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1. Introduction

We are concerned here with the eigenvalue problem:

Ay = Aul"®) 2 ne 1)
9u = 9 (|Au/P™=2Au) =0 on 99,

where Q is a bounded domain in R with smooth boundary 9Q, N > 1, Ai(x)u =

A(|Au|p(’”)_2Au), is the p(z)-biharmonic operator, A > 0, p, ¢ are continuous func-
tions on .

The aim of this work is to study the existence of solutions for the nonhomogeneous
eigenvalue problem (1), by considering different situations concerning the growth rates
involved in the above quoted problem, we will prove the existence of a continuous fam-
ily of elgenvalues.

In recent years, the study of differential equations and variational problems with
p(z)-growth conditions is an interesting topic, which arises from nonlinear electrorhe-
ological fluids and other phenomena related to image processing, elasticity and the
flow in porous media. In this context we refer to [9], [10], [5], [13], [11], [12].

This work is motivated by recent results in mathematical modeling of non Newto-
nian fluids and elastic mechanics, in particular, the electrorheological fluids (Smart
fluids). This important class of fluids is characterized by change of viscosity, which
is not easy to manipulate and depends on the electric field. These fluids, which are
known under the name ER fluids, have many applications in electric mechanics, fluid
dynamics etc...

In the case where p(x) = ¢(x), the authors in [13] investigated the eigenvalues of
the p(x)—biharmonic with Navier boudary conditions. And in [15] they considered
the problem

{ Af)(l_)u = AMu|?®) =2y, in Q, @)
u=Au=0 on 0,
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CONTINUOUS SPECTRUM OF A FOURTH ORDER EIGENVALUE PROBLEM 43

where p, ¢ are continuous functions on 2. Using the mountain pass lemma and Ekeland
variational principle, they prove the existence of a continuous family of eigenvalues.
Motivated by this work, we will study the existence of solutions for the non-homogeneous
elliptic eigenvalue problem

{ A2 (o)l = Aula(®) =2y in Q,

% = Z(|Au/P®~2Au) =0 on 9L,

3)

in the space X = {u € W??(®)(Q): %:0}.

2. Preliminaries

In order to deal with p(z)—biharmonic operator problems, we need some results on
spaces LP(*)(Q) and W*P()(Q) and some properties of p(x)—biharmonic operator,
which we will use later.

Define the generalized Lebesgue space by:

LP@(Q) = {u : 2 — IR, measurable and / lu(z) [P dx < oo} ,
Q

where p € C4(Q) and
Ci(Q)={heC(): h(z)>1, YzeQ}.

Denote
+

p" =maxp(z), p =minp(r),
e T€EQ
and for all z € Q and k£ > 1
Np(x) :
p(x) = N—p(x) if p(z) <N,
+00 if p(z) =2 N,

and

Np(z) :
pi(z) ={ N-kp(@) ?f kp(z) <N,
+oo if kp(x) > N.

One introduces in LP(*)(Q) the following norm

z)

[ulp(a) =inf{u>0; / e
Q

(
I

p(x)
de <1,

and the space (LP(®)(€2), |.|,(x)) is a Banach.

Proposition 2.1. [21] The space (LP*)(Q), |.|p(zy) is separable, uniformly conve,
reflexive and its conjugate space is L) (Q) where q(x) is the conjugate function of
p(x) i.e

—_

1
m‘F (33):1’ Yz € Q.

For all u € LP®)(Q) and v € L9®)(Q) the Hélder’s type inequality

q
(
(1 )| [Vlote
— 4 — | [ulp@) v
- p( q(x

uvdz
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holds true.
The Sobolev space with variable exponent W*?(®)(Q) is defined by
WEP@(Q) = {u e L@ (Q): D% e LP@(Q), |a| <k},

where
dlaly
a1 2 an ?
0z 0x5> .0z

is the derivation in distribution sense, with o = (a1, g, ..., @n) is a multi-index and
i=N
la| = Z ;.
i=1
The space W*P(®)(Q), equipped with the norm

Hu”k,p(x) = Z |Dau|p(z)7
la|<k

D% =

also becomes a Banach, separable and reflexive space. For more details, we refer to
22, [21],[11], [25].

Remark 2.1. [26] The norm |[ul|3 () is equivalent to the norm |u|| = |Aul,,) and
(WP (Q); ||.]|) is a Banach, separable and reflexive space.

Through this paper, we will consider the following space

ou
X = 2e@)(Q): — =0}
{ueW (Q) £ 0}
which is considered by F.Mouradi and all in [16]. They have proved that X is a
nonempty, well defined and closed subspace of WQ’I’(‘”)(Q). For this they have showed

the following boundary trace embedding theorem for variable exponent Sobolev spaces.

Theorem 2.2. [16] Let Q be a bounded domain in RN with C? boundary. If 2p(x) >
N > 2 for all x € Q, then for all ¢ € C() there is a continuous boundary trace
embedding

WP (Q) — L1 (99), (4)
and

W2r)(Q) — W) (9Q), (5)

Proof.(2.1) We choose p,q € C(Q2) such that for all z € Q, 2p(z) > N.
There exists the following continuous embedding

WP (Q) o WP (), (6)
and
L7 (Q) < L1 (Q). (7)

By using the classical boundary trace embedding theorem, since 2p~ > N and
g™ > 1, there exists the continuous embedding

WP (Q) < L7 (99). (8)

And by combining (6), (7), (8) we deduce that W2P(#)(Q) is continuously em-
bedded into L4®) (992).
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(2.2) Since 2p~ > N and p* > 1, we have the continuous embedding (see [24])
W2 (Q) — W' (09). (9)
Moreover .
Whr' (99) — WP (). (10)
Then from (6), (9) and (10) we deduct the result.
(|

Proposition 2.3. [16] If 2p(z) > N for all z € Q, then the set
Oou
X — 2p(®@) () T2 =
fue W@ () jp =0)
is a closed subspace of W2P(®)(Q)

Proof. Consider the operator
D: w2@ Q) — P@(9Q)
u 7‘(%2'
We prove that D is continuous from (W2P@) (Q), ||.|) to (LP™*)(Q), |-| o) (962))-
For this, we prove the continuity of the operator
V. W) — (LP@(00)N
u —  (Vu)|aa,

1=N
from (W2P()(Q), |1]1) to (LPE @)V, |- llpe),n)s With [T [[peyx = 3 [ilpeo)-
=1

Let (ty)n C W2P®)(Q) be a sequence such that n,, — u in W2?®)(Q). Using the
second assertion of theorem (2.2), we have u,, — u in WP (9Q), what implies
that Vu,, — Vu in (LP®)(89Q))V, and then V is continuous.
Moreover, D =T o V with T is the linear function defined as
T: (LP@O0)N — LP®(H0)
oo W,
where U (z) = (ai(x), az(x), ...,an(z)) is the outer unit normal vector and
SV ey ()2 =1 for all € 9.
The operator 7' is continuous, indeed, for 77 € (LP(™) (9Q))N | we have

1=N i=N
_>
| -7|p(z) =| Z nia;| < Z nicxi]p(a)-
i=1 i=1
i=N
On the other hand, we have Z lai(z)]> = 1, then |os(x)] < 1 for all z € 99,
i=1
i€{1,2,..,N}.
Consequently, we deduct that
i=N
— —
‘ n ~?‘Lp(z)(39) < Z |nz‘p(m) = || n ||p(:£),N1
i=1

which assert that T is continuous and then D is also continuous. Finally, since
X = D7'({0}), it result that X is closed in W2P®)(Q). Hence, the proof of the
proposition is completed. O
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Remark 2.2. (X;].||) is a Banach, separable and reflexive space.

Proposition 2.4. If we put

I(u) = / | Au|P®) d,
Q

then for all u € X the following relations hold true
Q) lul <1 (=L>1) <= Iu) <1 (=1;>1),

.. + —

(i) JJull <1 == {luf[”" < I(u) < [lu”
(iil) flull =2 1= [lul]? < I(u) <|ul?,

for all v, € X, we have

(iv) ||unl| — 0 <= I(u,) — 0,

(V) JJun|| — 00 <= I(u,) —

A pair (u,\) € X x IR is a weak solution of (3) provided that
/ |Au[P®) 2 AuAvde = )\/ lu|?®2ypdz, Vo e X.
Q Q
In the case where u is nontrivial, such a pair (u,A) is called an eigenpair, A is an
eigenvalue and u is called an associated eigenfunction.

Proposition 2.5. If u € X is a weak solution of (3) and u € C*(Q) then u is a
classical solution of (3).

Proof. Let u € C*(Q) be a weak solution of problem (3) then for every ¢ € X, we
have

/ |AuP@ 2 AuApdz = )\/ || 9@~ 2ypdz, (11)
Q Q
By applying Green formula, we have:

/A(|Au|p(:”)_2Au)g0dx:—/ V(| AuP™ 2 Au). Vods
Q Q

+/ @ﬁ(muw(@*wu)dz, (12)
oo OV
and
|AuP@ 2 AuApdr = — / V(| AuP®) =2 Au).Vpda
Q Q

0

- / | AuP@ =2 Au—(p)dz, (13)
oN )

v
then we have
/ A(|AuP™ =2 Au) Apdr = / |AuP@ =2 AuApdz,
the result follows.Q " O
We will use the following lemma proved by Szulkin [20].

Lemma 2.6. Let E be a real Banach space and A, B be symmetric subsets of E\ {0}
which are closed in E. Then:
(a) If there exists an odd continuous mapping f : A — B, then y(A) < v(B).

)
(c) Y(AUB) <~(A) +~(B).
; [f7(B) < +00, 7(A = B) > v(4) = 7(B).

symmetric subset of E'\ {0}, closed in E such that v(N) = v(A)
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(f) If N is a symmetric and bounded neighborhood of the origin in R and if A is
homeomorphic to the boundary of N by an odd homeomorphism, then v(A) = k.
(g) If Eqg is a subspace of E of codimension k and if v(A) > k, then AN Ey = ().

In what follows, we have to need the following proposition which is an extension
of Sobolev embedding theorems to the Sobolev spaces with variable exponent.

Proposition 2.7. Let p € C(Q) such that 2p(z) > N for all z € Q, then
(1) there exists a continuous and compact embedding of W*P(#)(Q) into LI®)(Q),
for all g € CL(Q).
(2) there exists a continuous embedding of W2P®)(Q) into C(€).
Proof. (1) we can refer to [5].
(2) For each = € Q, we have 2p(z) > N.
Then, there exists a neighborhood U, C € such that

2p~ (Uz) > N,
here p~(U,) = inf p(y).
where p~ (Uy) ylébzp(y)

Hence, we get a family open covering {U,}, g for the compact set Q. For a
subcovering {U;};=1,... r, one considers m,; such that

N
0<m;<2——<m;+1

D;

Thanks to the theorem 7.26 [14], there exists a continuous embedding

WP (U;) = C™ (1), (14)
where o; =2 — % —m,.
On the othere hand, for all ¢ € {1,2,...,r}, it easy to see that

W2P@) () ¢ WP (U;). (15)
and

e () € C(U). (16)

From (14), (15) and (16), it follows that
W2O(U;) € C(T),

for all U;,7 = 1,2, ...,r. This assert that the embedding
W2r@)(Q) — C(Q),

is continuous.

The Euler-Lagrange functional associated with (1) is defined as @) : X — R,
1 1
By (u) = / —— | AuP® dg — A/ —— |u|1®) dz.
o p() o q(z)
Standard arguments imply that ®, € C'(X,R) and

(@) (u),v) :/ \Au|p(x)_2AuAvdw—)\/ u|1®) =2y d,
Q Q

for all u,v € X. Thus the weak solutions of (1) coincide with the critical points of
®,. If such a weak solution exists and is nontrivial, then the corresponding A is an
eigenvalue of problem (1).
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Next, we write @), as
N =A—)\B,
where A, B : X — X’ are defined by

(A(u), v) = / AulP® 2 AuAo da,
Q

<B(u),v>:/ | 7@ =2y da.
Q
We have

Proposition 2.8. [2, Proposition 2.5]
(i) B is completely continuous, namely, u, — u in X implies B'(u,) — B'(u) in
X'.
(i) A satisfies condition (ST), namely, u, — u, in X and limsup(A(u,), u,—u) <0,
mply up — u in X.
Remark 2.3. Noting that ®) is still of type (S*). Hence, any bounded (PS) sequence
of @, in the reflexive Banach space X has a convergent subsequence,

3. Main results and proofs

In what follows, we assume that the functions p,q € C4(Q).

Theorem 3.1. If

¢t <p, (17)
then any A > 0 is an eigenvalue for problem (1). Moreover, for any X > 0 there exists
a sequence (up) of nontrivial weak solutions for problem (1) such that u, — 0 in X.

We want to apply the symmetric mountain pass lemma in [7].

Theorem 3.2. (Symmetric mountain pass lemma) Let E be an infinite dimensional

Banach space and I € CH(E, R) satisfy the following two assumptions:

(A1) I(u) is even, bounded from below, I(0) = 0 and I(u) satisfies the Palais-Smale
condition (PS), namely, any sequence u, in E such that I(uy) is bounded and
I'(up) — 0 in E as n — oo has a convergent subsequence.

(A2) For each k € N, there exists an Ay € 'y such that sup,¢ 4, I(u) < 0.

Then, I(u) admits a sequence of critical points uy such that

I(ug) < 0,ux #0 and lilgnuk =0,

where Ty, denote the family of closed symmetric subsets A of E such that 0 ¢ A and
v(A) > k with v(A) is the genus of A, i.e.,

y(K) =inf{k € N:3h: K — R*\{0} such that h is continuous and odd }.
We start with two auxiliary results.

Lemma 3.3. The functional @y is even, bounded from below and satisfies the (PS)
condition; ®(0) = 0.

Proof. Tt is clear that @ is even and ®,(0) = 0. Since ¢t < p~ and X is continuously
embedded both in LI" (€2), there exist two positive constants dy,ds > 0 such that

/ u|? dz < dy||ul|?, / lu|? dz < da||ul|? , Vu€E X.
Q Q
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According to the fact that
[u(@)[1) < Ju(@)|” + |u(@)|”, VeeQ, (18)

for all u € X, we have

>*/ AP - T2 a7~ 22

)\d1 Ado
> —a ul]) = 22 |7 — 222 |
oF (lllD) p= [l = [
where « : [0, +0o[— R is defined by
N
tP ift<1
t — 7’ - ? ].9
a(?) {tP, if ¢ > 1. (19)

As gt < p~, @, is bounded from below and coercive because, that is, ®(u) — oo as
[[u]| = oo.

It remains to show that the functional ® satisfies the (PS) condition to complete
the proof. Let (u,) C X be a (PS) sequence of @y in X; that is,

@, (uy,) is bounded and ® (u,) — 0 in X' (20)

Then, by the coercivity of @y, the sequence (u,,) is bounded in X. By the reflexivity
of X, for a subsequence still denoted (u,), we have

Uy, —u in X.

Since ¢t < p~, it follows from theorem 3.2 that u, — u in L) (Q). Using the
properties of Nemytskii operator Ny (z) defined by

o)) = {|v<x>|q<f>2v<x> if v(x) # 0,

0 otherwise,

N,

q

we deduce that
(B(tn), ty — u) / [t ()7~ 20, () (up (z) — u) dz — 0. (21)
In view of (20) and (21), we obtain
D'\ (un) + MB(up), un — u) = (A(un), up —u) — 0 asn — oo.

According to the fact that A satisfies condition (ST), we have u, — « in X. The
proof is complete. ([

Lemma 3.4. For each n € N*, there exists an H, € I',, such that
sup @, (u) < 0.

ueH,
Proof. Let v1,v2,...,v, € C§°() such that supp(v;) Nsupp(v;) = 0 if i # j and
meas(supp(v;)) > 0 for 4,5 € {1,2,...,n}. Take F,, = span{vy,ve,...,v,}, it is clear
that dim F;, = n and

/ lu(z)|"®dz >0 for all v € F, \ {0}.
Q

Denote S = {v € X : |jv|]| = 1} and H,(t) = ¢(SN F,) for 0 < t < 1. Obviously,
v(Hp(t)) = n, for all ¢ €]0,1].
Now, we show that, for any n € N*| there exist t,, €]0,1] such that

sup  Dy(u) <O0.
uEHy (tn)
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Indeed, for 0 < t < 1, we have

sup Py(u) < sup Py(tv)

u€H, (1) veESNFy,
{ tp(m’)|A ( )|p(m)d )\/ tQ(m)‘ ( )|q(l’)d }
= sup v(x T — —|v(x X
vesnr, - Ja p(x) o q(z)

p~ at
sup {ti/ ‘Av(m)|p(r)dm—)\t—+/ |v(x)\q('7”) dx}
Q q Q

<
veESNF, P
-, 1 A 1
= sup 1t (—— —— /vx (@) gr) V.
UGSﬁFn{ (10_ gt trm—at Ql (@) )}

Since m := minyesnr, [ [v(z)|9®) dz > 0, we may choose t, €]0,1] which is small
enough such that

1 A 1 0

This completes the proof. (I

Proof of Theorem 3.1. By Lemmas 3.3, 3.4 and Theorem 3.2, ®, admits a sequence
of nontrivial weak solutions (u,), such that for any n, we have

up #0, @\ (u,) =0, Px(u,) <0, limu, =0. (22)

O

Theorem 3.5. If
¢ <p  and q" <pi(x) forallzeQ, (23)
then there exists A* > 0 such that any A € (0, \*) is an eigenvalue for problem (1).
For applying Ekeland’s variational principle. We start with two auxiliary results.

Lemma 3.6. There exists A\* > 0 such that for any X € (0,\*) there exist p,a > 0
such that ®x(u) > a >0 for any u € X with |lul| = p.

Proof. Since q(z) < p3(x) for all z € Q, it follows that X is continuously embedded
in L9(®)(Q). So, there exists a positive constant ¢; such that

ulg(zy < callull, forallue X. (24)

Let us fix p €]0, 1] such that p < é Then relation (24) implies |u|q) < 1, for all
u € X with |lul]| = p. Thus,

/ |u|"@dx < |ull ), forallu € X with [u] = p. (25)
Q
Combining (24) and (25), we obtain

/ 1@ dz < ¢ |lul|?, for all u € X with |jul| = p. (26)
Q
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Hence, from (26) we deduce that for any u € X with [Jul|x = p, we have

1 A
Ba(w) > o [ [8ur@da— 2 [ (ol s
P Ja q Jo

1 + A g -
ZFWV—iﬁMW
1+ -
=—p" ———cf p*
pt g
1+ -
e T )
(p+ q 1
Putting
"
PPt g
A == —— 27)
: 2pt c’f (
for any u € X with ||u|| = p, there exist a = pp+/(2p+) such that
Dy(u) >a>0.
This completes the proof. (I

Lemma 3.7. There exists ¥ € X such that ¢» >0, ¥ # 0 and @, (ty) <0, fort >0
small enough.

Proof. Since ¢~ < p~, there exist ¢g > 0 such that
qg +eo<p .
Since ¢ € C(Q), there exist an open set Qg C €2 such that
lg(x) —q7| <eg, forall ze Q.

Thus, we deduce

q(z) < ¢  +eg<p, forallxze . (28)
Take 1 € C§°(9) such that Q¢ C supp, ¥(z) =1 for z € Qg and 0 < 3 < 1in .
Without loss of generality, we may assume ||¢|| = 1, that is
/ |AYP@ dg = 1. (29)
Q

By using (28), (29) and the fact
/ [1]7®) dz: = meas(Qp)
Qo

for all ¢ €]0, 1], we obtain

o () AGP@ g \ ta() a@) g

o
< tf/ |Aw|p(m) dxr — %/tQ($)|w|q(m)dl‘
p Q q Q

-
SL—A/ t‘](¢)|w|‘1(f6)dx
P~ gt Ja,
P \td teo

p q

IN

meas(Qp).
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1

Then, for any ¢ < §»~ —¢ —=0, with 0 < § < min{1, A\p~ meas(2y)/¢" }, we conclude
that
@A(td)) <0.

The proof is complete. O
Proof of Theorem 3.5. By Lemma 3.6, we have

inf @, > 0, 30
0By () (30)

On the other hand, from Lemma 3.7, there exists ¢¥» € X such that ®,(¢y) < 0 for
t > 0 small enough. Using (26), it follows that

Ba(w) = culP” — e ull” for w € B,(0)

Thus,
—o00 < ¢y = _inf @) <0,
By (o)
Let
0<e< inf @, — inf ).
0B,(0) B,(0)
Then, by applying Ekeland’s variational principle to the functional
¢, : B,(0) =+ R,

there exist u. € B,(0) such that

(I),\(UE) < inf &) + ¢,
B,(0)

Dy (ue) < Py(u) + ¢flu — ue|| for u # ue.

Since @) (u:) < infmq))\ + & < infpp, o) Pr, we deduce u. € B,(0).
Now, define I : B,(0) = R by
In(u) = @x(u) + el|u — ue|.

It is clear that u. is an minimum of I. Therefore, for ¢ > 0 and v € B1(0), we have
Iy (ue + tv) — In(ue)
t
for t > 0 small enough and v € B1(0); that is,
D) (ue + tv) — Py (ue)
t
for t positive and small enough, and v € B1(0). As ¢t — 0, we obtain

(@) (ue),v) +¢l|v]| >0 for all v € By(0).

>0

+eljv]| >0

Hence, ||®) (u:)|x’ <e. We deduce that there exists a sequence (uy), C B,(0) such
that
Dy (up) — ¢y, and P\ (u,) — 0. (31)
It is clear that (u,) is bounded in X. By a standard arguments and the fact A is
type of (ST), for a subsequence we obtain u,, — u in X as n — +oco. Thus, by (31)
we have
Py(u)=cy, <0 and P\(u)=0 asn— occ. (32)
The proof is complete. O
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Theorem 3.8. If
pt<q <q" <pi(x) forallxeq, (33)
then for any A > 0, problem (1) possesses a nontrivial weak solution.
We want to construct a mountain geometry, and first need two lemmas.
Lemma 3.9. There exist n,b > 0 such that ®x(u) > b, for u € X with ||ul| =n.
Proof. Since gt < p3, in view the Theorem 3.2, there exist dy,ds > 0 such that
fulgs < dufull and fuls < dalfull

Thus, from (18) we obtain

u x ua:p(m)a:—i ulhe ulNe”
Oa(w) = 5 /QlA (@) de = = [(diflul)® + (dallul)? ]

1 Add A
EEQ(IIUH) S| = =2 ul|”
d _ -_ + .
_ G =l 3 lall”” =) lalP" i flul] < 1,
- qt
di _ )\d —_ - .
(5 = =Nl =7 = 22l =) fulP” i ul| > 1.

Since pt < ¢~ < ¢*, the functional g : [0, 1] — R defined by

at q-
g(s) = L i5q+—p+ _ ﬂsq’—zfr
pt qa
is positive on neighborhood of the origin. So, the result of Lemma 3.9 follows. (]

Lemma 3.10. There exists e € X with |le|]| > n such that ®x(e) < 0, where 1 is
given in Lemma 3.9.

Proof. Choose ¢ € C§°(€2), ¢ > 0 and ¢ # 0. For ¢ > 1, we have

" .
oalte) < = [ |apto) s - 2 [ jow)a,
P Ja
Then, since p™ < ¢—, we deduce that
Jim @ (tp) = —oc.

Therefore, for ¢ > 1 large enough, there is e = tp such that ||e|]| > n and ®,(e) < 0.
This completes the proof. ([

Lemma 3.11. The functional ® satisfies the condition (PS).

Proof. Let (u,) C X be a sequence such that d := sup,, ®x(u,) < co and @) (u,) —
0 in X’. By contradiction suppose that

lun]| = +00 as n — oo and ||u,| >1 for any n.
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Thus,

1
d+ 1+ Jlunl = ®x(un) — qf(q’&(un),um

1 A 1 1
:/ —— | A, [P® dz — 7_/ |Aun|p(‘r)d:€+)\/(—_ — —)|un | dx
Q qa Ja Q

p(x) g q(z)
11
>(——— Auy, [P dx
- (p+ q- ) /g' |
11 -
> (— — —)|un|? .
> (pJr = M|

This contradicts the fact that p— > 1. So, the sequence (u,) is bounded in X and
similar arguments as those used in the proof of Lemma 3.4 completes the proof. [J

Proof of theorem 3.8. From Lemmas 3.9 and 3.10, we deduce
max(®,(0), Pr(e)) = ®A(0) < inf Py(u) =: 8.
7

i
flwll=

By Lemma 3.11 and the mountain pass theorem, we deduce the existence of critical
points u of @ associated of the critical value given by

c:=inf sup Pr(v(t)) > 5, (34)
Y€l ¢ef0,1]

where I' = {v € C([0,1], X) : v(0) = 0 and (1) = e}. This completes the proof. O
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