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Mathematical analysis of a reaction diffusion model for image
restoration

SALIM MESBAHI AND NOUR EDDINE ALAA

ABSTRACT. In this paper, we propose a modification and a generalization of the theory de-
veloped by P. Perona and J. Malik for edge detection and image restoration, from the case of
a single equation to the case of nonlinear reaction-diffusion system. We are interested in the
existence of weak solutions for this system for which two main properties hold: the positivity
of the solutions and the total mass of the components are preserved with time.
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1. Introduction

Image processing is a discipline of computer science and applied mathematics that
deals with digital images and their transformations in order to improve their quality or
to extract information. There are a large number of applications of image processing
in diverse spectrum of activities. Omne of the most active topics in this field has
been restoration of images. A number of different techniques have been proposed for
digital image restoration, utilizing a number of different models and assumptions. The
restoration of degraded images is an important problem because it allow to recovery
lost information from the observed degraded image data.

One of the first attempts to derive a model that incorporates local information
from an image within a PDE framework was conducted by Perona and Malik [21],
[22]. They proposed a nonlinear diffusion model in order to avoid the blurring of edges
and other localization problems presented by linear diffusion models. The model can

be written as
% — div (g (|Vu|2) Vu) =0

u(0,2) = ug

ou
20
ov
In this model the diffusivity has to be such that hIJP g(s) — 0 and lir%g (s) = L.
S——+00 S—r

Notwithstanding the practical success of the Perona-Malik model, it presents some
serious theoretical problems: (i) None of the classical well-posedness frameworks is
applicable to the Perona-Malik model, (Weickert and Schnorr [25]; Nitzberg and
Shiota [19]); (ii) Uniqueness and stability with respect to the initial image should
not be expected, i.e. solvability is a difficult problem, in general (Kichenassamy [16];
Hollig and Nohel [14]; Hollig [15]; Perona et al. [20]; Catté et al. [11]); (iii) The
regularizing effect of the discretization plays too much of an important role in the
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solution (Frohlich and Weickert [13]; Benhamouda [9]). The latter is perhaps the key
element in the success or failure of the model. Most practical applications work very
well provided that the numerical schemes stabilize the process through some implicit
regularization.

This observation motivated much research towards the introduction of the regu-
larization directly into the PDE to avoid the dependence on the numerical schemes
(Catté et al. [11]; Nitzberg and Shiota [19]). A variety of spatial, spatio-temporal,
and temporal regularization procedures have been proposed over the years (Baren-
blatt et al. [8]; Catté et al. [11]; Weickert [24]; Weickert [26]; Whitaker and Pizer
[27]; Li and Chen [17]). The one that has attracted much attention is the mathe-
matically sound formulation due to Catté et al. [11]. They proposed replacing the

diffusivity g (|Vu|2) of the Perona-Malik model by a slight variation g (\Vug|2) with

uy, = Gy x u, where G, is a smooth kernel (Gaussian of variance o). Their proposed
model is therefore
du_ g Vu,|*) Vu) =0
g~ v (9 (1Ve17) Vu) =
u(0,2) = ugp
ou
ov
We should note that this spatial regularization model belongs to a class of well-
posed problems (existence and uniqueness were proven in Catté et al. [11], and that
its successful implementation is contingent on the choosing of an appropriate value
for the additional regularization parameter 0. Whitaker and Pizer [27] and Li and
Chen [17] suggested making the parameter o time-dependent, and Benhamouda [9]
performed a systematic study of the influence of o for the one-dimensional case.
Another interesting variation to the Perona-Malik model is the one proposed by
Alvarez et al. [5], [6]. They studied a class of nonlinear parabolic differential equations
of the form

Oou . Vu

T g (|G * Vul) |[Vu| div (M) =0
w(0,2) = ug

Ou _

ov

The term ¢ (|G * Vu|) is used for edge enhancement and it controls the speed of
the diffusion.

In 2006, the study of Morfu [19] was focused on the contrast enhancement and
noise filtering, he considers the Fisher equation which generally allows simulating the
transport mechanisms in living cells, but also enhances the contrast and segmenting
images. The model proposed by Morfu is

= —div(g (|Vul) Va) = £ (w)
u(0,2) = ugp
U
ov 0
where ug is the original image to be processed and f(s) = s(s — a)(1 — s) with
0 < a < 1. The Major defects of this model are: (i) Sensitivity to noise; if we increase
slightly the noise, the method gives unsatisfactory results. (ii) No results of existence
and consistency.
In 2014, the aim of study of Alaa et al. [1] is to modify the model of Morfu [19] by
applying a Gaussian filter on the gradient of the noisy image during the calculation
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of the coefficient of anisotropic diffusion. The proposed model is as follows

% ~ div (¢ (Vo) Vi) = £ (£, 2, )

t
u(0,z) = ug
ou
%—O

where ©Q =]0,1[x]0,1[ denotes picture domain with boundary 0, with Neumann
boundary conditions.
In this paper, we assume the system of the form

g: —div (g (IVGy *ul) Vi) = A(t,2,u,0) in Qr

71; —le (h(‘VGO.*UDV’U) :B(tw%.ﬂuﬂv) in QT (1 ].)
u(0,2) = ug , v(0,2) = vy in €

ou Ov

=g = 0 on X

Here Qr = 10,T[ x Q, ¥p = 10,T[ x 092, T > 0, @ = ]0,1[ x ]0,1[ denotes
picture domaine with boundary 92, with Neumann boundary conditions, u = u (¢, z) ,
v=w(t,z), vis an outward Normal to domain €. The diffusivities g, h : RT — RT
are smooth decreasing functions with ¢ (0) = A (0) = 1, tiigloog (t) = tiiglooh (t)=0.

Let o > 0, we suppose that G, is a Gaussian filter

1 |z|? 2\ (0G, gk
Ga(ff):%exp Tl ;2 €R? | VG, xw| = Z(@x *&))

=1

where @ is a linear continuous extension of w to R2.
The nonlinearity A, B are regular functions whose nonlinear structure is such that
two main properties occur:
e The nonnegativity of the solution (u,v) of (1.1) is preserved with time, which is
ensured by

A(t,x,0,v) >0, B(t,x,u.0) >0 for all u,v >0 and for a.e. (t,2) € Qr (1.2)

e The total mass of the components u, v is controlled with time, which is ensured
by the structure condition

Atz u,v) <0, A(t,z,u,v)+B (t,z,u,v) <0for all u,v >0 and for a.e. (t,x) € Qr
(1.3)

This work represents a generalization of the theory developed by P. Perona and
J. Malik for edge detection and image restoration, from the case of a single equation
to the case of nonlinear parabolic reaction-diffusion system. This passage needs new
approaches and also technical difficulties to be overcome. We will explain in detail
here. We found a good idea to present our work as follows:

We began with this introduction where we describe briefly the nonlinear diffu-
sion model proposed by Catté et al. [11] applied in image processing for restoration
and which serves as background for our proposed model generalization, and some re-
minders of the main results obtained previously. This will highlight the contribution
of our work and originality. In the second section we give the definition of the notion of
solution used here. We then present the main results of this work. In the last section,
we give the proof of global existence of our system, this is done in three steps: in the
first we truncate the system, the latter we give suitable estimates on the approximate
solutions and in the last step we show the convergence of the approximating system
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by using the technics introduced by Boccardo [10] and Dall’Aglio and Orsina [12], we
can also see Alaa et al. [2], [3], [4], [7].

2. Statement of the result

2.1. Assumptions. Let us now introduce for A and B the hypotheses:
A, B:Q x [0,400)*> = R are measurable (2.1)

A, B:Q x [0, —|—oo)2 — R are locally Lipschitz continuous (2.2)
Moreover, we assume
At 2, u,0)[ + [ B (t,2,u,v)] <& (Jul + |v]) (2.3)
where € : [0, +00) — [0, +00) is non-decreasing, £ € L! ([0, +00)), and
A(t,2,0,0), B(t,z,0,0) € L* (Qr) (2.4)
First, we have to clarify in which sense we want to solve the problem (1.1):
Definition 2.1. We say that (u,v) is a weak solution of (1.1) if

u,v € L= (0,T;L* () N L2 (0, T; H (Q))
A, B e L1 (QT)
8—1: —div(g (|IVGy *u|) Vu) = A (t,z,u,v) in D' (Qr) (2.5)

a%) —div (h (|VGy *v|) Vo) = B (t,z,u,0) in D' (Qr)

2.2. The main result. Our main result in this paper is the following existence
theorem:

Theorem 2.1. Assume that (1.2), (1.3) and (2.1) — (2.4) hold, and ug, vy € L? (£2)
such as ug, vg > 0. Then for all fited T > 0 and o > 0, there exists a weak
positive solution (u,v) of the system (1.1). Moreover, u, v € L™ (O,T;L2 (Q)) N
L2 (0,T: H' (Q).

3. Proof of Theorem 2.2

3.1. Positivity of the solutions.
Lemma 3.1. Let (u,v) be a solution of (1.1), then u, v > 0.

Proof. Consider the function

. -1 ifr<o0
GO

We build a sequence of convex functions j.(r) such as j.(r) is bounded and for all
r € R, jL(r) — sign™ (r) when € — 0.

Let (u,v) be a solution of (1.1), we multiply both sides of the first equation by
jL(u) and by integrating on @, =]0,7[xQ for 7 € [0,T[, we obtain

/j;(u)%dzdt—k/ g(|VGU*u|)Vu.Vj;(u)dxdt:/ A(t,z,u,v)jl(u) de dt
Q Q

T T T
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We remark that g (|[VGs *ul), h(|VGs xv|) € L(0,T;C()) because u, v €
L>(0,T; L?(2)) and g, h, G, are C*°, and we can show the existence of a Cy depends
only on G, [uoll2(q), [lvoll 2y such as

IVGo*ullpo(@r) + IVGo ¥ v e (qr) < Co

Moreover, as g, h are decreasing, then there exist constants a = a (0, Hu0||L2(Q)) >

0, b=0 (U, ||v0||L2(Q)) > 0, such as:

g(|VGy *u|) > a and h(|VG,*v|) >b, ae.in (t,x) € Qr (3.1)
Consequently,
/ [7e(w)(t) — je(u)(0)]dx + a/ \Vu)?57 (u) dt de < Aty u,v) 5l (w) da dt
Q * Qr
Since [, je(u)(0)da = 0 and [, [Vul*5(u)dxds > 0 then we have

/ Je(u)(t)dx < / A(t,z,u,v)jl(u) dz dt + / A(t,z,u,v)jl(u) dz dt
Q [u<0]

[u=0]

On the set where v > 0 we have j/(u) = 0 and f[u>0] A(t,z,u,v)jl(u) de dt = 0;
therefore -

/kw@mg/ A(t, 2,0, 0)7. (u) da dt
Q [u<0]
When € — 0, we obtain

Amr@mg—/ At 2,0, 0)jL () da dt

[u<0]

Using (1.3) and the fact that (u)~(t) > 0, we obtain (u)~(¢) = 0 on €; therefore
u>0in Q7.

Similarly, we multiply both sides of the second equation by j’(v) and by integrating
on @, =]0,7[xQ for 7 € [0,T], and using (1.3), we get v > 0. See Alaa et al. [1]. O

3.2. An existence result when the nonlinearities A, B are bounded.

Lemma 3.2. Assume that (1.2), (1.3) and (2.1)—(2.4), and there exists M > 0 such
as for almost (t,x) € Qr and allr, s € R

Atz u,0)] + B (2, u,0)] < M

then for all ug, vo € L?(2), the problem (1.1) admits a weak solution (u,v). Moreover
there exists a constant C' depending on a, b, M, T, |[uo|lp2(q) and [lvoll 2, such
that

IN

sup_|lu ()|l 20y + 1l 20,781 )
0<t<T

IN

sup ||v (Ol p2(q) + 101l 220,781 (00))
0<t<T

Proof. See Alaa et al. [1], Amann [7], Catté et al. [11] and Zhang [28]. O
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3.3. Approximating scheme. We define 1, a truncation function by ¢, € C° (R),
0 <, <1, and

we={g HHina
and we truncate the nonlinearities A, B by 4, for all (t,z,u,v) in RT x Q x R?
Atz u,v) = P (Jul + |v]) At z,u,0)
B, (t,z,u,v) U (Ju] + |v]) B (¢, 2, u,v)

Note that these functions A,,, B, enjoy the same properties as A, B, moreover
they are Holder continuous with respect to (¢, z) and |A,|+ |B,| < M,,, where M,
is a constant depending only on n, and for almost (¢t,z) € Qr, for all r, s e R :

A, (t,x,r,s) > A(t,x,r,s) and B, (t,z,r,s) = B(t,z,r,s)

Let us now consider the truncated system

S v (919G # ual) Vitw) = A (2,u0,v0) i @r

v, . .

e div (h (|[VG4 * vn]) V) = By (8,2, up,v,)  in Qr (3.2)
up (0,2) =uf , vy (0,2) = vf in

Ou,  Ov,

T on >

Remark 3.1. Since ug, vg € L*(Q) and |A,| + |Bn| < M, the previous lemma 3.2
gives us that the problem (3.2) has a weak solution.
3.4. A priori estimates.

Lemma 3.3. There exists a constant Ry depending on [luol[11(q) [[vollz1q) such
that

/ (lAn (t7$7un>vn)|+‘Bn (t7x7un7vn)‘) < R;.
Qr

Proof. Considering the equations satisfied by u,, and v,,, the positivity of the solutions
and the hypothesis (1.3) give us

|1 [ wode = ol and [ 1Bl < 2ol ixgey + leolss o
T Q Qr
O

Lemma 3.4. There exists a constant Ry depending ona, b, [[uo|[12(q) and [[vol| 2y , such

that
/ \Vun|2+/ Vo, | < Rs.
T T

Proof. We multiply the first equation in the truncated problem (3.2) by w, and we
integrate on Qr. We obtain

1 1
f/ui(T)da:—f/qu(O)d:qu/ g|VGg*un|.|Vun|2:/ A,
2 Ja 2 Jo o

T T

Since, by (3.1), and by hypothesis (1.3) we have

2 1
/T|Vun S%/Qui(())dm
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Multiplying by (w, + v,) the equation satisfied by u,, + v,, and integrating on Qr

yield
1 2 1 2 2
‘i/ﬁm+vM(T%—*/(Wer)®)+ B (IV Gy % va]) . IV (tn + vn) +
2 Q 2 Q Qr

+/ (9 (|IVGs *up|) — R (|VGs * vy])) -Vu,.V (uy, +v,) = / (An + By) (up +vp)
T Q
By (3.1) We have
1
b Vel < g [ o)+
T Q

+/ (9 (IVGy * upnl) — h(|[VGgy xvn|)) Vun.V (uy + vy)
Qr

Using Young’s inequality, we have for all € > 0, such as b — % >0
(b—E)/ [V (up, + v )\2<1/(u —&-v)z—i—L u? (0) dz
2) Jo, Tl =g J O e Jo
Then

€ 5 1 ) 1 9 ‘ 5‘/
( 2)/2Twhf_,21;wo+vw + g @zt o S| [ 9wl 90
O

Now, using Young’s inequality another time, we end the proof of lemma.
Lemma 3.5. There ezists a constant R3 depending on |[uo| 2y [|vollp2(q), B2 such

that
/(MMMMWM%%WMH&@%%MWS&
T

Proof. Combining the equations of system (3.2), we have

% (2uy +vy) — 2div (g ([VGy * up|) V) — div (h (VG4 % v,|) Vo) = 24, + By,

Multiplying by (2u, + v,) and integrating on Qr yield

1
i/QQun+v“2ﬂﬁ+f{/ G (VG tn]) Viun.V (2 + vn) +
Q

T

+/ h(IVGy * vy|) Vv,V (2uy, + vy,)

_1 w4 v ) Uy +V
- 2/9(2 w4 vn) (0)+/ (24, + By) (2upn + vp)

T

Then

T

2/ g(\VGg*unD.Vun.an—i—Q/ h(|[VGs *vy,|) .Vu,.Vu,
Qr Q

1
< f/@%+wf+/ (24, + By) (2uy + vy)
2 Ja T
Using Young’s inequality and (1.3) we conclude that
1
/ |24, + By| . Quy +vy,) < 5/ (2ug + vo)® + 2 (|Vun|2 + |an‘2)
Q

T
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By Lemma 3.4 and (1.3), we obtain

/T [(—An) + (—An = Bo)]. (2uy +v,) < %/Q@uo o)+ ARy

We note that |B,| < |A,| + |An + By, which gives us the result. O

Lemma 3.6. (u,,v,) is relatively compact in L? (Qr) x L? (QT) .

Proof. Since % =div (g (|[VGes * un|) Vu,) + Ay (¢, 2, un, v,) and
% = div (h (VG * vy|) Vuu) + By, (t, @, ty, v,) are bounded in L' (0, T; (H'(£2))').
Since u,,, v, are also bounded in L?(0,T; H*(2)) and that the injection of H() x

H'(Q) in L*(Q) x L*(Q) is compact, it follows that (uy,,v,) is relatively compact in
L*(Qr) x L*(Qr), see Simon [23]. 0

3.5. Convergence. Our objective is to show that (u,,v,) converges to some (u,v)
solution of the problem (1.1). According to Lemma 3.6, the sequence (un,v,) is
relatively compact in L?(Q7) x L2(Qr), so we can extract a subsequence still denoted
(un,vy,) such that

® u, —u, v, — v strongly in L? (Qr) and a.e. in Qr,

VGy*up — VGg*xu, VGy *v, — VGyxv strongly in L2(Qr) and a.e. in Qr,
9(|VGoxunl) = g(IVGoxul), h(|VGoxvn|) = h(|VGoxv]) strongly in L*(Qr),
Ap (t 2, upn,vn) = A2, Un,v,), By (tz,un,v,) = B (t,z,u,,v,) for a.e.
in QT.

This is not sufficient to ensure that (u, v) is a weak solution of (1.1). In fact, we have
to prove that the previous convergences are in L' (Q7). In view of the Vitali theorem,
to show that A, (¢, z,un,v,) = A(t,z,u,v) and B, (t,z,un,v,) — B(t,z,u,v) in
L' (Qr), is equivalent to proving that (A, (t,x,un,vy,)),, and (B, (t,z, Uy, vy)),, are
equi-integrable in L' (Qr).

n

Lemma 3.7. (A4, (t,2,un,vy)),, and (B (t, 2, un,vy)),, are equi-integrable in L* (Qr) .

Proof. Let E be a measurable subset of Qr, we have

/|An<t,x,un,vn>| - /|An\+ / Anl + / A,
E

En{up,>k} En{un<k,v,>k} En{un<k,v,<k}
= h+L+1I;s
Thanks to Lemma 3.5, we obtain Ve > 0, 3k, such that, if £ > kg then for all n
1 1 1 €
I < - k.|A, <= 2u, n) . An| < = <=
1< [ ki< [ o bo) A< pRe <
{un>k} Qr

1 1 1 5

< — . n < - n n)- n S 7. S By

h<g / k|A\_k/(2u+v)\A| Ry <
En{un,<k,v,>k} Qr

Now, using hypothesis (2.3), we write

Iy < / € (Jun| + |va]) < € (k. k) . ||

En{un,<k,v,<k}
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¢ 1 btai
———, We oDtaln
3¢ (k, k)’

Choose |E| <
[ 140 s 0) < 2
E

Similarly, we get

/ 1By (b 20y 00)] <
E

We obtain the required result. (I

References

(1]
2]
(3]

[4]
(5]
(6]
(7]
(8]

(9]
[10]
(11]
[12]

(13]

(14]

(15]
[16]
(17)
(18]
(19]

20]

N. Alaa, M. Aitoussous, W. Bouarifi, and D. Bensikaddour, Image restoration using a reaction-
diffusion process, Electronic Journal of Differential Equations 2014 (2014), no. 197, 1-12.

N. Alaa and S. Mesbahi, Existence result for triangular Reaction-Diffusion systems with L!
data and critical growth with respect to the gradient, Mediterr. J. Math.Z. 10 (2013), 255-275.
N. Alaa, S. Mesbahi, A. Mouida, and W. Bouarifi, Existence of solutions for quasilinear ellip-
tic degenerate systems with L! data and nonlinearity in the gradient, Electronic Journal of
Differential Equations 2013 (2013), no. 142, 1-13.

N. Alaa and M. Pierre, Weak solution of some quasilinear elliptic equations with measures,
SIAM J. Math. Anal. 24(1993), no. 1, 23-35.

L. Alvarez, P.-L. Lions, and J.-M. Morel, Image selective smoothing and edge detection by
nonlinear diffusion. II, STAM Journal of Numerical Analysis 29 (1992), no. 3, 845-866.

L. Alvarez, F. Guichard, P.-L. Lions, and J.-M. Morel, Axioms and fundamental equations of
image processing, Archive for Rational Mechanics and Analysis 123 (1993), 199-257.

H. Amann, Dynamic theory of quasilinear parabolic systems III. Global existence, Math. Z. 202
(1990), 205-331.

G. I. Barenblatt, M. Bertsch, R. Dal Passo, and M. Ughi, A degenerate pseudo-parabolic regu-
larization of a nonlinear forward-backward heat equation arising in the theory of heat and mass
exchange in stably stratified turbulent shear flow, SIAM Journal on Mathematical Analysis 24
(1993), no. 6, 1414-1439.

B. Benhamouda, Parameter Adaptation for Nonlinear Diffusion in Image Processing, Master’s
thesis, University of Kaiserslautern, Kaiserslautern, 1994.

L. Boccardo, F. Murat, and J. P. Puel, Existence results for some quasilinear parabolic equations,
Nonlinear Anal. TMA 13 (1989), no. 4, 373-392.

F. Catté, P. L. Lions, J-M. Morel, and T. Coll, Image Selective Smoothing and Edge Detection
by Nonlinear Diffusion, SIAM Journal on Numerical Analysis vol. 29 (1992), no. 1, 182-193.
A. Dall’Aglio and L. Orsina, Nonlinear parabolic equations with natural growth conditions and
L' data, Nonlinear Anal. TMA 27 (1996), no. 1, 59-73.

J. Frohlich and J. Weicker, Image processing using a wavelet algorithm for nonlinear diffusion,
Report 104, Laboratory of Technomathematics, University of Kaiserslautern, Kaiserslautern,
1994.

K. Hollig and J. Nohel, A diffusion equation with a non-monotone constitutive function, Pro-
ceedings of NATO/London Mathematical Society Conference on Systems of Partial Differential
Equation, J. Ball (Ed.), 409-422, 1983.

K. Hollig, Existence of infinitely many solutions for a forward-backward heat equation, Trans.
Amer. Math. Soc. 278 (1983), 299-316.

S. Kichenassamy, The Perona-Malik paradox, STAM Journal on Applied Mathematics 57 (1997),
1328-1342.

X. Li and T. Chen, Nonlinear diffusion with multiple edginess thresholds, Pattern Recognition
27 (1994), 1029-1037.

S. Morfu, On some applications of diffusion processes for image processing, Physics Letters A
373 (2009), no. 29, 24-44.

M. Nitzberg and T. Shiota, Nonlinear image filtering with edge and corner enhancement, /[EEE
Transactions on Pattern Analysis and Machine Intelligence 14 (1992), no. 8, 826-833.

P. Perona, T. Shiota, and J. Malik, Anisotropic diffusion. In Geometry-Driven Diffusion in
Computer Vision, B. ter Haar Romeny (Ed.), Computational Imaging and Vision, Vol. 1,
Springer, Kluwer, 72-92, 1994.



(21]

(22]

23]
[24]
[25]
[26]
27)

(28]

MATHEMATICAL ANALYSIS OF A REACTION DIFFUSION MODEL FOR IMAGE ... 79

P. Perona and J. Malik, Scale-space and edge detection using anisotropic diffusion, IEEE Trans-
actions on Pattern Analysis and Machine Intelligence 12 (1990), 629-639.

P. Perona and J. Malik, Scale-space and edge detection using anisotropic diffusion, Proc. IEEE
Comp. Soc. Workshop on Computer Vision (Miami Beach, Nov. 30 - Dec. 2, 1987), IEEE
Computer Society Press, Washington, 16-22, 1987.

J. Simon, Compact Sets in the Space Lp (0; T;B), Annali di Mathematica Pura ad Applicata
146 (1986), 65-96.

J. Weicker, Efficient image segmentation using partial differential equations and morphology,
Pattern Recognition 34 (2001), no. 9, 1813-1824.

J. Weicker, C. Schnérr, PDE-based preprocessing of medical images, Kunstliche Intelligenz 3
(2000), 5-10.

J. Weicker, Anisotropic Diffusion in Image Processing, PhD thesis, University of Kaiserslautern,
Kaiserslautern, Germany, 1996.

R. Whitaker and S. Pizer, A multi-scale approach to non-uniform diffusion, Computer Vision,
Graphics, and Image Processing: Image Understanding 57 (1993), no. 1, 99-110.

K. Zhang, Existence of infinitely many solutions for the one-dimensional Perona-Malik model,
Calculus of Variations and Partial Differential Equations 26 (2006), 171-199.

(Salim Mesbahi) DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, UNIVERSITY FERHAT
ABBAS, SETIF - 19000, ALGERIA
E-mail address: salimbra@gmail.com

(Nour Eddine Alaa) LABORATORY LAMAI, FACULTY OF SCIENCE AND TECHNOLOGY, UNIVERSITY
CADI AYyaD, B.P. 549, STREET ABDELKARIM ELKHATTABI, MARRAKECH - 40000, MOROCCO
E-mail address: n.alaa@uca.ma



