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Stabilization of variable coefficients Euler-Bernoulli beam
equation with a tip mass controlled by combined feedback
forces
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ABSTRACT. In this paper, we consider stability of a vibrating beam system clamped at one
end, controlled by combined forces, with a mass attached at the other end. By adopting
the Riesz basis approach, it is shown that the closed-loop system is a Riesz spectral system.
Consequently, the exponential stability, spectrum-determined growth condition, and optimal
decay rate are obtained. A numerical simulation of the spectrum is also presented.
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1. Introduction

In this paper, we consider stability of a vibrating beam system clamped at one
end, controlled by combined forces, with a tip mass attached at the other end. This
system can be described by the following Euler-Bernoulli beam equation:

p(@)yee (2, 1) + (EI(%) Yoo (2,))ze = 0, 0<z<l, t>0,
y(O,t) = yz(()?t) = Oﬂ t> Oa

EI(l)yzm(lat) = _’Vy:ct(]-vt)a t>0, (1)
(myse — (BET()Yzz)z)(1,t) = (—ay: + B(EI()Yzz)ze)(1,1) >0,

y(x,0) = yo(z) , ye(x,0) = y1(x) 0<x<l,

where y is the amplitude of the vibration, m is the tip mass attached to the free end
of the beam, x,t stand respectively for the position and time, p(x) is the mass density
of the beam and EI(x) is its flexural rigidity, «, 3,7 are constants feedback gains.
Our problem is to prove that the solutions of the resulting closed-loop system decay
uniformly to zero and the optimal decay rate can be determined by the spectrum of
the closed-loop system.

The constant coefficient version of (1), p = EI = 1 has been investigated in [7],
say, where the former shows that all of the generalized eigenfunctions of (1) form
a Riesz basis for the state Hilbert space and the exponential stability is obtained
from the spectrum of the system. Also, when v = 0, Conrad and Morgiil in [2]
show the exponential stability of the system by the energy multiplier method for any
a, 3 > 0. In the case where m = «f3, their study leads to show that a set of generalized
eigenfunctions of system (1) forms a Riesz basis for the state Hilbert space, and that
the spectrum-determined growth condition holds, both for almost o« > 0. B.Z. Guo
[3] improved this result for any m, a, 8 > 0 using an abstract result about the Riesz
basis property of discrete operators in general Hilbert spaces [4].
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The rest of this paper is organized as follows. In section 2, we convert system
(1) into an evolution equation in an appropriate Hilbert space, and then prove that
the evolutionary system is associated to a Cj semigroup of linear operator whose
generator has compact resolvent. Hence the problem is well posed. Some asymptotic
expressions of eigenvalues and eigenfunctions are also presented. Section 3 is devoted
to prove the Riesz basis property and the exponential stability of the system. Finally,
we use the finite difference scheme with the QZ method to study numerically the
spectrum of the system.

Throughout this paper, we assume that

p(s) )1/47 o)

(BI00) €[00, o= [ nts)isiate) = (4
EIapaBa’Y,m >0,a > 0.

2. Eigenvalue problem
We start our investigation by formulating the problem in the following Hilbert

space: H =V x L2(0,1) x C,V = {f € H?(0,1)/f(0) = f'(0) = 0}, with the inner
product defined as: V(F = (f1,¢1,¢1),G = (f2, g2, (2)) € H?

(F, G)m =/0 (p(2)g1(2)g2() + BI(x) f{'(x) f (2))dx + K(iCo. 3)
where K = F > 0.
m+ af
Define a linear operator A : D(A) C H — H as
D) = {(f.9.0) € (H'0,1)nV) x VxC/EI1)f"(1)
= =9/ (1), ¢ =—(BIQ)f") (1) + mB~ g(1)} (4)

A(fvga C) = (gv 71/p()(EI()f/I)Ha 75714 - Bil(a - mﬂil)g(l))a (5)
with the initial condition Yy = (yo,y1, —(EI()yd) (1) + mB~1y1(1)), the system (1)
can be written as an evolutionary equation in H

{d” = AY (1),
Y (8) = 1) (1), —(BIQgiza)e (1,1) + mB~y(1,1)), Y (0) = Yo

Lemma 2.1. (i) A~! erists and is compact on H. Hence the spectrum o(A) of A
consists of isolated eigenvalues only: o(A) = o,(A), where o,(A) denotes the set of
eigenvalues of A. Moreover, each eigenfunction corresponding to X € o(A), A # -1
is of the form

(6)

T (-1 B~ a—mpt)
¢ =(\""2,02, —wfp(l)),
where ® # 0 satisfies
A2p(z)® ()+( 1(.)®")"(z) = 0, 0<z <1,
a(0) = @/(0) = -
EI08(1) — A® (1)

(1+ AB)(BI()®"Y(1) = (a + A2m)d(1)
(i1) for any X € o(A), Re(A) <0



240 D. AOURAGH AND A. EL BOUKILI

Proof. (i) A direct calculation shows that
71(.]0797() = (f17917<1)7 v(fanC) €H

where

=/
=—BC (o —mpB~1)f(1),

//dd {5C+af( ))(7“()1) // dtds}

Since [¢1] < |8 ¢ + |a = mB7H || f[|2, it follows that

AT 9Ol e we < M 9Ol

for some constant M > 0. By the Sobolev embedding theorem [1], A~
H.

(i) For any Y = (£,9.) € D(A),
Re(AY,Y)y = —%usf()'"( ) -

Iis compact on

Kam

(W) = ~y1g' (1)
+(B72K (a8 +m) — 1)Re(7El(1)f’”(1)g(1))- ®)

Note that given the particular choice of K, the fourth term in the formula above zero,
which proves that the operator A is dissipative. Other conclusions are obvious, and
the details are omitted. O

Let us now study (7). Rewrite (7) to be the standard form of a linear differential
operator with generalized homogeneous boundary conditions

W (z) + ((2EI'®" + EI"®")/EI)(z) + \n*(2)®(x) =0, 0 < z < 1,

®(0) = ®'(0) =0, )
EI(1)®"(1) = —yA®'(1),

(1 4+ AB)(EI()®") (1) = (aX + \2m)d(1)

Let A € o(A), First, the dominant term ” ®*) (z)+A2n*(z)®(x)” of (9), is transformed
to become a uniform form by space scaling. In fact, we make the space scaling
transformation

1 xT
Bla) = f(2), = =2(a) = [ n(s)ds (10)
0
then f satisfies the following system

FWD(2) +a(2) " (2) + b(2) [ (2) + c(2) f'(z) + A2p* f(2) = 0

f(0) = f'(0) =0, (1)
(1) = (aoyA +bo) (1),

A+ B8NP ) + cof(1) + do f'(1)) = eoB A+ mA) f(1)

where a(z),b(z) and ¢(z) are the smooth functions defined by

a(z) = 2p77 (377 +nEl'/EI)(z),
b(z) = v *(n~ (317*1 2+ 4" + (60'ET' + nEI")/EI))(x), (12)
c(z) =p*(n~t + 020" EI' + W EI")/EI)(x),

and ag, by, co, dy and ey are constants given by

= —pn ' (1)/EI(1), bo = —pn"(1)n~2(1),
p’ln’l( )3y~ (1)’ (1) + EI'(1)/EI(1)), (13)
d =p°n (1) (" (1) + EI'(L)n'/EI(1)),
=p*n3(1)/EI(1).
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Second, in order to cancel the term f/(z) in (11), as was done in [6], we make the
invertible transformation
1 z
f(z) = e o e (z) (14)
then g satisfies the following system

9D (2) + a1(2)g" (2) + a2(2)g'(2) + as(2)g(z) + A2p*g(z) = 0
g(0) = ¢’(0) = 0,9"(1) + c119’ (1) + c129(1) + agAvg' (1) + c137Ag(1) = 0,
A+ B7(g® (1) + 219" (1) + 229’ (1) + c239(1)) = ABeo(a + mA)g(1),

where a1(z), az(z) and as(z) are the smooth functions defined by

)
ar(z) = —(3d/(2)/2) — (3a*(2)/8) + b(2),
az(z) = (a*(2)/8) — a"(2) — (a(2)b(2)/2) + c(2), (16)
3(2) = (3a”(2)/16) — (a""(2)/4) — (3a’(2)/256) + (3a*(2)a’(2)/32)
+b(2)((a*(2)/16) — (a'(2)/4)) — (a(2)c(2)/4)

and c11, ¢12, €13, C21, Coo and co3 are constants defined by

e = (a(1)/2) + bo,

c12 = (a/(1)/4) — (a®/16)(1) — (abo/4)(1),

C13 = 7((1/4)(1) + Co,

21 = —(3a/4)(1) + co, (17)

22 = (3a%/16)(1) — (3a’/4)(1) — (aco/2)(1) + do,

c23 = —(a”(1)/4) + (3aa’(1)/16) — (a*(1)/64 + co(—(a’(1)/4)
+(a®(1)/16)) — (a(1)do/4),

Now, we proceed as in section 4, chapter 2 of [6] to estimate asymptotically the

solution of (15). Since system (1) is dissipative, all eigenvalues are located on the
left half complex plane. Due to the conjugate property of the eigenvalues, we may

S

T T ™ ™
consider only A = — with — <arg\ <, then — <argr7 < — .
p? 2 4 2

Let us choose w;,j =1,2,3,4 as follows

-1+ 141
W] = ——, Wy = ——,W3 = —Ws, W4 = —W1.
1 NG 2 /2 3 2, Wa 1
Consequently, we have for 7 € S = {7 | Z <argt < g}
2
Re(rw)) = —|7|sinfarg7+ ) < —g |7 |<0,
Re(twg) = |7 ]cos(argT + %) <0. (18)

The following lemma comes from Theorem 2.4 in section 4, chapter 2 of Naimark [6].

Lemma 2.2. For | 7 | large enough and 7 € S, there are four linearly independent
solutions gy ,k = 1,2,3,4, to g (2)+a1(2)g" (2) +az(2)g' (2) +as(2)g(2)+ Tg() = 0,
such that

1 1
gr(z) = e™**(1+0(2)), 9, (2) = Twre™ (14 0(=)),
T T (19)

g (2) = (Twp)?e™*(1+ 0(=2)), 92”(2)=(ka)?’em“(lﬂLO(;))-

—~ =

Let g be a solution of the system (15), then there exist 4 constants dy, k = 1,2, 3,4

such that
9(2) = d1g1(2) + daga(2) + d3g3(2) + daga(2), (20)
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where gx, kK = 1,2,3,4 are defined by Lemma 2.2. By boundary conditions, d;,i =
1,2, 3,4 are solutions to the following boundary system of linear algebraic equations

d191(0) + d2g2(0) + d3g3(0) 4 dsg4(0) = 0,

d191(0) + d2g5(0) + dsg5(0) + dagy(0) = 0,

S dilgr(1 )+6119k( )+ 129k (1) + aoy (72 /p*)g;. (1) + c137(72 /p*) gr(1)] = 0,
Shot il (72/%) + B9 (1) + ca19} (1) + c2204 (1) + casgu(1)]
—(7%/p*) B~ eo(a 4+ m(7?/p®))gr(1)] = 0.

(21)
From (18) and (19), for any k =1,2,3,4
91(0) =1+ 0(2), g} (0) = ren(1 +0(),
{1 (1) + 1195, (1) + c129(1) + ao’v(f/pg)gz(l) + c13y(7?/p*)gs (1)}
= aov(TS/pQ)wkem’“(l +0(2)),
{9/ (1) = ((72/p?) + B~ {9y’ (1) + c129{ (1) + c2295,(1) + c23gn (1)} .
—(%/p*)B~ eo(a+m(72/p2))gk(1) (7°/p*)wiem™* (1 + O(2)),
(22)

The system (15) has a nonzero solution if and only if 7 satisfies the characteristic
equation

(1] 0 1] " (1] 0 [1]”
Twi |1 Twa |l Tws|l Twy|l .
det Swie™1 1] Twee™2[1]  T3wse™2[1]  Twse™4[1] | T 0 (23)
Swie™1 1] TPwie™2[1] Towie™3[1]  TSwiemwi[1]
where [1] =14+ O(771).
Since wy = —w; and ws = —ws , then the above equation is equivalent to
[1] [1] er2[1] e [1]
w1[1] wo[1] —wee™2[1]  —wie™1[1]
det =0 24
Cl wpern 1] woe™2[1] —wa[l] —wi[1] (24)
wie™ 1] wpe™2[1]  —w3[l] —wi[1]

€ —sin(arg T
elf\ﬂ(COS(argT) (arg 7))

Since | €792 |= <1, e = O(e_%m) when | 7 |—= oo, we

may rewrite (24) as

1 1 eTw? 0
w1 wa —weoe™2 () _1
det 0 wee™2  —uoy oy +0(r7)=0 (25)
0  wie™ —ws —w?
then
—€"T2 (W] — wh) (1w} + wiws) + (Wi — wd)(Wiw] — wiw) + O(r71) =0

which results in

w2 — W1
w1 + w2
Since the matrix in (25) has rank 3 for each sufficiently large 7, there is only one
linearly solution to (15) for 7 = 7,,. Hence each A, is geometrically simple for n suffi-
ciently large. By solving (26), we obtain the following lemma by the same argument
of those of section 4, chapter 2 of Naimark [6].

eQTu}Q —

ot H=—-i+0(™ (26)
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Lemma 2.3. (i) There is a family of eigenvalues (A, \n) of A which satisfies

2 1 1
An = %, T = %(n - Z)TI‘(Z +1)+O0(n~ ') when n — 400, (27)

(i) For n sufficiently large X, is geometrically simple.

Lemma 2.4. Let A\, and 7, be defined as in Lemma 2.3. Then the unique (up to
a scalar) associated solution g, to (15) has the following asymptotic expansion

gn(z) = =2(1 4 i)[sin(n — i)wz —cos(n — i)wz + e_("_%)”] + O(%) (28)

729" (2) = 2(i — 1)[cos(n — i)m — sin(n — i)wz +e (DT 4 0(1), (29)
n

Moreover

4 1 1 1
.l (2) = _E[COS(H - Z)?‘(‘Z —sin(n — Z)WZ - e_("_%)”] + O(ﬁ) (30)
Proof. From Lemma 2.2. as well as simple facts of linear algebra, the eigenfunction

-
gn corresponding to the eigenvalue \,, = —g is given by
p

1] 1] emvafl] ]
B e'rnwlz[l] ernwgz[” e‘rnwg(l—z) [” e‘rnwl(l—z) [”
gn(2) = det wie™[1]  wee™w2[1]  —ws[l] —wi[1] (31)
wie™ 1] wie™2[1] —w3l[l] —wi[1]
It follows from (18) that
1 1 w2 0
eTnW1z  oTnw2Z eT,ng(lfz) ernwl(lfz) 1
gn(z) = det | o™ iy oy - o(;) (32)
0 wg’eT"“’z —wg —w%
After a simple calculation, we find that
1
gn(z) — wIWZ(w% _ w%)[eﬂlwzz + eanze‘ran(l—z) _ w1z _ eanlze2an2] + 0(7)
Tn
N[ 1 1 —(n—3)mz 1
= —2(1414)[sin(n — —)mz —cos(n — —)mz + e T2 4 O(=).
4 4 n
Similarly
9 (z) = (33)
(1] [1] ez (1] e [l]
Tk det wlfeT"wlZ[l} wéem“""z[l] (_w2)k’e7'nw2(1—z) [1] (_wl)kernwl(l—z)[l]
" wie™¥1]  wee™w2[1]  —wo[l] —wi[1]
wie™“i[1]  wie™w2[l]  —w3l[l] —wi1]

where £ = 1,2. Equations (29) and (30) can be proved similarly. The lemma is
proved. (Il

Noting that 7,72f/(2) = O(n~!). From the transformations (10) and (14), we
obtain the asymptotic expression of eigenfunctions which are as follows
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Lemma 2.5. Let A\, and 7, defined by (27). There is a solution of (7) corresponding
to A, which has the following asymptotic property:

/4o a9 () = —2(1+1)[sin(n— i)ﬂzfcos(nf %)m%*(”*%)”ﬂ +0(3) (34)
n

M1 (2) = 2A () (i — 1) [cos(n — i)ﬂz —sin(n — i)wz e (DT 4 O(%) (35)

where A(z) = e~ Jo @()dsp2 (),

3. Riesz basis property and exponential stability

In order to apply B.Z. Guo theorem [3] to the operator A, we need a reference
basis. For system (1), this is accomplished by collecting approximately normalized
eigenfunctions of the following system

p(@)yu (@, t) + (EI(2)Y2a (2, 1))ee = 0, 0<z<1,t>0, (36)
Y(0,t) = y2(0,t) = (EI()Yaz)at(1,1) = yur(1,£) =0, >0,
Naturally, we consider the well-posed conservative system as follows:
p(x)ytt(xvt) + (EI(m)yxa:(mvt))xz = 07 O<o< ]-7 t> 07
y(xao) = ZUO(QT) ) yt(xao) = y1($)7 t> Oa

which has the same eigenvalues as the system (1). In order to get the same space as
the system (1) i.e., H, we complete the conservative system by ordinary differential
equation, so we construct the auxiliary system described by the following equations:

p(@)ye (2, 1) + (E1(2)Yra (7, 1)) 2z = 0, _ 0<z<1, t>0,
y(oat) = yx(O,t) = (EI(‘)y:L’z)r(lvt) = yzt(lﬂt) = C(t) =0 ¢t>0,
y(w70):y0(x) ; yt($70):yl($) ) 0<zr< 1)
(38)
Alternatively, we can formulate the auxiliary system above as a problem of evolution
in H as follows: dY (1) = AgY (t), where the operator Ag : D(A¢) C H — H is defined
by
{ o0 = 1) (EL" 0 -
V(f.9,¢) € D(Ao), D(Ao) ={(f,9,¢) € X/(EI()f")'(1) = 0,¢'(1) = 0}.

where X = (H*(0,1)NV) x V x C. We easily show that A is nothing but the operator
A with a =m = 71 =471 =0. Ay is skew-adjoint with compact resolvent.

It is seen that all the analysis in the previous sections for the operator A are still true
for the operator Ag. Therefore, the following result is obtained.

Lemma 3.1. Each eigenvalue vy, of Ay with sufficiently large module is geometrically

stmple and hence algebraically simple. The eigenfunctions ¥, = (vgollllno, U,.,,00U
{their conjugates} of v,, have the following asymptotic expressions

et/ o aldsg (7)) = —2(1+i)[sin(n—i)wz—cos(n—i)wz—i—e_("_%)”]—l—O( ) (40)

Sl 3|~

v W () = 2A(2) (i — 1)[cos(n — i)ﬂz —sin(n — i)wz + e_("_%)”] +0(=) (41)
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Where all (vp,,Un,), but possibly a finite number of other eigenvalues, are com-
posed of all the eigenvalues of Ay. The eigenfunctions \IT:O = (V1 0,,, Uy, 0) are
normalized approximately. From a well known result in functional analysis, we know
that the eigenfunctions of Ag form an orthogonal basis for H, particularly, all ¥,
and their conjugates form an (orthogonal) Riesz basis for H.

Then there exists a positive integer large enough N such that,

+o0 too
= = 2 _
5 [l = 5 o< "
n=N+1 n=N+1

The same result is verified for their conjugates.
We can now apply Theorem of B.Z. Guo [3] to obtain the main results of the
present paper.

Theorem 3.2. Let the operator A defined by (4),(5). Then

(i) There is a sequence of generalized eigenfunctions of A which forms a Riesz
basis for the state Hilbert space H.

(ii) The eigenvalues (An, \n) of A have the asymptotic behavior (27).

(iii) All X € o(A) with sufficiently large modulus are algebraically simple. There-
fore, A generates a Cy semi-group. Moreover, for the semigroup e*t generated by A,

the spectrum-determined growth condition holds: w(A) = S(A), where

% || €At || s the growth order of €At and S(A) = sup{Re(\)/ A € o(A)}

is the spectral bound of A.

w(A) = tliﬁn

Now, we are in a position to show the exponential stability. Since the spectrum
determined growth condition holds: S(A) = w(A). System (1) is exponentially stable
if and only if there is wp > 0 such that Re(\) < —wy VA € o(A).

Lemma 3.3. Let A, be defined by (27), then there is an wy > 0 such that
lim Re(\,) = —wy < 0.

n—-+4oo

Proof. Let (A, ®,) in (7) where ®,, is defined by (34). Multiplying (7) by ®,, and
integrating by parts from 0 to 1 with respect to x, we obtain

L[ pte) | 0aa) P o+ T

2
2 L2229 g, ) 2y 210)
af | A 2] @n(1) 2
|1+ M3 2
Since ImA,, # 0 for sufficiently large n, we have from the above equation that
m | @,(1) [?
JESWIE

| @0 (1) [+ | @,(1) 7]

+ Al

1
+/ El(z) | ®(z) |? dz =0,
0

1
2 Re)\n[/o p(x) | @, (z) |? do +

= _[(‘ An |2 mp + a)

|1+ N6 2
_ UM PmBta) o BIQ)? [ A105(1) 2

From (34) and (35), we have
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lim BI(1) | A, 8(1) 2 de = 16p()BI(1) e 32 S,

n—+oo
[ An@n(D) 216 1 p1as)a | ®n(1) 2
—_ = 8 dx, i ——— =0
e [TE A B~ 20 S [T A B
and by Riemann Lebesgue Lemma, we have
1 1
lim p(x) | ®,(2) |? do = 8/ p(x) e~ 2 J5 als) ds gy
n—+oo 0 0
Hence
(m_’_ p(l)EI(l))e—%fol a(s) dsd(E
lim Red, =22 <0,
n—-4o0o fO p(x) 6_5 fo a(q) dsdx
The result follows. O

Theorem 3.4. The semigroup e is exponentially stable for any m, 3,y > 0,a > 0.

Proof. By Lemma 3.2. and w(A) = S(A) we need only to show that Re(\) < 0, for
any A € o(A). First A is dissipative, then Re(A) < 0, for any A € o(A). So Now, if
AY = \Y)Y = (U, d,() and Re(\) =0, then & = AP, U"(1) = (1) = 0, we deduce
from (7) that
Np(z)®(z) + (EI()®")"(z) =0, 0<z<1,
(0)=2'(0)=2(1) =P (1) =d"(1) =2 (1) =0
the above equation has a zero solution only [4]. Hence ® = 0, thus ¥ = ¢ = 0.
Therefore, Re(\) < 0, VA € o(A). The proof is complete. O

4. Numerical simulation

In this section, we use finite difference method to study numerically the spectrum
of the operator A, then we apply QZ method [5], to approach the calculation of the
spectrum of the eigenvalue problem (7). Finally, we study the influence of parameters
of feedback control on the convergence rate of the energy.

The chosen beam is characterized by the following figures (NKSA units)

p(x) = (x+1)* (Kg/m), EI(z) = (z+1)* (Kg x m®/s%),

1
Let n € IN*, h = —,n = 100 and z; = ih, i = 0,1,...,n. We use central finite
n
difference method [8], then a simple calculation gives
ai®io + ;P 1 + (¢; + N2hN)D; + d;Piy1 + ;D0 =0, i=2,...,n—2
by =0, 40, — P, =0,
D, 2(2EL, + Ahy) — 49,1 (EL, + M\hy) + @, (2ET, + 3\hy) = (43)

(1+ \B)(EI, P53 + 3(REIL, + EL,)®,,—2 — 3(2EI/ h + EIL,)®,,_ )
+(=3h*mA? + N\(=3h3a + B+ 3hBEI}) + 3hEI], + EI,)®, =0
where a;, b;,c;, d; and e;, i = 2..n — 2 are defined by
EI,;_ EI,_ FEI,;
g = izt g o gl B
Pi Pi
(44)
. El,_1+4FEL + Fl; 4 g — _2EIi + FEli11 . — Eli
pi bl T pz bl 7 pl

We write the system (43) under the matrix form:
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A2PY + A\QY + RY =0, (45)
Y = (y1,.,yn) 7.
where P, @ and R are n X n matrices. It is easy to verify that we can rewrite the
system in the following form
P 0 0 P
_ _ T A _ _
AU = NBUU = (2,Y)T A= ( peo ) B= ( e ) (46)
The eigenvalues are calculated easily by Matlab in PC by using QZ algorithm.
1. 8 =10, = 20,7 = 1. We change the value of m. We conclude that spectrum
don’t change as m is increased. Which is reassuring, since in this case the feedback
is independent of the mass.(Figure 1 left.)

1ot Distribution of eigenvaluss o Distribution of eigenvaluss
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Real Real

FIGURE 1. Distribution of eigenvalues m = 1, 5(left) and 8 = 1, 5(right).

2. m=5,a = 10,7 = 1. We change the value of 3. We conclude that spectrum don’t
change as 3, is increased. (Figure 1 right.)

3. m=10,8 =5,7v = 1. We change the value of a. We conclude that spectrum don’t
change as, « is increased. (Figure 2 left.)

1t Distribution of eigenvalues o Distribution of eigenvalues

4 4
3 3
2 1 2|
1 4 1
E J E‘ R
LR = * - *
5 0 # b4 HE - DL 1 ®oof# FE- . R e € 408
T
£ \ £ *
1 1 1 ‘\
2 2
2] 2
4! 4!

Real Real

FIGURE 2. Distribution of eigenvalues o = 1,5 (left) and v = 1, 5(right).

4. m =10,8 =5,a = 1. We change the value of v. We conclude that spectrum seems
to move to the right as v is increased. (Figure 2 right.)
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