = 1, we obtain

O

/ |[fn(t, 2, upn)| < Ry for allt € [0,T) (17)
QT

/Qun(t)—/gfn(t,x,un)z/ﬂuo

According to (5) we obtain

Q[ [t <7 [ fuol.

Proof. We have

O

Lemma 4.3. There exists a constant Rs depending on the T' and ||ug|[1(q) such
that:

/ ‘uﬂfﬂ(taxaun)‘ S RS' (18)
Qr

Proof. We have

1 1
sllunllzzio) +vIIVunllZz g —/Q unfu(t 2, un) < SluollZz o)

T

then
1
[ lenfattzua)] < 5 ol
Qr
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5. Convergence

Our objective is to show that: w, converges to some u solution of the problem (3).
We have by Lemma 1, the existence of a subsequence noted also u,, € L*(0,T; H!(2))
and u € L?(0,T; H'(2)) such that:

u, —u in L2(0,T; H'(Q))
U, — u in L*(Qr)

ou, _ ou
ot ot

Up ¥ VK, = ux VK, in L*(Qr)
Viune @ Ve — Vs @ Vu, In LQ(QT)

(Ve ) = J,(Vu,) in L?(Qr)
D(J,(Vtng)) = D(J,(Vu,)) in L*(Qr).

We have by the hypothesis (6) that
falt,x,uy) = f(t,z,u) a.ein Qr.

It remains to show that (f,), are equi-integrable in L'(Q7). For this we show that:
for each € > 0, there exists § > 0 such that for all A C Q1 measurable with |A| < §,
we have

in L2(0,T; H1(Q))

/ |fn(t,.1’, un)‘dxdt <e
A
Let A be a measurable subset of Qr, € > 0 and k > 0. We have:

/|fn(t,;v,un)|:/ |fn(t,x,un)|+/ (s 2, 0) -
A ANfu, <k] ANfuy, >k)

For the first term on the right-hand side, we have

/ |fn(tarvu7l)| S/ sup |f(t,x,r)|d:r
AN[uy, <k] A |r|<k

We have supy, <, |f(t,#,7)| € L'(Qr) is uniformly integrable in L*(Qr), therefore
for each € > 0 there exist 6 > 0 such that if |E| < ¢ then

/ sup |f(t,z,u)|dx <
A

lu|<k

N

Which implies that

N

[ i) <
ANfuy, <k]
On the other hand, we have

1
/ | fn(t, 2, up)| < E/ [ fr(t, 2, )|
Aﬂ[unzk] T

Using Lemma 4.3, we obtain

1
t < = 2
S itz < Sl

2lJuoll32 g
€

If we choose k > , we have

[ i) < s
AN[up >k] 2



TEXTURE SYNTHESIS BY REACTION DIFFUSION PROCESS 65
Finally, [, |fn(t,z,un)| < €. This completes the proof.
6. Numerical Simulation

Equation can be solved numerically using finite differences. Spatial derivatives are
usually replaced by central differences, while the easiest way to discretize %7; consists
of using a forward difference approximation. The resulting so-called explicit scheme
allows to calculate all values at a new time level directly from the ones in the previous
level without solving linear or non linear systems of equations. An explicit scheme
has the basic structure

whtt gk
. i, k k E
% = Afjruiy + f(uiy)
where 7 is the time step size and u ; denotes the approximation of u(zx,t) in the pixel

(i,7) at time k7. The expression Ai,j k] is a discretization of V(DVu). The stencil

notation of the nonnegative discretization for Ai’j are shown in Figure 1.

b a1 qal-bi_1,41 |big1geal+bica
4h1hs Cig+11Cij |b|._;|—1|+ bl.j dhihs
2h32 2hiha
b, ;|—b |b, ;| +b
| 2, LY 1, T,
+ dhihy T dhihs

o lD-:—1,_;_Ql'll._;|—l'3'-|+1‘_r
2n3

Cbiagatl b s bt 1 byt e
4hy ha

e Tt
. L O B L R | e R S W L
I A  lurag bl
ik b by b 4200 2haha
2h1 ha

C!,j—1+gci.j+cl.j—1
R

2n3
bo1 g 1|+bi_1,-1 big1y—1]=bir1;-1
dhihs G176y |b|._;|—1 + bl.jl 4h1h2
2h3 2h1ha
b!-}|+b?-_? ) |b33|
T ke T i

FIGURE 1. Nonnegative discretization.

We use an objective criterion giving an idea of the quality of the image filtered
and enhanced compared with that reference image. In general, the PSNR is used in
the image restoration to validate the filtering model used. But in the enhancement
therefore, this criterion is adapted as follows

MSE = —ZZ — Uo(i, 5))?

i=1 j=1
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2552

where U is the filtered image with enhancement and Uy is the reference image.

The evaluation results provided by the methods of enhancement are difficult to
compare and that only the naked eye can detect the difference between the methods
of image enhancement. The choice of one image enhancement technique over another
is completely subjective and depends used in comparing the image enhancement tech-
niques is called measure of enhancement EM E or measure of improvement. Let an
image I(N, M) be split into kike blocks wy, (7, j) of sizes 1l then we define

kl kJQ
EME = Z > 2010g( Tnaakt —mazibly
kl P—— mzn k.l

where I0, ., and I, are respectlvely maximum and minimum values of the
image I(N, M) inside the block wy ;. The higher the value of EM E, the higher the
image contrast and information clarity in the image.

Experiments Results:
We consider a blurred image by a Gaussian white noise with variance o = 0.01 and
the initial PSNR=28.75.

FIGURE 2. Barbara image.

In Figures 3 and 4, we show the results obtained using Weickert and the proposed
models on Barbara image where there is a high presence of textures combined with
nontextured parts.

In order to show the robustness of the proposed method, we tested a color image
as shown in Figure 5.

We note that in Figure 7 the new model separates better the textured details from
the larger regions: the small textured details are in the texture component, while
the larger regions are kept in the cartoon component. Using Weickert model (Fig.
6), small textured details are still kept in the u component, while contours of larger



TEXTURE SYNTHESIS BY REACTION DIFFUSION PROCESS 67

FiGURE 3. Cartoon and Texture part by Weickert model with
PSNR=31.16 and EME=2.77.

FIGURE 4. Cartoon and Texture part by Our model with
PSNR=34.46 and EME=5.36

regions can be showed in the ug —u component. Therefore, using this model, we could
not separate texture and non texture parts very well. Indeed, if we look to the ug —u
components from Fig. 3, we still see the hands and the hair in the result produced by
the Weickert model. These are not seen in the uy — v component produced by Our
model (Fig. 4).
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FIGURE 5. Tree image blurred by a Gaussian White noise of variance 0.01.

FicURE 6. Cartoon and Texture part by Weickert model with
PSNR=67.25 and EME=5.44.

L o

Ficure 7. Cartoon and Texture part by Our model with
PSNR=64.91 and EME=6.73.
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