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A topological duality for M3z—Ilattices

ALDO V. FIGALLO AND MARIA A. JIMENEZ

ABSTRACT. In this article we determine a topological duality for Ms—lattices, introduced by
A. V. Figallo in the journal Rev. Colombiana de Matemdtica, XXI, 1987 ([3]). By means
of this duality we describe the congruences and the subdirectly irreducible M3—lattices and
reach some of Figallo’s results in a different way.
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1. Introduction

In this work, we extend the duality obtained by H. A. Priestley for bounded dis-
tributive lattices (see [8] and [9]), known as Priestley duality, to the case of bounded
M;s—lattices, showing that there exists a duality between the category whose objects
are the bounded Ms—lattices and whose morphisms are the homomorphisms in the va-
riety of the bounded Ms—lattices, and the category of M3—spaces and Ms;—functions.

By means of this duality we have managed to characterize the congruence lattice of
an Ms—Ilattice in terms of certain closed subsets of its associated M3—space, showing
that there is an isomorphism between the lattice of the congruences and the dual
lattice of certain closed subsets of its associated Priestley space, more precisely the
closed and A-involutive subsets.

Given that any variety of algebras is determined by its subdirectly irreducible
algebras and what Birkhoff’s Theorem states, that Fvery non-trivial algebra A is
isomorphic to a subdirect product of subdirectly irreducible algebras, each of which is
a homomorphic image of A, it is important to have their characterization. In this
work we determine the simple and subdirectly irreducible M3—lattices by using the
characterization of the congruence lattice obtained and reach the same results as those
achieved by Figallo in an algebraic way.

This article has been organized as follows. In Section 2 we introduce the definition
and properties of Mjz—lattices given by Figallo as well as some basic definitions of
Priestley’s duality. In Section 3 we describe a duality for Ms—lattices, starting with a
study of the properties of Mz—lattice prime spectrum, which later allowed us to define
the category of Ms—spaces and Mz—morphisms. Section 4 is devoted to the study
of congruences and the determination of the simple and the subdirectly irreducible
algebras, concluding that these algebras coincide, for which reason the variety is semi-
simple.
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2. Preliminaries

The consideration of the class of M3—lattices, closely related to the class of trivalent
Lukasiewicz algebras, was motivated by its possible application to the study of the
behavior of certain trivalent switching electric circuits and was defined by A. V. Figallo
in Los Ms— Reticulados [3], Rev. Colombiana de Matemdtica, XXI, 1987, as follows.

An M;—lattice is an algebra (L, A,V,~, /A, 0) of type (2,2,1,1,0) such that the
reduct (L,A,V,0) is a distributive lattice with first element 0 which satisfies the
following identities:

(M1) A(zA ~z) =0,
(M2) ~~zx=uz,
(M3) = = AzV ~ Vz, where Vz is an abbreviation of vV ~ z,

(M4) Az = AzxV ~ A,

(M5) AVz =V,

(M6) AlxVy)=ALxV Ay,

(M7) V(z Ay) =Vz AVy.

If (LA, V,~, A, 0) is an M3—lattice such that the reduct (L, A, V) is a distributive
lattice with last element, we will say that it is a bounded M3—Ilattice.

We will denote the variety of bounded Ms—lattices by Mg and, where no doubt
should arise, we will represent any Ms—lattice by its support set.

The following properties of the Ms;—lattices were proved by A. V. Figallo in [3],

ome of which are directly derived from the axioms:

8) Az <z, (M9) ~Vz < x,

M10) ~ Az < Az,
x < Vuz,
~z <V,

A(zA ~ x) = 0 is the first element of the lattice (L, A, V),

~z=Vuz,

M15) VVzx = Vz,

(M

(M10) ~
(M11)
(M12)
(M13)
(M14) V
(M15)
(M16) VAz = Az,
(M17)
(M18)
(M19)
(M20)
(M21)
(M22)
(

M13

M17) if z <y, then Az < Ay and Vo < Vy,
A ~Vz =0,
A~ Az =0,
ANz = Az,
Vz=AzV A ~ 2,
~T=x, 1fand0nly1f =0,
M23) A0 =V0=~0=0.

In the same work, A. V. Figallo defined the notion of invariant element as follows:
an element a of an Msz—lattice L is said to be invariant if it verifies that Aa = a, and
represented the set of all invariant elements of an Ms—lattice L by K(L).

He also showed that the set K (L) is closed under the operations A, V, A and V,
and proved the following properties:

M20

(M24) V(z Vy) = Vz V Vy,

(M25) Alx Ay) = Dz A Ay,

(M26) (Principle of determination) if Ax = Ay and Va = Vy, then z =y,
(M27) if Az < Ay and Vz < Vy, then z < y,

(M28) ~ (2 V y) <~ 2V ~ 5,
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(M29) ~ A ~y <~ (x Ay).

Then, for the purposes of finding a representation theorem for Msz—lattices, he
introduced the notion of (prime) n-ideal of an Ms—lattice L as a (prime) ideal N of
L which verifies whether € N, then ~ x € N, or, similarly, z € N implies Vz € N,
and proved that, if 1(X) and N(X) represent the ideal and the n-ideal generated by
a subset X of L, respectively, then the following properties are verified:

(M30) N(X) = I(K(X)), where K(X)={Vz:2 € X} ={Ax:2 € X}.
(M31) If M is an n—ideal of L and a € L, then N(M U {a}) = {z € L : z <
V(uV a) for some u € M}.

He also proved that the set E(L) = {M C L : M is a prime n-ideal}, called the
prime spectrum of L, verifies that (1{M : M € E(L)} = {0}. He gave, in addition, a
characterization of the prime n-ideals as follows:

(M32) M is a prime n-ideal of L, if and only if, there exists a prime ideal I such that
M =Inn~1I, where ~ I ={~x: 2 € I}, and proved the following results:

(M33) L is a simple Ms—lattice; then, the only prime n ideal of L is {0} and, therefore,
L is isomorphic to (T, A,V,~, A,0), where T is the three-element chain {0,1/2,1}
with 0 < 1/2 <1, the operations ~ and A being defined in the following chart:

T ‘Na:‘Aa:

0] 0710
12 1 ] 0
112 1

(M34) Representation Theorem: Every non-trivial Mz—lattice L is isomorphic to an
Ms—sublattice of TF(X) TE(E) heing the Mz—lattice of all the functions of E(L) in
T, where the operations are defined pointwise and T is the three-element chain given
as in (M33).

In a later work ([5]) A. V. Figallo defined:

(M35) zly =2 A (~ (x AVy)V ~ (yV ~ 2)),

and proved that if (L, A, V, ~,,0) is an Ms—lattice, then (L, A, V,0,1) is a Browerian
algebra, which allowed him to characterize the congruences as follows:

(M36) If N is an n-ideal of an Mz—lattice L, then R(N) = {(z,y) € L* : (z|y)V(y|z) €
N} is an Mz—congruence and, conversely, for each Mg—congruence R of L, there is
an n-ideal N such that R = R(N).

In this same work he also highlighted the importance of the lattice K (L) when
he proved that, if L is an Mz—lattice, then K(L) is a generalized Boolean algebra.
These results allowed him to prove that:

(M37) In the M3—lattices the notions of maximal n—ideal, prime n—ideal, irreducible
n—ideal and completely irreducible n—ideal coincide.

Another important result to point out in [5] is that, if in (T, A, V, ~, , 0), the algebra
indicated in (M33), the operations — and — are defined by the formulas that follow:

i)z—oy=~A~(@v~1)Vy
(ii) ~x = A ~ (VaVv ~ 1),
the corresponding charts of which are:

— |0 1/2 1 r |
0|1 1 1 0 1
1211 1 1 1/2] 0
110 1/2 1 1 0
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and from which the operations ¢ and — are defined by the formulas:
(iil) Cx = -,
(iv) —z = (-2 = 2) A (z — —z).

The algebra (T, A,V,—,<,0,1) is a trivalent Lukasiewicz algebra in the sense of
[7].
From this result, taking into account the representation theorem given in (M34),
we can insure that, if (L, A, V,~,,0) is an M3z—lattice with last element 1, and < and
— are the operations indicated in (iii) and (iv), respectively, then (L, A, V,—,<,0,1)
is a centered trivalent Lukasiewicz algebra, with center ¢ =~ 1.

The definitions and results used in this volume with respect to the notion of dis-
tributive lattice and universal algebra may be extended in [1] and [2, 6], respectively.
For the purposes of facilitating the reading of the text and establishing the notions
we will use, we present some general notions. If X is a set, we will indicate the power
set of X by P(X). If (X, <) is a partially ordered set and C C X, by (C] (|[C)) we
will represent the set of all the elements € X such that ¢ < y (y < z) for some
y € C, and we will say that C is decreasing (increasing) if C = (C] (C = [C). By
max X (min X) we will indicate the set of the maximal elements (minimal elements)
of X. Some of the properties of the increasing and decreasing sets we will use in this
article are the following:

(i) C is increasing (decreasing), if and only if, X \ C is decreasing (increasing).

(i) If {C;}ier is a family of increasing (decreasing) sets, then () C; and |J C; are
i€l il
increasing (decreasing) sets.

In general, we will denote the set of all the congruences on an algebra A by Con(A).
If K is a class of algebras and A € K, we will indicate the set of the congruences on A
by Conk(A) or call them K—congruences in order to highlight the class of algebras
we are considering.

Even though the theory of Priestley spaces and its relation with distributive lattices
with first and last element is well known, we will present some results. For more details
about this subject the reader is referred to [8] and [9].

A totally order-disconnected topological space is a triple (X, 7, <) such that (X, <)
is an ordered set, (X, ) is a topological space and, given z,y € X such that = £ y,
there exists an open, closed and increasing set U C X such that x € U and y ¢ U.

A Priestley space is a compact topological space and totally order-disconnected.

Let I be any set. If we consider the two-element chain 2 = {0, 1} with the discrete
topology, then by Tychonoff’s theorem, 2/ = {f : I — 2} is a Priestley space with
the product topology and the natural order of functions (f < g iff f(z) < g(x) for
every © € I).

If L is a bounded distributive lattice, it is not difficult to prove that the set
Hom(L,2) of the bounded homomorphisms of L onto 2 is a closed subset of 2%
and, as a consequence, a Priestley space. From this result, it can be deduced that
Z,(L), the set of the prime ideals of L, ordered by the inclusion relation and en-
dowed with the topology 7, which has as sub-basic set the elements of the set
> =A{orla) :a€e L} U{Z,(L) \ or(a) : a € L}, where
(A1) op(a) ={I €Z,(L) :a & I}, for each a € L,
is a Priestley space, called the Priestley space of L or dual of L. In addition, the
function oy, : L — D(Z,(L)) is an isomorphism of bounded lattices.
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If X is a Priestley space and we denote the bounded distributive lattice of the open,
closed and decreasing subsets of X by D(X), the function ex : X — Z,(D(X)),
defined by

(A2) ex(z) ={V € D(X):x ¢V}, for each z € X,
is a homeomorphism and an order isomorphism.

This indicates that every bounded distributive lattice can be considered as the
lattice of the open, closed and decreasing sets of a Priestley space and that every
Priestley space can be considered as the set of the prime ideals of a bounded lattice.

If we denote by P the category whose objects are the Priestley spaces or P—spaces
and whose morphisms are the continuous and increasing functions or P—functions,
and by L, the category whose objects are the bounded distributive lattices and whose
morphisms are the lattice bounded homomorphisms, then, in the language of the
category theory, the isomorphisms mentioned above define a dual equivalence between
L and P, which is usually called Priestley duality.

The following results will be frequently used in this work. The proof of (i) may be
consulted in [11].

(i) Let X be a Priestley space and S, a closed subset of X. For each z € S, there
exists z > z (z < z) such that z € maxS (z € minS), in particular, mazS # 0
(minS # 0) if S # 0.

(ii) Let X be a Priestley space and x € X. Thesets U, = {y € X : y £ 2} and
V.={y € X :y # x} are open.

3. A topological duality for M3—lattices

In this section we extend Priestley duality for bounded distributive lattices to the
case of bounded Ms—lattices.

3.1. Properties of the prime spectrum of an Mj3—lattice.

Now we will see some properties of the prime spectrum of an Ms—lattice used in
the development of the section in order to obtain the duality. In what follows we will
denote the family of the prime n-ideals of an Ms— lattice L by N'Z,(L).

Lemma 3.1. Let L be an Ms—lattice and, for each I € I,(L) let I'v = IN ~ I and
IA = A~Y(I). Then, the following properties are verified:
1) Iv e NZ,(L),
2) In € I,(L),
3) Iy CICIx,
4) if I e NI,(L), then Iv = I C I, and, in addition, In € T,(L) \ NZ,(L),
5) if [ € T,(L) \NZ,(L), then Iy C I.

Pro

(11) It immediately results from (M32). On the other hand, it is easy to prove (I2)
taking into account the axioms for Msz—lattice.

(I3) From the definition of Iy it is immediate that Iy C I. In addition, if z € I, then
by (M8), Az € I; therefore, x € Ia, from which we conclude that I C Ia.

(I4) If I € NZ,(L), then by (M32), I = Iy , and as [ is a proper n-ideal, by (M2),
there exists a € L\ I such that ~ a ¢ I; in addition, as I is a prime ideal,
(1) aA ~ a & I. On the other hand, taking into account (M1), A(aA ~ a) € I is
verified, then (2) aA ~ a € Ia. Therefore, from (I3), (1) and (2), we have that
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I C In , and as by(M37), I is a maximal n-ideal, In € Z,(L) \ NZ,(L) must
be verified; otherwise, Ino = L should hold, which would contradict the fact that
I is a proper ideal.
(I5) If I € Z,,(L) \ NZ,(L), then there exists « € I such that ~ = ¢ I and, therefore,
x ¢ Iy. Then, Iy C I results by (I3).
U

Lemma 3.2. If L is an Ms—lattice, then the following properties are verified:
(16) minZ,(L) = NI,(L),

(17) maz Z,(L) = Z,(L) \ NT, (L),

(I8) I € maxZ,(L), if and only if, I = IA.

Proof.

(I6) Let I € minZ,(L), and suppose that I is not an n-ideal, then by (M32),

M = INn ~ I is a prime ideal of L, such that M C I; this contradicts that
I € min Z,(L), then I € N'Z,(L).
Conversely, let N € NZ,(L), and suppose that N ¢ minZ,(L), then there exists
I € Z,(L) such that I C N. Let M = IN ~ I, then by (M32), M € NZ,(L),
and as by (M37), M is a maximal n-ideal such that M C I C N, then N =L
must be verified, which contradicts the fact that N is proper.

(I7) If I € NZ,(L), then by (I4) and (12), I ¢ maxZ,(L), from which mazZ,(L) C
Z,(L)\NZ,(L) follows. Conversely, let I € Z,(L)\NZ,(L), then by (I5), Iv C I.
Suppose that I ¢ maxZ,(L), R € Z,(L) such that (1) I C R. Let N = N(I);
then from (1), there exists (2) t € R\ I, such that (3) t ¢ N. Indeed, if t € N,
then by (M30), there exists « € I such that ¢ < Az, from which, by (M8), ¢ € I,
which contradicts (2). Therefore, from (2) and (3), I C N results. On the other
hand, from (M37), (I1) and (I5), we have that Iy is a maximal n-ideal such that
Iy C I C Nj; from this it follows that N = L, which contradicts (3).

(I8) If I € maxZ,(L), then by (I2) and (I3), I = IA. Conversely, let now I € Z,(L)
such that (1) I = Ia. Suppose that I € mazZ,(L), then there exists R € Z,,(L)
such that (2) I C R; as a consequence, we obtain( 3) Iy C Ry, and there exists
(4) x € R\ I, from which we conclude that (5) Az ¢ I, taking into account (1).
On the other hand, by (M1) and (M25), Az A A ~ x € I, then from (5) and, as
I is a prime ideal, A ~ x € I is verified, from which ~ x € Ia results; therefore,
from (1), (2) and (M2), we have (6) v €~ R.

Taking into account (4) and (6), we have that x € Ry \ Iy; consequently, from
(3), it follows that Iy C Ry, which contradicts, by (I1) and (M37), that Iy is a
maximal n-ideal.

O

Theorem 3.3. FEvery prime ideal I of an Ms—lattice is a member of one, and only
one, chain of two-element prime ideals, which is precisely Iy C Ia.

Proof. If I € Z,,(L), then by (I4), (I7) and (I8), we have that I = Ix or I = Iy, with
Iy C Ia; in addition, Iy € minZ,(L), and In € maxZ,(L). If R € Z,(L) is such
that (1) I C R, then by (I6), R ¢ NZ,(L), from which, by (I7) and (I8), (2) R = Ra
results. On the other hand, from (1), In C Ra, and as Ia is maximal on Z,(L),
(3) In = R is deduced. Therefore, from (2) and (3), R = Iais obtained in this case.
If (4) R C I, then by (I7), R ¢ Z,,(L) \ NZ,(L), from which it follows, by (I4), that



180 A. V. FIGALLO AND M. A. JIMENEZ

(5) R = Ry; in addition, (6) Ry C Iv. As, by (I1) and (I6), Iy is minimal element
in Z,(L), then from(5) and (6), I'v = R. Therefore, I is a member of one, and only
one, two-element chain, which is Iy C Ia. O

Corollary 3.4. If L is an Ms—lattice, then the set I,(L), ordered by the relation of
inclusion, is the cardinal sum of totally ordered sets, each of which has two elements.

Proof. Tt is a direct consequence of Theorem 3.3. O

3.2. The category of Mj3-spaces and Mjs-morphisms.

With the objective of making clear a topological duality for bounded Ms—Ilattices
and taking into account that described in Section 2 for bounded distributive lattices,
in this section we will introduce the category 93, define its objects and morphisms
and give some of their properties.

Definition 3.1. An Ms—space is a triple (X, 7, <) such that:

(MP1) (X, 7, <) is a P—space,

(MP2) (X, <) is the cardinal sum of a family of chains, each of which has exactly two
elements,

and for each U € D(X) the following are satisfied:

(MP3) (MxU] is open and closed in X,

(MP4) [mxU) \ MxU is open and closed in X,

where MxU =max X NU ymxU =minX NU.

Remark 3.1. If (X,7,<) is an Ms—space, then from (MP1) and (MP2) we have
that:
(i) min X Umazr X = X,
(il) min X Nmax X =0,
(iii) the order-connected components have two elements.

Definition 3.2. Let (X,7,<) and (X’,7/,<’) be M3—spaces. An Mjz—function of
(X,7,<) in (X',7/,<') is a P—function h : X — X’ such that for every V € D(X")
the following is verified:

(i) (Mxh='(V)] = h='((Mx/V]),

(11) [mxhil(V)) \ Mxhil(V) = hil([mX/V) \MX/V)

We will denote the category of Ms—spaces and Msz—functions by 9t3, and the
category of bounded M3—lattices and the Mg—homomorphisms by Mgs.

Lemma 3.5. Let (X, 7,<) be an object in Mg. If, for each U C X, we define:
(D) A*U = (MxUJ,

(N) U = [mxU) \ MxU,

(B) V*U = U U U,

then, for every U,V € D(X), the following are verified:

(MP5) A*U,-U,V*U € D(X),

(MP6) A*U C U,

(MP7) U C V*U

(MP8) —U = mXUU {x € X\ U : there exists t € U and t < x},
(MPQ) mX—\U me

(MP10) mxU = UN-U,

(MP11) MxU = {y € X \ =U : there exists v € =U and v < y},
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(MP12) {z € X \ A*U : there exists t € A*U and t < z} = 0,
(MP13) {z € X \ V*U : there exists t € V*U and t < z} = 0,
(MP14) UU-U =UU{x € X \ U : there exists t € U and ¢t < z},
(MP15) -V*U = mxU,

(MP16) MxU C MxV*U,

( )

MP17) U CV = V*U C V*V.

Proof. (MP5): If U € D(X), then by (MP3) and (MP4), A*U,-U, V*U are open and
closed in X. It only remains to prove that —U is decreasing. Let u € -U and v € X
such that (1) v < u. Then by (MP2), u ¢ min X, from which v & mxU follows,
and by (N) there exists (2) t € mxU \ MxU such that (3) ¢ < u. From (1), (3) and
(MP2), t = v results, from which we obtain that v € =U, taking into account (2) and
(N).

(MP6): If z € A*U, then by (D) there exists u € MxU such that z < u. As U is
decreasing, we have that z € U.

(MP7) and (MP8): they are immediate consequences of (B) and (N), respectively.
(MP9): By (MP8) mxU C —U, and as mxU C min X, then it is immediate that
mxU C mx—U. On the other hand, from (MP8) and (MP2), it follows that mx—U C
me.

(MP10): Tt is a consequence of (MP8).

(MP11): Let m € MxU, then by (MP8) and (MP2), m € U \ -U, and there exists
z € min X such that z < m. As U is decreasing, then z € mxU, from which it
follows, by (MP8), that z € =U. From this we conclude that m € {y € X \ =U :
there exists v € ~U y v < y}.

The other inclusion is valid too. Let y € {y € X \ =U : there exists v € “U y v <
y}. Therefore, (1) y € X \ =U and there exists (2) v € =U, which verifies (3) v < y.
Then, from (2), (3) and (MP2), v € mx—U, from which it follows, by (MP9), that
(4) v € mxU C U. Therefore, from (3), (4) and (MP8), if y ¢ X \ U, we would have
that y € -U, which would contradict (1); therefore, y € MxU.

(MP12): Suppose there exist (1) z € X \ A*U and (2) t € A*U such that (3) t < z.
By (3) and (MP2), t ¢ max X; therefore, t ¢ MxU, from which it follows, by (2),
that there exist z € Mx (U) such that (4) t < z. Then, by(3), (4) and (MP2), z = x.
From this © € A*U results, which contradicts (1).
(MP13): Suppose there exist (1) x € X \ V*U and (2) t € V*U, such that (3) ¢t < z.
From (2), if ¢ € U, then from (3) and (MP8), as « ¢ U we have that = € —U; therefore,
x € V*U, which contradicts (1). If ¢ € =U, as by (1), x ¢ —U, then from(3) and
(MP11), x € MxU, from which we conclude that « € U; therefore, x € V*U, which
contradicts (1).
(MP14) is immediate from (MP8); (MP15) is a consequence of (MP8), (MP9) and
(MP13); in addition, (MP16) and (MP17) are immediate consequences of (B).

U

Lemma 3.6. Let X and X' be M3—spaces and let h : X — X' be a function. Then,
the following conditions are equivalent:

(1) h is an isomorphism in Mg,

(ii) h is a homeomorphism and an order-isomorphism which satisfies the following

conditions:
(a) A*h=Y(V) = h=Y(A*V), for every V € D(X'),
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(b) =h=Y(V) = h=1(=V), for every V € D(X').
Proof. (1) = (ii)

Let h : X — X’ be an isomorphism in 913, then h is a morphism in the category
Mtz and there exists g : X’ — X, morphism in M3 , such that hog = 1x/ and
goh =1x. As aresult, h and g are continuous and increasing functions which verify
the following additional conditions:

(al) (MXh’ (V)] = h=Y((Mx/V)), for every V € D(X"),

(a2) [mxh= (V) \ Mxh'(V) = b= (Imx: V) \ My, V), for every V € D(X"),
(a3) (Mx-g _1(U)} g Y ((MxU)), for every U € D(X),

(ad) [mx g~ (U)\ Mxg~'(U) = g~ ([mxU) \ MxU), for every U € D(X).

Therefore, h is an isomorphism in the category P; consequently, h is an order
isomorphism and a homeomorphism. On the other hand, from conditions (al), (a2)
and Lemma 3.5, (a) and (b) are satisfied.

(i) = (i)

As h is a homeomorphism and an order-isomorphism, then h is an isomorphism
in the category P; therefore, there exists a P—function g : X’ — X such that
hog = 1x, and go h = 1x. Besides, h satisfies (a) and (b); as a consequence,
(i) and (ii) in Definition 3.2 are verified, for which % is a morphism in the category
Mts. It only remains to prove that g satisfies these conditions too, that is to say:
(¢) (Mxg~" (V)] = g~ (MxV]) and (d) [mxg~ (V) \ Mxg~' (V) = g ([mx V) \
MxV) for each V € D(X). Consider that if V € D(X), then g=*(V) = h(V).

(¢) (Mx/h(V)] =h((MxV]): Let x € h((MxV]), then there exists z € (MxV] such
that h(z) = z. Therefore, there exists v € V such that v € max X NV and
z < w. As h is increasing, x = h(z) < h(v) and h(v) € h(V); in addition, h
being an order isomorphism, h(v) € max X' is verified; consequently, h(v) €
max X' N h(V) and 2 < h(v), which implies that x € (Mx-h(V')]. Conversely, if

€ (Mx:h(V)], there exists t € maxX* N h(V) such that y < ¢, and as h is an
order isomorphism, ¢t = h(v) with v € V N'max X. On the other hand, h being
onto, then y = h(z) for some z € X; consequently, h(z) < h(v), from which z < v
with v € V. Nmax X. Thus, z € (MxV] and, as a consequence, y € h((MxV]).

(d) hA([mxV)\ MxV) = [mxh(V))\ Mxh(V): Let x € h(lmxV)\ MxV), then
there exists t € [mx V) \ MxV such that x = h(t). Therefore, there exists v €
min X NV such that v <t and (1) ¢t € max XNV. As h is an order isomorphism,
h(v) < h(t) = x and h(v) € minX'Nh(V) are verified, for which © € [mx/h(V)).
If x € maz X' N h(V), then there exists u € V such that = h(u), and as h is
injective and h(t) = x, we have that ¢t = w, from which ¢t € maxX NV, which
contradicts (1). Thus, we have that x € [mx/h(V)) \ Mxh(v). Conversely, let
x € [mxh(V))\ Mx-h(V); therefore, there exists t € mx/h(V) such that t < z
and (1) z € maz X' Nh(V). Therefore, t € minX’'Nh(V) and ¢ < z, from which
there exists u € V such that t = h(u) € min X’ withu € V y t = h(u) < z. As
h is onto, = = h(y); therefore, h(u) < h(y), whence v < y with u € VNmin X,
which implies that y € [mxV). If y € maz X NV, then h(y) € maz X' N h(V),
which would imply that © € maxz X’ N h(V), which would contradict (1). As a
consequence,y € mxV)\ MxV, and thus we have that = € h([mxV)\ MxV).

O
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Dual M3z—lattice of an M3z—space.

Proposition 3.7. If X is an Ms—space, then (D(X),N, U, A*, -, O, X) is a bounded

Ms—

lattice, in which the operations A* and — are those indicated in (D) and (N) in

Lemma 3.5, respectively.

Proof. By (MP5) the operations A* and — are well defined. The proofs to M3—lattice
axioms are obtained from properties (MP6) through (MP17) in Lemma 3.5, as follows:

(ML)

(M2)

(M3)

(M4)

(M5)

A*(UN=U) = 0: By (MP10), A*(U N =U) = A*(mxU) and, as by (D),
A*(mxU) = (Mx(mxU)] and Mx(mxU) = 0, we conclude that
AN(UN-U) =0.
-=U =U: By (MP8), (MP9) and (MP11), we have that -—U = mxU U MxU,
from which it follows, by (MP2), that =——U = U.
A*UU-V*U = U: From (MP6) and (MP15), it follows that A*UU~V*U C U.
Conversely, let € U, then by (MP2), z € mxU or x € MxU. If x € mxU, by
(MP15), x € =-V*U, and if © € MxU, by (D), we have that x € A*U.
AU UA*U = A*U: From properties (MP8) and (MP12), -A*U = mxA*U
results; therefore, “A*U U A*U = A*U.
A*V*U = V*U: By (MP5) and (MP6), A*V*U C V*U.
In order to prove the other inclusion, consider that U C A*V*U. Indeed, if
x € MxU, from (MP16) and (D), v € A*V*U. If (1) € mxU, then by (MP2),
there exists (2) t € max X such that (3) < t. If ¢ € U, then by (2), t € MxU,;
therefore, from (MP16), t € MxV*U, from which by (3) and (D), we have that
x € A*V*U. It t € U, then t ¢ MxU, from which by (1), (2) and (3), t € -U
result; as a consequence, by (2), we have (4) t € Mx—U. As Mx—-U C MxV*U,
then from (3), (4) and (D), x € A*V*U.
In an analogous way, -U C A*V*U is proved, from which we conclude that
A*V*U =V*U.
A (UUV) = A*UUA*V: Tt is immediate from the definition of A*, taking into
account Mx(UUV)=MxUUMxV.
vV*UNV)=v*UnNV*V: By (MP17), V*(UNV) C V*UNV*V is verified.
For the converse, if z € V*U N V*V, then taking into account the definition of
V*, it can happenthat t e UNV,orx e UN=V,orx € VN=U or x € -UN-V.
IfxeUNV,z e VUNYV) is immediate. If x € U N =V, then by (MP8),
MzeUnmxVor (2)zeUN{re X\ V: thereexistst € V and t < z}.
From (1) it follows that € U N V; therefore, x € V*(U NV). From (2), (3)
x e UN (X \V) is immediate, and there exists (4) ¢t € V such that (5) ¢ < x.
Therefore, from (3), (4) and (5), taking into account that U is decreasing, there
exists t € UNV such that t < z, and as x ¢ UNV, then by (MP8), x € -(UNV),
from which we conclude that x € V*(U NV).
If z € V N =U, by analogous reasoning we have that x € V*(U N V). Finally,
if x € -U N -V, then by (MP8), if v € mxU NmxV, then x € UNV, and,
therefore, x € V*(UNV); if x € X \ U UV and there exist u € U, v € V, such
that v < z and v < z, then by (MP2), u = v, whence & € (U NV) results and,
therefore, z € V*(U NV).

O
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3.4. M3—space associated to a bounded Mj3z—lattice.

Proposition 3.8. If (L,A,V, /A, ~,0,1) is an Ms—lattice, then T,(L), the Priestley
space of L, is an Ms—space and or, : L — D(Z,(L)), defined as in (Al), is an
M3z —isomorphism.

Proof. According to what was seen in Section 2, we know that o, : L — D(Z,(L)),
defined as in (Al), is an isomorphism of bounded lattices. This allows us to state
that if U € D(Z,(L)), then U = or(a), for some a € L. In order to prove conditions

(MP3) and (MP4) in Definition 3.1, it is sufficient to prove, taking into account

Corollary 3.4, that A*op(a) = or(Aa) and —op(a) = or(~ a), which will allow us

to state that of, : L — D(Z,(L)), is an Mg—isomorphism.

(i) A*or(a) = op(Aa): By (I7), we obtain (1) Mz, ) or(a) = {I € Z,(L) \

NZI,(L) :a & I}; as a consequence, if R € A*op(a), then there exists J € {I €
Z,(L)\NZ,(L) : a € I} such that (2) R C J. If Aa € R, then by (2), Aa € J,
and, consequently, a € Ja. Besides, as by (I7) and (I8), we have that Ja = J;
therefore, a € J, which contradicts the hypothesis. From this it follows that
N*op(a) Cop(Da).
Conversely, let R € or(Aa), then, by (M8), a ¢ R. If R € Z,(L) \ NZ,(L),
then by (1), it is easy to see that R € A*op(a). If R € NI,(L), by (14),
Ra € T,(L)\NZ,(L), R C Ra and a € Rn; therefore, Ra € Mz, (1) or(a) and,
in this way, R € A*or(a).

(ii) mor(a) = or(~ a): From (I6), we have that mz (1) or(a) = {I € NI,(L) :
a ¢ I}; therefore, by (MP8), we get (3) —or(a) ={I e NI,(L):a ¢ I} U{I €
Z,(L)\or(a) : there exists R € o(a)y RC I}. f I € {I e NI,(L):a ¢ I}, by
(M2), it is immediate that ~ a & I; therefore, I € o (~a). f I € Z,(L) \ or(a)
and there exists R € o (a) such that R C I, then R = Iy by Theorem 3.3; as
a consequence, a & Iy, that is to say Va € I, and as a € I, ~ a & I is verified;
therefore, I € o (~ a), from which it follows that —or(a) C or(~ a).
Conversely, if (4) I € or(~ a) is such that I € NZ,(L), we have that a & I
and, therefore, I € —op(a). If I ¢ NI,(L), a € Iv; as a consequence, Iy €
or(a) and, by (I5), I'v C I. It remains to prove, taking into account (3), that
I € Z,(L)\or(a). Suppose that I € or(a); therefore, a ¢ I. By (M1) and (M25),
AaNA ~a €I, then I being a prime ideal, Aa € I or A ~ a € I; however, as
I ¢ NT,(L), by (I7) and (I8), I = Ia; therefore, Aa & I, from which A ~a €T
results; thus ~ a € I, which contradicts (4). Therefore, I € Z,(L) \ o (a).

U

3.5. Duality between M3 and is.

Propositions 3.7 and 3.8 allow us to say that we have established a correspondence
between the objects of the categories Mg and 9t3. In order to prove that these
categories are naturally equivalent and to define the corresponding functors, we will
show that there exists a correspondence between the morphisms of such categories.

Lemma 3.9. Let h : X — X' be an Ms—function (bijective), then
U(h) : D(X') — D(X), defined by ¥(h)(V) = h=1 (V) for each V € D(X'), is
an Mg—homomorphism (isomorphism).

Proof. It immediately results since h is an M3—function. O
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Proposition 3.10. Let X be an Mz—space; then ex : X — Z,(D(X)) , defined by
ex(x) ={V € D(X) :x &€V} is an isomorphism in the category M.

Proof. Given that ex is a homeomorphism and an order isomorphism, it only rests
to prove conditions (a) and (b), item (ii) in Lemma 3.6.

(a) Afex (V) = ex (A*V): Let z € A*ex'(V), then there exists y € maz X N
e)}l (V) such that « < y; as ex is an order isomorphism, y € maz X, ex(x) <
ex(y) and ex(y) € maxZ,(D(X)) are verified. Therefore, there exists
ex(y) € marZ,(D(X)) NV such that ex(z) < ex(y); as a consequence,
ex(r) € (max Z,(D(X)) N V] and, therefore, = € ;' (A*V).

Conversely, if z € e}cl(A*V), then ex(z) € A*V and, by (D), there exists ¢ €
marZ,(D(X)) NV such that ex(z) < #; therefore, x < ey '(t) and
ex' (1) € maz X Ne'(V), from which 2 € A*e (V) results.

(b) —ex (V) = ex'(=V): First, let us take into account that, by (MP8) in Lemma
3.5, the following is verified: —e' (V) = (min X Nex' (V) U{z € X \ e (V) :
there exists t € e (V) and t < z}. Next, we will prove that —ey (V) C
€;<1 (=V).

Let 2 € e (V). If z € min XNeyx (V) we have that ex (x) € min Z,(D(X))NV
and, therefore, z € e '(=V). If y € {x € X \ ex' (V) : there exists ¢t €
ex' (V) y t < x}, then there exists ¢t € ey'(V) such that t < y and y &
ex (V); therefore, ex(t) C ex(y), ex(t) € V and ex(y) ¢ V. Therefore,
ex(y) € {I € Z,(D(X)) \ V : there exists R € V'y R C I} ; thus, y € e (=V).
Conversely, let =z € ex'(-V), then ex(z) € -V. By (MPS), if
ex(z) € minZ,(D(X)) NV, this is verified: x € min X Nex' (V) and, there-
fore, x € =e' (V). On the other hand, if ex(x) ¢ V and there exists R € V such
that R C ex(z), then ex' (R) € e (V) and ex'(R) < z, from which it follows
that, by (MP8), z € —e' (V).

O

Proposition 3.11. Let L and L' be Ms—lattices and h : L — L', an
M3 —homomorphism; then the application ®(h) : I,(L') — ZI,(L), defined by
®(h)(I') = h=Y(I") for each I' € T,(L'), is an M3—function.

Proof. Tt results from the fact that ®(h) is a P—function ([9]) and Proposition 3.8,
because if V' € D(Z,(L)), then V = o (a) for some a € L and ®(h)"'(oL(a)) =
or(h(a)). Asaconsequence, ®(h) 1 (A*op(a)) = A*®(h) " t(op(a)), ®(h)"(—or(a)) =
=®(h)~(or(a)) and, therefore, conditions (i) and (ii), in Definition 3.2, are ful-
filled. O

From Proposition 3.7 and Lemma 3.9, V¥ is a contravariant-functor of i3 in M.
On the other hand, from Propositions 3.8 and 3.11, we can easily conclude that ® is
a contravariant functor of Mg in 9t3. These results and Proposition 3.10 allow us
to state the following theorem.

Theorem 3.12. Functors ¥ o ® and ® o ¥ are naturally equivalent to the identity
functors on Mg and M3, respectively, and these two categories are naturally equiv-
alent.
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4. Mjs—congruences and subdirectly irreducible algebras

In this section by means of this duality obtained we describe the congruences and
the subdirectly irreducible Ms—lattices.

4.1. Characterization of the M3z—congruences lattice.

One of the important facts of Priestley Duality is that, if L is a bounded distributive
lattice, there exists a bijective correspondence between the congruences of L and the
closed subsets of Z,(L); more precisely, H. A. Priestley ([8], [9], [10]) proved the
following result.

Theorem 4.1. Let L be a bounded distributive lattice. If Y is a closed subset of
Z,(L), then

(A3) ©(Y)={(a,b) e Lx L:op(a)NY =0r(b)NY}

is a congruence on L. Conversely, if 0 is a congruence of L and q: L — L/ is the
canonical epimorphism, then

(A1) Y = {q~}(1): I € T,(L/0)}

is a closed subset of I,(L) such that ©(Y) = 6 and the correspondence
Y — O(Y) establishes an isomorphism between C(Z,(L)), the lattice of the bounded
subsets of L and the dual of the lattice Con(L) of the congruences of L .

Another result which will be useful later and which may be consulted in H. A.
Priestley’s above-mentioned works is the following:

Proposition 4.2. The set Y indicated in (A4) verifies that, if I € Z,(L)\Y, then
there exist a,b € L, such that (a,b) €0, a €l yb¢ 1.

Now, we will give a generalization of Theorem 4.1 for Mz—lattices, for which we
will obtain a characterization of the lattice of the congruences of an Mjz—lattice in
terms of certain closed subsets of its associated Ms—space. First we will give some
auxiliary results.

Definition 4.1. Let X be an Ms—space. We will say that a subset Y of X is
A-involutive if A*Y =Y.

Lemma 4.3. Let X be an Ms—space. Then every maximal chain in X 1is
A-involutive.

Proof. If C'is a maximal chain in X, then by (MP2), C' is a chain which has exactly
two elements. Let x € C. If £ € max X, then it is immediate that x € A*C. If
x € min X N C, then there exists z € max X N C such that x < z, which implies that
x € A*C. Conversely, if x € A*C, then there exists (1) t € max X N C such that
x <t If z=t, it is immediate that x € C. If z < t, then we have (2) x € C}, the
chain of two elements which contains ¢. By (1), (2) and (MP2), we conclude that that
C; = C and, therefore, x € C. O

Theorem 4.4. Let X be an Ms—space and Y, a non-empty subset of X. Then, the
following conditions are equivalent:
(1) Y is A-involutive,
(ii) Y is increasing and decreasing,
(iil) Y is a cardinal sum of a family of chains, each of which has exactly two elements.
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Proof. (i) = (ii): From the definition of A*Y, it is immediate that, if YV is
A-involutive, then Y is decreasing. On the other hand, if x € Y, y € X are such that
(1) <y, then, as Y is A-involutive, there exists (2) t € MxY such that (3) z <.
Therefore, if x = y, then from (1) it is is immediate that y € Y and, if < y, then
from (1), (3) and (MP2), ¢ = y results and, therefore, from (2), y € Y, from which
we can conclude that Y is increasing.

(if) = (iii): Let z € Y and let C; be the chain of two elements that contains . Since

Y is increasing and decreasing, it is immediate that C,, C Y, from which Y = |J C,
zeY
follows and, as a consequence, by (MP2), Y is the cardinal sum of the chains C,,.

(iii) = (i): Let Y = |J C,, with C, chains of two-element. By Lemma 4.3, for each

z€Y
x € Y, we have that C, = A*C,; as a consequence, |J C, = A* |J C, results and,
zeY zeY
therefore, Y is A-involutive. O

The closed and A-involutive closed subsets of the Ms—space associated to an
Ms—lattice are essential for the characterization of the Mg—congruences on these
algebras as can be seen below.

Proposition 4.5. Let L € M3, Z,,(L) be the Ms—space associated to L and Ca(Z,(L))
the lattice of the closed and A-involutive subsets of Z,(L). If Y € Ca(Z,(L)), then
Oca(Y) € Conpmg (L), where ©Oca(Y) is defined as in (A3).

Proof. We know, by “By Theorem 4.1, that ©ca (Y) is a lattice congruence”; then
it only remains to prove that ©ca(Y) is compatible with A and ~. Let (a,b) €
Oca(Y), then (1) op(a) NY = or(b) NY. As Y is A-involutive and oy, is an
Ms—isomorphism, for each x € L | or,(Az)NY = A*or(z) N A*Y; in addition, by
(M25), A*op(x) N A*YY = A*(or(z) NY). Then, or(Az)NY = A*(op(x) NY), for
each « € L, which implies, taking into account (1), that o(Aa) NY = o (Ab)NY;
as a consequence of which O¢a (YY) is compatible with the operation A.

On the other hand, op(~ a) NY = —(or(a) NY) is verified. Indeed, if
I€op(~a)NY, as or is an M3z—isomorphism, I € —oy,(a) results; therefore, there
exists (1) Q € mz,(ryor(a) such that (2) Q C I and (3) I ¢ Mz, (ryor(a). By Theo-
rem 4.4, as Y is decreasing, from (1) and (2), we have that @ € mz, r)(or(a) NY);
from this it follows, by (3), that I € [mz, ry(or(a) NY))\ Mz, (r)(or(a) NY), which
implies that I € =(or(a) NY).

In order to prove the other inclusion, suppose now that I € =(or(a) NY’); this im-
plies, taking into account the definition of = en D(Z,(L)), that there exists
(4) R € mz,()(or(a) NY) such that (5) R C I and (6) I ¢ Mz, y(or(a) NY).
Therefore, from (4) and (5), it is clear that I € [mg (ryor(a)) and, as by Theo-
rem 4.4, Y is decreasing, we have (7) I € Y. If I € Mg ryor(a), from (7) it
would follow that I € Mz (ry(or(a) NY'), which would contradict (6). Therefore,
I € [mz,yor(a)) \ Mz,(ryor(a) and, as a consequence, I € ~or(a)NY.

Thus we have proved that ©ca(Y) is compatible with operations A and ~; as a
consequence, Oca (Y) € Conpm, (L). O

Proposition 4.6. Let L € M3, Z,,(L) be the Ms—space associated to L and Ca(Z,(L))
the lattice of closed and A-involutive subsets of I,(L). If 0 € Conwm, (L), then there
exists Y € Ca(Zp(L)) such that 0 = Oca(Y), where Oca(Y) is defined as in (A3).
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Proof. Let § € Conm,(L) and ¢ : L — L/6 the canonical epimorphism. As

Conm, (L) is a sublattice of Con(L), then by “By Theorem 4.1, Y = {¢71(Q) :

Q € I,(L/0)} is a closed set of Z,(L)"’and 8 = ©¢ca(Y). In order to prove that

Y is A-involutive, by Theorem 4.4, it is sufficient to prove that Y is increasing and

decreasing.

(a) Y is decreasing: Suppose that Y is not decreasing; then there exist I € Z,(L)
and (1) @ € Y such that (2) I € Q and (3) I ¢ Y. From (2) and (MP2),
@ € maxZ,(L) and, by (I5) and (I7), we have (4) Qv = I; besides, by (I6),
(5) I € NZ,(L) results. On the other hand, from (3) and Proposition 4.2, we
can state that there exist a,b € L such that (6) (a,b) € 6 with (7) a € I and
(8) b ¢ I. Therefore, from (5) and (7), (9) ~ a € I results and, by (4) and (8),
we have b ¢ Q or b ¢~ Q. If b ¢ @, then by (2) and (6), a ¢ I, which contradicts
(7). Similarly, if b ¢~ @, then ~ a ¢ I, which contradicts (9).

(b) Y is increasing. Suppose that there exist I € Z,(L) and (1) @ € Y, such that
(2) Q@ c ITand 3) I ¢ Y. From (3) and “By Proposition 4.2, there exist
a,b € L such that (4) (a,b) € 0, (5) a € I and (6) b ¢ I”. Therefore, from (2)
and (6), b ¢ @ results and, as § = O¢a(Y), from (1) and (4) it follows that
(7) a ¢ Q. By (2), (MP2) and (6), we have that I € Mz, (yor(b), and, there-
fore, Q € A*or(b), which implies that Ab ¢ @, oy, being an Ms—isomorphism.
As 0 is an Mg—congruence, from (4), (Aa, Ab) € 0 is verified and, therefore,
(9) Aa ¢ Q. Besides, by (M1) and (M25), we have 0 = Aa A A ~ a € Q
and, as @Q is a prime ideal, from (9), A ~ a € @Q or, what is equivalent,
(10) ~ a € A7YQ). On the other hand, from (2) and (MP2), I € mazZ,(L)
and @ € minZ,(L); therefore, by Lemmas 3.1 and 3.2, we infer (11) I = Qa and
(12) Q = Iy. Therefore, from (10), (11) and (M2), we conclude that a €~ I.
From this assertion, taking into account (5) and (12), we obtain a € @, which
contradicts (7).

U

Theorem 4.7. Let L € Mg and let Z,,(L) be the Mz—space associated to L. Then,
the lattice Ca(Z,(L)) of the closed and A-involutive subsets of I,(L) is isomorphic
to the dual of the lattice Conmg (L) of the Mg—congruences, and the isomorphism

is established by the function Ocpa, defined by the same prescription as that given in
(A3).

Proof. Tt is a consequence of Propositions 4.5 and 4.6, and the fact that the corre-
spondence Y — O¢ca(Y) establishes an isomorphism of the lattice Ca(Z,(L)) into
the dual lattice Conn, (L) of the Mg—congruences of L. O

4.2. Simple and subdirectly irreducible algebras in Mj.
In this section we determine the simple and subdirectly irreducible Ms—lattices by
using the characterization of the congruence lattice obtained in Theorem 4.7.

Theorem 4.8. Let X be an Ms—space and ¥(X) its associated dual Ms—lattice;
then, the conditions given below are equivalent:
(i) X is totally ordered,
(il) ¥(X) is simple,
(iil) W(X) is subdirectly irreducible.
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Proof. (1)= (ii): If X is totally ordered, then by (MP2), we have that X is a maximal
chain of two elements. Then, by Lemma 4.3, X is A-involutive and, as a consequence,
it is the only non-empty, closed and A-involutive set of X, which implies, by Theorem
4.7, that U(X) is simple.

(il)= (iii): Tt is trivial.

(iii)= (i): If ¥(X) is subdirectly irreducible, then by Theorem 4.7, the family Ca (X)
of the closed, A-involutive and proper subsets of X, has last element Fy. As Fj is
proper, there is (1) z € X \ Fy. If C, is the chain of two elements which contains z,
then by Lemma 4.3, C,, € Ca(X), from which by (1), C,, = X results, and, therefore,
X is totally ordered. O

Corollary 4.9. Let L € Mg have more than one element. Then, the conditions given
below are equivalent:
(i) L is simple,
(ii) L is subdirectly irreducible,
(iii) L is isomorphic to T, where T is given as in (M33).

Proof. 1t is the immediate consequence of Theorem 4.8 and Corollary 3.4. O
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