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A domain decomposition method for boundary element
approximations of the elasticity equations
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ABSTRACT. In this paper, we discuss a domain decomposition method to solve linear elasticity
problems in complicated 2-D geometries 2. We describe in details algebraic system corre-
sponding to Dirichlet-Neumann and Schwarz methods. The alternating iterative algorithm
obtained is numerically implemented using the boundary element method. The stopping and
accuracy criteria, and two type of domain are investigated which confirm that the iterative
algorithm produces a convergent and accurate numerical solution with respect to the number
of iterations.

2010 Mathematics Subject Classification. Primary 65M12; Secondary 65M55.
Key words and phrases. Dirichlet-Neumann method, overlapping domain decomposition,
Boundary element method, Elasticity problems.

1. Introduction

Domain decomposition ideas have been applied to a wide variety of problems. We
could not hope to include all these techniques in this work. For an extensive survey
of recent advances, we refer to the proceedings of the annual domain decomposition
meetings see http://www.ddm.org. Domain decomposition algorithms is divided into
two classes, those that use overlapping domains, which refer to as Schwarz methods,
and those that use non-overlapping domains, which we refer to as substructuring.

Any domain decomposition method is based on the assumption that the given
computational domain 2 is decomposed into subdomains €2;, ¢ = 1,..., M, which
may or may not overlap. Next, the original problem can be reformulated upon each
subdomain €2;, yielding a family of subproblems of reduced size that are coupled
one to another through the values of the unknowns solution at subdomain interfaces.
Fruitful references can be found in [17, 15, 18, 19, 20].

Domain decomposition for contact problems has been applied by many authors
(see, for example, surveys [2, 5, 8, 13]. A numerical study of elasticity equations by
domain decomposition method combined with finite element method was treated in
[10, 11, 6, 9, 12]. A symmetric boundary element analysis with domain decomposition
is studied in [7, 16].

The numerical approach based on the overlapping domain decomposition was used
for biharmonic equation in two overlapping disks [1] and for Poisson equation [4].

We have chosen to associate the Dirichlet-Neumann and Schwarz methods with
the direct boundary element method. Indeed, it only requires the discretization of
the boundaries of the subdomains. This technique of coupling reduces the number of
unknowns and the time of computing. It has been used successfully for semiconductors
simulation [14].

This paper has been presented at Congres MOCASIM, Marrakech, 19-22 November 2014.
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We consider a linear elasticity material which occupies an open bounded domain
Q) C R?, and assume that € is bounded by I' = 9€2. We also assume that the boundary
consists of two parts I' = I'; UT'y where I'y and I'y are not empty and I'y N Ty =
where €2 is not necessarily circular or rectangular.

Let V = (u,v) the displacement vector and S = (¢, s) the traction vector governed
by the following linear elasticity problem

G 0%u 0%v )
Gau+ 1—-2v (8952 +8x8y =0in £,
G 0%u 0%
— — — = 1 1
GAU+1—21/(83:3y+3y2> 0in Q (1)

u=1u, v=v only

t= f, s=358 only
with G and v the shear modulus and Poisson ratio, respectively, and where i, ¥, £
and s are the prescribed quantities.

The main body of this paper begins a description of Dirichlet-Neumann and Schwarz
methods for elasticity equations (1), in section 2. Integral formulation and boundary
element method are also exposed in subsection 3.1 and 3.2. The technique to obtain
algebraic systems on each subdomain for Dirichlet-Neumann and Schwarz methods
is detailed in section 4. Two algorithm to implement domain decomposition method
combined with boundary element for elasticity equations (1) are presented, and nu-
merical results in the case of 2-D complicated geometries are given in section 5. The
paper ends with conclusion in section 6.

2. Domain decomposition techniques

In order to use domain decomposition to linear elasticity, we describe, in this
section, Dirichlet-Neumann and Schwarz methods.

2.1. Dirichlet-Neumann substructuring method. We decompose (2 into two
non-overlapping subdomains ©Q; and €5 such that Q@ = Q; U Q,, and denote by
T = 001 N Oy the common interface between €; and Q5. We can write this
method as follows.

e Step 1. Specify an initial A = (A, 3%) on interface I'12 and k = 0.

e Step 2. Solve the mixed well-posed direct problem

G o?ul 9%k
k 1 1) _
GAuy + 1-2v ( O0x? * 3:1:81/) =0y
G 0?ul 9%k
k 1 T\ _
Gavr + 1-—2v (8x8y + y? ) =0inth (2)

E

uf¥ =4, vF =0 onl;NIY
t’f:t, slf:'s'oanﬂ(‘)Ql
ub = \F, ok =BF on Ty

to determine the traction Sf = (t¥, s¥) on the interface T'y2.
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e Step 3. Solve the mixed well-posed direct problem

G 0*ub 0%k
Ak 2 2 -
GAug 1-2v < 0x? 8x8y> 0 in &2
G 0%uk 9%k
Avk + 2 2) =0inQ
GAvy 1-—2v (8z6‘y 0y? ) 0 £ (3)

ub =i, v§=0o0onT;NN
t’gzt, s§:§onF208§22

th=—th sk=—s8 only,

to determine the displacement V§ = (u}, vk) on the interface T'yo.

e Step 4. Update Akt = (\k+1 gk+1) on the interface I'12 by

ML — gy 4 (1 — 0)AF on Ty (4)
BEFL = gug + (1 - 60)5* on Ty,

e Step 5. Repeat step 2 from k& > 0 until a prescribed stopping criterion is satisfied.

where 6 is positive parameter. This algorithm establish the solution of elasticity
equations of Problem 1 in 2 as a limit of sequence (u},v¥, u§, v§).

For this algorithm the following stopping criterion is used
max (||)\k+1 - /\kHL2(F12)a HﬁkH - /3k||L2(F12)) < Tol,

where Tol is a prescribed tolerance.

()

2.2. Schwarz overlapping method. We decompose () into two overlapping sub-
domains ; and € such that © = Q; Uy, and denote by I';; = 90y N Qy and
T95 = 095 N Q5. This method is summarized in the following.

e Step 1. Specify an initial V§ = (u3,v9) on I'1; and k = 0.

e Step 2. Solve the mixed well-posed direct problem

G (9t 9Pt
GAutt! L 1 =0in
ot 1-2v 0x? 0xdy !
G 92yl tl il
GAvy ™! L Ll =0inQ
vt 1—-2v \ 0z0y Oy? e (6)
ubtt = a, o =5 on Ty NOQ,
tlf—i_l = E, Slf+1 =S5 on FQ n an
u’f“ = u’f, vlf“ = v§ on I'y1

to determine the displacement VF* = (45! oFT1) and traction SFH = (¢8+1 k1)

on the boundary of .

e Step 3. Compute the displacement Vf“ = (u’f“,v’f“) on I'yy as an internal
displacement of linear elasticity equations in €2;.

e Step 4. Solve the mixed well-posed direct problem then

G (0*ust 9ot
GAus™! 2 2_ 1 =0inQ
2 F 1—-2v ox? 0xy 2
G [0*usth 9Pt
GA k+1 2 2 =0in Q
vt 1—2v \ 0z0y oy? AR (7)
ub™ =4, viT =95 on Ty NI
thtt =1, 5t =5 on 'y N OQ,
u’é“ = u’f“, vf“ = v]fH on I'gg
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to determine the displacement Vi = (us™, v5™) and traction Sy = (¢, shT1)
on the boundary of €.

e Step 5. Compute the displacement V5! = (ub™! v5+1) on T'y; as an internal
displacement of linear elasticity equations in 5.

e Step 6. Repeat step 2 from k& > 0 until a prescribed stopping criterion is satisfied.

For this algorithm the following stopping criterion is used

k k k k k k k k
max ([uf™ — ufll 20y, 107 = 0¥z, 1us ™t = sl L2 ran)s 05T = 05 [l 2(ra,)) < Tol,

where T'ol is a prescribed tolerance.

The boundary element method utilizes information on the boundaries of interest,
and thus reduces the dimension of the problem by one. The displacements in the
domain is uniquely defined by the displacements and tractions on the boundary. In
the boundary element method, only the boundary is discretized; hence, the mesh
generation is considerably simpler for this method than for space discretization tech-
niques, such as the finite difference method or finite element method. Moreover, the
Boundary element method determines simultaneously the boundary displacements
and tractions, this allows us to solve problem (2), (3) without the need of further
finite difference, as one would employ if using the finite element method or the finite
difference method.

For these reasons we have decided in this study to use the boundary element method
in order to implement the Dirichlet-Neumann and Schwarz methods.

3. Integral equation formulation and boundary element for elasticity equa-
tions

The linear elasticity problem (1) in two-dimensional case can be formulated in
integral form [3] as follows

VhH(P)if Peq

1

i{V}Z(P) ifPel
9)

for i,j = 1,2, where U;; and T;; denote the fundamental displacements and tractions

for the two-dimensional isotropic linear elasticity [3]. The boundary integral equations

are solved using boundary element method with constant boundary elements. The

boundary is divided into N constant elements. Denoting by {V}* = {u,v*}T and

{8}t = {t', s} the displacements and tractions at the i node. Then, the discretized

/F Ui (P,Q){S};(Q) dr(Q) - / T5(P,Q){V};(Q) d(Q) = {

N N

form of Eq. (9) can be written as E{V}l + E H7{V} = E GY{S}’ where G* and
i=1 i=1

H are 2 x 2 matrices such that for [,m = 1,2

(G)im = | Uim(P*, Q) dT(Q) and (H7 )y, = / Tim(P', Q) dT(Q)
r; L5

Applying this equation to all the boundary nodal points yields 2N equations, which
can be set in matrix form as

HY=GS (10)
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A1
where H = H + §I and [ is 2N X 2N identity matrix. The displacements in the

interior of 2 can be evaluated using Eq. (9) which after discretization becomes

N N
vy =) a9{sy -y H{vy. (11)

Jj=1 Jj=1

4. Algebraic systems of Dirichlet Neumann and Schwarz methods

We consider in this work the mixed boundary condition given by Problem (2), (3), (6)
and (7). In this case the rearrangement of the unknowns in Eq. (10) is necessary. In
order to obtain an algebraic system, we denote the matrices H; and GG; computed in
each subdomain €2; by the use of Dirichlet Neumann or Schwarz method. Note that
H; and G; are geometry dependent matrices and depend on the type of the boundary
conditions, but not on their values. Therefore the matrices H; and G; do not change
during the iterate procedure of domain decomposition method. We suppose that the
boundary I'; N 0€; is divided into IV; constant elements for ¢,j =1, 2.

4.1. Alternating algebraic system of Dirichlet-Neumann method. Let the
boundary I'15 divided into Ny2 constant elements. Due to the boundary condition of
system (2) and (3), the matrices H; and G; are decomposed as follows

H; = (Hr,ro0, Hrynoq, Hry,) and Gi = (Gr,noq; Granoe, Gr.,) (12)

The algebraic systems corresponding to subproblems (2) and (3) take the form

k
V1|Fmam

(H H. Hr,) | Vf
'y NoNy T'2NoNy I'io }C|F2ma§zl

1lry,
S}C\rlmanl (13)
= (Grmaﬂl GF20391 GFIZ) S}f\rzmaﬂl
1"1"12
k R k _q k _ Ak
Vi Irinoe; — Vi, & Irynoo; — S1, Vi Iris — A

and

k
Vih“l“aﬂz
(Hr,no9, Hr,noo, Hr,,) v%clrzmang

VQ [ryo

Sk
%\rmanz (14)

= (Gryn00, Grynan, Gri,) | S2ir,00a,
k
2|rs
k 1/ k _q k _ k
VQ\rlmaQ2 = Vs, 52\1"20092 = 52, 82|r12 =-S5 Up,,

The actualization of A¥ is given by

AP =gV (1 - 0)AR. (15)
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Let X¥ and XX be the vectors containing the unknowns values of displacements or
tractions on the boundary of subdomains ; and €25 respectively. They are given by

k k
. St Ir;noa; N Silrlmfmz
X7 = 1lryno9;, and Xy = V%Cleraszz . (16)
1lry, VQ Ir1a

The matrices A; and Ay are defined by the following

Al = (_GFlﬂan HFzﬁaﬂl - Grlz) a‘nd A2 = (_Grlﬁaﬂz HFQQ(’)QQ HF12) . (17)

Then the algebraic system of Dirichlet-Neumann associated to problem (2) and (3) is
written in the following

A1 X} = —Hr,no0, Vi + Granaa, St — Hr,, A%,

Ay X5 = —Hr, 00,V + Gryno, 2 — Gr, XT, 18)
and
AR =0X5,  +(1—0)A". (19)
For simplification, let
BY = —Hr,no0, Vi + Grynoa, S1 — Hr,, A" (20)
BY = —Hr, o0, Va + Granon, 52 — GrkauFm- (21)

The matrices A; and As can be factorized in the following
Al = £1R1 and A2 = £2R2

where L1, Lo are lower triangular matrices and R1, Ro are upper triangular matri-
ces. Now from (18) X¥ and X} can be obtained by backward followed by forward
substitutions. This gives arise to the following algorithm :

Algorithm 4.1

(1) Set k = 0, choose the initial A = (\°,3%) € R*"12 and a tolerance for the
iterative solver
) Compute H; and G; for subdomains ); for ¢ = 1,2
) Compute A; using Eq. (17) for i = 1,2
) Compute £; and R; (decomposition of A;) for i = 1,2
) Repeat
Compute the vector containing known boundary values Bf using Eq. (20)
Solve system £, R XF = B{“
Compute the vector containing known boundary values BS using Eq. (21)
Solve £2R2X§ = B§
Update A¥ = (A, 8%) by formula (19)

e k=k+1

Until convergence.

(6) End.
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4.2. Alternating algebraic system of Schwarz method. Let the boundary I';;
divided into N;; constant elements for ¢ = 1,2. The matrices H; and G; associated
to the system (6) and (7), can be decomposed as follows

H, = (HFlﬁaﬂi HF2ﬁan‘ HF“) and GZ = (Grlﬁaﬂi GFgﬁ(’)Qi GF”) (22)

In order to compute the internal displacements in €; by Eq. (11), we introduce the
matrix Z; which take the form

I, = (—Hq, Gq,). (23)
The algebraic systems obtained from boundary element discretisation of subprob-
lems (6) and (7) take the form
Vk+1

L Iry noa;
+1

(HFlﬁafll Hrgﬂaﬂl HF11) Vl |F2ﬁ801
k+1

Vi

1 Irynoe, (24)
_ +1
= (GFlﬁaﬂl Grzﬁaﬁl GFM) 81 1\r2m8521
+

Vk+1 — ‘/17 S{c+l

\F2m8s21 -

Vk:-‘rl - T (V{C+1|801 ) 25
|1"22 — 41 k+1 ( )

Ity nog,

and
(HFIOQQQ HF2n692 HF22) VQ 2|I‘2ﬂ692

2 Iryneq, (26)
_ k1
= (Gryno9, Granon, Gra) | S27 ks noa,

+1

Yk+1 Vk+1

& k+1
‘/27 S 527 82 |F22 |r22a

k41 VkJrl\aszr_,
W, =T (gl ). @)

lon,

Irynoa, — ‘F2ﬁ8§22

Let X Z-k+1, the vectors containing the unknowns values of displacements or tractions
on the boundary of subdomains ; for ¢ = 1,2, have the following form

Sk+1
X(ﬁ:-‘,—l _ Vk —+1
% s i

i ry,

[Py noe;

(28)

Irynag;

The matrices A; and As are defined for ¢ = 1,2 by the following

Then the algebraic system of Schwarz method associated to problem (6) and (7) is
written in the following

A XETL = B A, x5 = ghHl (30)
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where ~ R
B{C = _Hrlﬁaﬂlvl + GFzﬁansl - I—Iruvéclr11 (31)
B§+1 = —Hr,no0,V2 + Grynan, S2 — HFZZV{CJFI‘FH. (32)
The matrices A; and A5 can be factorized in the following A; = £1R1 and As; = LoRo
where L1, Lo are lower triangular matrices and R, Ro are upper triangular matrices.
Now from (30) XF™! and X5 can be obtained by backward followed by forward

substitutions. This gives arise to the following algorithm :
Algorithm 4.2

(1) Set k = 0, choose the initial V§ € R?*M1 given and a tolerance for the iterative
solver

) Compute H; and G; for subdomains ); for ¢ = 1,2

) Compute A; using Eq. (29) for i = 1,2

) Compute Z; using Eq. (23) for i = 1,2

) Compute £; and R; (decomposition of A;) for i = 1,2

) Repeat

Compute the vector containing known boundary values Bf using Eq. (31)

Solve system ElRlX{“H = Bf

Compute internal displacement in subdomain €y using Eq. (25)

Compute the vector containing known boundary values B§+1 using

Eq. (32)

e Solve LoRo X4t = By

e Compute internal displacement in subdomain 2 using Eq. (27)

e k=k+1
Until convergence.
(7) End.

5. Numerical results and discussions

In this section, we illustrate the numerical results obtained using the Dirichlet-
Neumann and Schwarz domain decomposition method combined with boundary el-
ement method for linear elasticity problem. The comparison of this two domain
decomposition method is done in L-shaped domain.

The behavior of the method is investigated evaluating the difference between two
consecutive approximations for the displacements solutions and its tractions on the

boundary ~ given by
Ej,(w) = |lui ™" = ufl| 2, Bi(v) = lof T = vfllrae),

Ej(t) = 15 = thllreeyy, Bils) = 57 = s¥llz2y-

i

(33)

Based on absolute errors the following stopping criterion is considered for Algo-
rithm 4.2

max(Ej (u), Ej(v)) < 1. (34)
The stopping criterion for Algorithm 4.1 is
max(Ex(A), Ex(B)) <n (35)
where
Ep(A) = |\ — >\k||L2(7)7 Ey(B) =85t - 5k||L2(7) (36)

where 7 is a small prescribed positive quantity.
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In order to investigate the convergence of the two algorithm, at every iteration we
evaluate the accuracy errors defined by
Gy (k) = llui — ui™ || L2(y), Go(k) = [[vi — 08" || L2(),
Gi(k) = l[ti = 7" |2(y), GL(R) = [Isi = 57" [|L2(5)-
Note that (34) or (35) express that the sequence (u*,v*) converge in sobolev spaces

H?z () x Hz(v). For all numerical experiments, we take 7 = 10~7. Note that we have
v =TI'19 for Algorithm 4.1 and for Algorithm 4.2 v, =T, i =1,2.

(37)

5.1. Example 1. In order to illustrate the performance of the numerical method
described above, we solve the linear elasticity problem (1), in two-dimensional L-
shaped domain © = (0,1) x (0,0.5) U (0,0.5) x (0,1). We assume that the boundary
is split into two parts I'y = [0,1] x {0} U [1,1] x {1} U[0,4] x {1} and I'> = {1} x
[0, 2]U{3} x [5,1]U{0} x [0, 1]. The exact solution of the direct problem is given by
u(e,y) = 15 oo, (e,y) = ooy, a,y) = ooms, s(r,y) =0 (39)

with o9 = 1.5 x 10'°, G = 3.35 x 10'° and v = 0.25.

This example consists in spliting the domain €2 into two rectangular subdomains
Q; = (0.5,1) x (0,0.5) and Q5 = (0,0.5) x (0,1) with interface v = {0.5} x [0, 0.5].

The evolution of behavior errors as a function of the iteration number using Algo-
rithm 4.1 is plotted in Fig. 1.

Successive errors

[ | —— E_k(lambda)E_(beta)
0| Lo E kM) &
== — E_k*(v)
L | o= = EkA2(w)
— —s E_kA2(v)

.
0L

10 10!

Iterations k

FIGURE 1. The behavior errors given by (33), (35) as a function of the
number of iterations k on interface y for Example 1.

Fig. 2(a)-(b) shows that the accurate convergence as a function of the iteration
number using Algorithm 4.1 decreases when the iteration number increases.

In Fig. 3(a)-(b), we have plotted the exact and computed displacements as a func-
tion of y € [0,0.5] using Algorithm 4.1. The discrepancy is about 5 x 1075 near to
the corner.

We can observe in Fig. 4(a)-(b) where the exact and computed tractions are plotted
as a function of y € [0,0.5] using Algorithm 4.1. The discrepancy is about 2.5 x 1072
near to the corner.

5.2. Example 2. This example deals with the same exact solution as in Eq. (38).

This example consists in splitting the domain ) into two overlap rectangular subdo-
mains Q7 = (0,1) x (0,0.5) and Qs = (0,0.5) x (0, 1) with overlap is (0.,0.5) x (0, 0.5).
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-
Rl Sl —— G_kA()
= -a .. G_kAM(v)
------ o~ $— = GkA2w)
> Q o— © GkA2()

.- A(s)
« = = GKA2()
o— © G_kA2(s)

Convergence errors
s
Convergence errors

Tterations k

FIGURE 2. The accuracy errors given by (37) as a function of the number
of iterations k on interface y for Example 1.

Computed u on interface 0 Computed v on interface | |
- - - - Exact u on interface 1 - - - - Exactv on interface

Displacement v
&
&

Leviateiiitoiety L L L
015 02 025 03 035 04 045 05 0 005 01 0I5 02 025 03 035 04 045 05

FI1cURE 3. Computed and analytical u, v on interface v for Example 1.

- e R B e . v
0.005 ——— Computed s on interface
- - - - Exact s on interface
LY B O, .

Traction s

001

Traction t

“1515 |- [ —— Computed t on interface
- - - - Exact t on interface
0025 [

AR A T A T il L
0 005 01 015 02 025 03 035 04 045 05 0 005 01

L
015 02 025 03

FIGURE 4. Computed, analytical ¢, s on interface v for Example 1.

In Fig. 5, we observe the convergence of calculated solution to exact solution as a
function of the iteration number by the use of Algorithm 4.2.

The conclusions drawn from Fig. 5 are graphically enhanced in Figs. 6-10 which
show the numerical results obtained using Algorithm 4.2 in comparison with the
analytical solutions.

Comparing Algorithm 4.1 and Algorithm 4.2 to solve linear elasticity problem in
L-shaped domain, we can see from Figs. 2 and 6 that Algorithm 4.2 requires much less
iterations than Algorithm 4.1. The computed solutions are accurate and consistent
with respect to increasing the iteration number k.
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10° - E
E_kA(n)

Successive errors
=
=
W

10’ 10'

Tterations k.

FIGURE 5. the behavior errors given by (33) and (34) as a function of the
number of iterations k on part of boundaries 2 for Example 2.

Convergence errors
Convergence errors

Iterations k Iterations k

FIGURE 6. The accuracy errors given by (37) as a function of the number
of iterations k on part of boundaries 72 for Example 2.

—r e [ SRR NS IS S RS IS R MRS A

—— Computed u on Gamma_11 —— Computed u on Gamma_22
-+ - Exactuon Gamma_l1 .-

- - Exact uon Gamma_22

Displacement u
°
2
Displacement u

L L E| L
0 005 01 015 02 025 03 035 04 045 05 0 005 01 0I5 02 025 03 035 04 045 05

FIGURE 7. Computed, analytical u on 71, 72 for Example 2.

5.3. Example 3. In this example, we consider the union of two circle geometry
domain 2. This example consists in spliting the domain €2 into two overlap circu-
lar subdomains Q; = {(z,y) € R?/(z — 0.5)2 + y> = 0.25} and Qy = {(x,y) €
R?/(x — 0.5(1+v/2))? + y? = 0.25} with overlap is Q; N Q. In order to illustrate the
performance of the numerical method described above, we solve the linear elasticity
problem (1), in two-circular domain Q. The exact solution of the direct problem is
given by.

1-2v 1-2v

2G o0% V@) = =54

U(I,y) = a0y, t($,y) = ooni, s(a:,y) = 0on2 (39)
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! ]
2 0K —— Computed y on Gamma _22 ||
002825 [ [ — Compuid v on Gamma._11 - Exactvon Gamma.22
-0.005
-0.0283 > <001
i
: i
g £ o0
i i
2-0.02835 |- a
-0.02
-0.025
-0.0284
1 L L L -0.03 L L L L
o 0.05 01 015 02 025 03 035 04 045 0s

1S ooeperony AR RS REREE S

—— Computed t on Gamma_22
-+ - - Exact ton Gamma 22

Tractiont
Traction t

&
&

—— Computed t on Gamma_11
- - - - ExacttonGamma_ll |

L | L L
0 005 01 015 02 025 03 035 04 045 05 0 005 01 015 02

025 03 035 04 045 05

x ¥

(a) (b)

FIGURE 9. Computed and analytical ¢ on 1, 72 for Example 2.

006 [T R RS R e . . . .
Computed s on Gamma_11 005 [ [ —— Computed's on Gamma_22
- - - - Exactson Gamma_11 - - - - Exactson Gamma_22
004
003 - 5
§ i
2 2 o B
&
001 \
o ——————————————————
L I I oo L L Lot
0 005 01 015 02 025 03 035 04 045 05 0 005 01 015 02 025 03 035 04 045 05
x y

FIGURE 10. Computed and analytical s on 71, 2 for Example 2.

with o9 = 1.5 x 10'°, G = 3.35 x 10'° and v = 0.25.

As a function of the iteration k, four behavior errors are illustrated in Fig. 11 using
Algorithm 4.2.

In Fig. 12(a)-(b), we observe the convergence of calculated solution to exact solution
as a function of the iteration number by the use of Algorithm 4.2.

The conclusions drawn from Fig. 11 are graphically enhanced in Figs. 13-16 which
show the numerical results obtained using Algorithm 4.2 in comparison with the
analytical solutions.
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------- .. E_kAl(u)

Successive Errors

Iterations k

FIGURE 11. The behavior errors given by(33), (34) as a function of the
number of iterations k on part of boundaries of €2; and Q3 respectively, for
Example 3.
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Convergence errors
Convergence errors

Tterations k Iterations k

FIGURE 12. The accuracy errors given by (37) as a function of the num-
ber of iterations k on part of boundaries of 2; and {22 respectively, for
Example 3.

Displacement u
Displacement u

FIGURE 13. Computed and analytical u in €7, Q2 for Example 3.

6. Conclusion

A domain decomposition coupled with Boundary element method was presented to
solve linear elasticity equations in complicated geometries. Three examples of domain
are given. Stopping and two accuracy criteria given by Eq. (35) for Dirichlet-Neumann
method, Eq. (34) for Schwarz method and accuracy criteria given by Eqs.(37) have
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FIGURE 14. Computed and analytical v in 1, Qs for Example 3.
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FIGURE 15. Computed and analytical ¢ in Q1, Q2 for Example 3.
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FIGURE 16. Computed and analytical s in Q1, Q2 for Example 3.

been used. The numerical results presented in the last section showed that the al-
ternating Algorithm 4.1 and Algorithm 4.2 produces an accurate numerical solution
of problems given by Example 1-3 with respect to increasing the number of itera-
tions. Numerical results for Example 1 show that Algorithm 4.2 is more robust than
Algorithm 4.1.
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