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Double left stabilizers in BL-algebras

SOMAYEH MOTAMED

ABSTRACT. In this paper we introduce the notions of double left stabilizer of X and double
left stabilizer of X with respect to Y, for nonempty subsets X and Y of BL-algebra A and we
study some properties of them. After that we state and prove some theorems which determine
the relationship between these notions and other types of filters in BL-algebras. Finally
we introduce the set N(F), for every filter F' of A. Also we prove A is an MV-algebra iff
N(F)=N(A) = {1} iff D(X;) = X, iff D((X,{1});) = X}, for each nonempty subset X and
every proper filter F' of A.
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1. Introduction

BL-algebras (basic logic algebras) are the algebraic structures for Hdjek basic logic
[6], in order to investigate many valued logic by algebraic means. A BL-algebra is an
algebra (A, A, V,*,—,0,1) with four binary operations A, V, %, — and two constants
0, 1 such that:

(BL1) (A,A,V,0,1) is a bounded lattice L(A),

(BL2) (A, *,1) is a commutative monoid,

(BL3) * and — form an adjoint pair i.e, ¢ < a — b if and only if a * ¢ < b, for all
a,b,c € A,

(BL4) anb=ax* (a — D)),

(BL5) (a = b)V (b—a)=1.

A BlL-algebra becomes an M V-algebra if we adjoin to the axioms the double
negation law, a~~ = a. Thus, a BL-algebra is in some intuitive way, a ”non-double
negation MV-algebra”. Our basic tools in the study of a BL-algebra A are deductive
systems, i.e. subsets D C A such that 1 € D and if z,2 — y € D, then y € D, [10].
From logical point of view, deductive systems correspond sets of provable formulas. In
MV -algebra theory, deductive systems and ideals are dual notions. There deductive
systems are also called filters [6]. In order to avoid confusion, we prefer to talk about
filters. Hdjek [6] introduced the idea of prime filters in BL-algebras. The concept
of implicative, positive implicative and fantastic filter were defined in BL-algebras
by Haveshki et al. [7]. Turunen was the first to systematically study filter theory
in BL-algebras, e.g., maximal, Boolean and prime filters (see [10], [11]). We defined
the notions of normal filters, obstinate filters, set of double complemented elements
of a filter, N(A) and radical of a filter in [1], [2], [3] and [9], respectively. After that
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Haveshki et al. in [8] introduced left stabilizer in BL-algebras. For analyzing the
BL-algebras and therefore, BL-logic, we study the BL-algebras and get some results
[1],12],[3],[9]. At this work, we continued our studied in BL-algebras and generalized
some notions in this structure and get some connection between BL-algebra and
other algebraic structures. Since Haveshki proposed the notion of left stabilizers in
B L-algebras, his idea have been applied to various algebraic structures. In this paper,
we applied Haveshki's idea in BL-algebras and introduced the notions of double left
stabilizer of X and double left stabilizer of X with respect to Y, for nonempty subsets
X and Y of BL-algebra A and discussed the relation among them.

2. Preliminaries

Lemma 2.1. ([5],[6],[12]) In any BL-algebra A, the following properties hold for all
x,y,z € A:
(1) z<yifand only ifx -y =1,
2)r— (y—z)=(@*xy)mz=y—=(r—z)and (x> y) 2 y) Dy=a—y,
(B8)Ifx <y, theny—z2<z—z,z>x<z—oy czxz<yx*xz and
y~ <z, wherex~ =x — 0,
(4)y<y—az)—szadasVy=((z—y) =y A(y—2z) =),
(5)zxy<zAy,xx0=0and xx2x~ =0,
6)lszx=x,c—oz=1,z<y—z,xz—1=1,0—-z=1,
(7)xxy=0iff v <y~,
(8) xVy =1 impliescxy=x Ny,
9z —y<(y—z)—(x—2) ander—y<(z—z)—= (2 >vy),
(10) 2=~ <z~ —wx and (z=~ —x)” =0,
(11) (zVy) = z=(x = 2) A (y = 2).

The order of a € A, a # 1, in symbols ord(a) is the smallest n € N such that
a™ = 0; if no such n exists, then ord(a) = cc.

For any BL-algebra A, B(A) denotes the Boolean algebra of all complemented
elements in L(A) (hence B(A) = B(L(A))).

Proposition 2.2. ([5],[6],[12]) For e € A, the following statements are equivalent:
(i) e € B(A),
(ii))exe=eande=e" ",
(iii) exe=e and e~ — e =e,
(iv) eVe =1,
(v) (e = x) = e=ce, for every x € A.

Hdjek [6] defined a filter of a BL-algebra A to be a nonempty subset F' of A such that
(i) a,b € F implies axb € F, and (ii) if a € F, a < b, then b € F. Turunen [10] defined
a deductive system of a BL-algebra A. Note that a subset I’ of a BL-algebra A is a
deductive system of A if and only if F'is a filter of A. A proper filter F' of A is called a
prime filter of A if for all z,y € A, xVy € F implies x € F or y € F. Equivalently, F’
is a prime filter of A if and only if for all z,y € A, eitherx -y € Fory >z € F. A
proper filter M of A is a mazimal filter of A if and only if Va & M, In € N such that
(z™)” € M, see [10]. Let F be a proper filter of A. The intersection of all maximal
filters of A containing F is called the radical of F' and it is denoted by Rad(F'). We
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proved that Rad(F) ={a € A: (a")” — a € F, for all n € N}, for any filter F' of
A, (for details, see e.g. [9]).

Definition 2.1. ([1],[2],[7]) Let z,y,z € A. A nonempty subset F' of A is called:

o A Boolean filter of A, if F' is a filter of A and xVx~ € F, for all x € A,

o A primary filter of A, if F is a proper filter of A and (x x y)~ € F implies
(z")” € For (y")~ € F, for some n € N and for all z,y € A,

o A fantastic filter of A, if 1 € F and z = (y = z) € F and z € F imply
(x> y) = y)—oxzeF, forall z €A,

o A normal filter of A, if F is a filter of Aand z — ((y > 2z) > x) € Fand z€ F
imply that (zx = y) >y € F,

o An obstinate filter of A, if F' is a filter of A and z,y ¢ F imply x — y € F' and
y—xekF.

A BlL-algebra A is called local if it has a unique maximal filter. A is a local
BL-algebra if and only if ord(z) < oo or ord(z~) < oo, for all x € A, see [11]. A
BL-algebra A is called linearly ordered if x <y or y < z, for all z,y € A.

Theorem 2.3. ([7],[11],[13]) Let F' be a filter of a BL-algebra A. Then
(1) % is a local BL-algebra if and only if F' is a primary filter of A.
(2) % is a linearly ordered BL-algebra if and only if F' is a prime filter of A.
(3) A is an MV -algebra if and only if {1} is a fantastic filter of A.

3. D(X,) in BL-algebras

From now on, unless mentioned otherwise, (4, A, V, x, —,0,1) will be a B L-algebra,
which will often be referred by its support set A:

Definition 3.1. Let X be a nonempty subset of A. Then we define
D(X;)={acA: ao —wax=u, forallz € X}

is called the left double stabilizers of X.

Let X be a nonempty subset of A. Then *X ={a € A: aVa =1, forallz € X}
and X; ={a€ A: a— x =z, for all z € X} are defined in [11] and [8], respectively.
In Theorem 3.3 [8], proved that X is a filter of A.

In the following example we show that for some nonempty subset X of A, X ¢
D(Xl) Z X and D(Xl) Z Xl.

Example 3.1. Let A = {0,a,b,¢,d,e, f,g,1}, where 0 < a < b,d,e,g <1,0< d <
e,g<1,0<b<e<],0<c<de,f,g<land 0< f < g < 1. Define x and — as
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follows:

SO O OO OO o oo
SR O OO0 R O C
QU AU QUL & @ O
DA D AU T OO0
SRR O O 0 O O O
Q@+ QU L0 2 2 Ok
R S 00 Q0O QR O

HQ S 0 Q0 O Ok
Q@ Q2 O & O8 2 O
OO0 0 0 0 OO o0

—R S0 a0 SR O\L
OO T OO T O
Q T T QTR ~ R
(SIS IS S R I Y

S J LSS N

O 0 = QY = =Q
14 T T T G SOOI I \
e e e T e T N el N
Q R RrQ R RRrQ R~
—_ e = = s s =

o
IS8

Then (A, A,V,*,—,0,1) is a BL-algebra. We take X = {b,e,1}. Then X; =
{f’g, 1} and D(Xl) = {C7d7e7f7g’ 1}'

Theorem 3.1. Let X be a nonempty subset of A. Then a € D(X)) if and only if
(a7 )" = ax=ux, forallz € X andn € N.

Proof. Let a € D(X;). Then a=~ — z = z, for all x € X. So by Lemma 2.1(2) we
get

r=a"" -2z = a  —=(a7 o)
— (a

— (a —x))

= a  *xa  *xa —T

= a  *a  *x..xa —T
(am7)" =z, for all m € N.

The converse is clear. O
Theorem 3.2. Let X be a nonempty subset of A. Then D(X;) is a filter of A.

Proof. Weknow 17~ — o = z,for all z € X, hence 1 € D(X)). Let a,a — b € D(X;).
Then a=~ -z =z and (¢ =+ b)™~ — x =z for all z € X. Hence by Lemma 2.1(6),
(9), for all x € X, we have

z < b —=z<(a  =b )= (a7 —a)

= (a=b)~ "~ —z=u=z
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So b~ — x =u, for all x € X. Therefore b € D(X;), i.e. D(X;) is a filter of A. O

Dy(X)={r € X: z~ =0}, where X is a nonempty subset of A, is called the set
of dense elements of a nonempty subset X in a BL-algebra A.
In the following we study properties of double left stabilizer.

Theorem 3.3. Let X and Y be two nonempty subsets and F be a filter of A. Then
the following conditions hold:

(1) D(X;) =NgexD{zh)={a€cA: (a0 —2z)—=x=1, foralze X},

(2) ifa € D({z};), thenzAa " =xz*xa ~ andxVa ~=(x—a ") —=>a ~,

(3) Xl g D(Xl) and J‘.X Q D(Xl),

(4) if a= — a=a, for all a € D(X;), then D(X;) = X,

(5) D({0}) = Dy(A) and D({1},) = 4,

(6) if X CY, then D(Y;) C D(X)),

(7) D((X UY),) = D(X;) N D(¥Y}) C D((X NY)y),

(8) D(X))={% €4 : (e~ =) —=2€F, forallz € X} such that F C X.

Proof. (1) We have

a€DX;)) & a —oxz=u forallz e X,
< a€ D{z}), forall x € X,
< ac matEXD({x}l)

Let a € D(X;). Thena = — o =, for all z € X. Hence (¢~ = z) =z =1, for
all z € X.

Conversely, let (¢~ — ) > 2 =1, forall x € X. Then a=~ — z < z, for all
x € X. Hence by Lemma 2.1(6), we get that a=~ — = =z, for all z € X. Therefore
a e D(Xl)

(2) Let a € D({z};). Then a~~ — = = z, hence we have

a " ANx=a  *(a —x)=a  *z.

It is clear that Ve~ " = (z 2 a 7)) = a .

(3) Let a € X;. Then a — = = z, for all x € X. We have a < a~—, hence by
Lemma 2.1(3) we have ™~ < a—zx =z, forallz € X. Soa ™ — o =z, for
all x € X, hence a € D(X)).

Let a €+ X. Then aVx=1forallz € X. Wehave l =aVz <a ~ Vz. Hence
a~~VvVez=1forallze X. Sol=((a=" =2 z)=z)A((x > a ~) = a "), for all
x€X. Hence (=~ —z) >z =1,forallz € X. Thena - —wz =z, forall x € X.
Therefore a € D(X;).

(4) Let a= — a = a, for all a € D(X;). Take a € D(X;) then a=~ — z = z, for all
x € X. By Lemma 2.1(10) we have a=~ < a~ — a. Hence by Lemma 2.1(3), for all
x € X, we get that

(a7 —a)—z<a ~ —szx=ux
So (a= — a) > & =z, for all z € X. Now by hypothesis a — x = z, for all z € X,
i.e. a € X;. Therefore D(X;) C X;. Then by part (3) the proof is complete.
(5) We have

DU0}) ={acA: a== »0=0}={acA: a~ =0} = Dy(A).
D{1})=f{acA: a= = 1=1} = A.
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(6) Let a € D(Y;). Then a=~ — y = y, for all y € Y. Hence by hypothesis
a~” wsz=uxforallz € X ie ac DX,
(7) Let

e D((XUY))

~—

= 2z —a=a, Vae XUY,
= 277 —sa=a,VaeXandz T —a=a, Yacey,
= ze D(X;)nDY).
Therefore D((X UY);) € D(X;) N D(Y}).
Conversely, let
zeDX)NDY,)) = 2z~  —wz=z,VzeXandz  —y=yVyecy,
= 277 —c=c¢ Vce XUY,
= zeD({(XUY)).
Hence D(X;) N D(Y;) C D((X UY);). Therefore D((X UY);) = D(X;) N D(Y).
Now let
zeDX)NDY;)) = 2z~  —sz=z,VeeXandz ~ —oy=y, Vyey,
= 2z —c=c¢ YVce XNY,
= zeD({(XNY)).

Hence D(X;)ND(Y;) CD(X NY),).
(8) By Lemma 2.1(6) we have

X a A a "~ x x
D)) = {22 . % LT _ T ral el
() = (Feh: = f=T fral fes)
e A (a0 —x)—ax 1 r X
— {fef'#_f’fmaufef}
A
= {%GF;(a*7—>x)—>x6F,forallxeX}.

O

In the following examples we show that converse of parts (4) and (6) of the above
theorem may not hold.

Example 3.2. (a) Let A ={0,a,b,¢,d,1}, where0 <a<c<land0<b<e¢,d<1.
Define * and — as follows:

¥ 0 a b ¢ d 1 -1 0 a b ¢ d 1
00 0O O O 0 O 0 1 1 1 1 1 1
al 0 a 0 a 0 a a d 1 d 1 d 1
bl 0O O b b b b b a a 1 1 1 1
c| 0 a b ¢ b c c 0 a d 1 d 1
d| 0 0 b b d d d a a ¢ ¢ 1 1
110 a b ¢ d 1 1 0 a b ¢ d 1
Then (A, A,V,*,—,0,1) is a BL-algebra. Let G = {d,1}. Then D(G)) = G; =

{a,¢,1}, while ¢~ m c=1#c.
(b) Consider the BL-algebra A = {0,a,b,¢,d, e, f,g,1} in Example 3.2. We can
see that D({c}:) = {d,e, 9,1} C {c, d,e, f, 9,1} = D({b};), while {b} Z {c}.
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By part (3) of the above theorem, we have X; C D(X;). Hence by extension property
in [2], [6] and [7], we get the following proposition.

Proposition 3.4. Let X; be a maximal, prime, (positive) implicative, fantastic, ob-
stinate filter of A. Then D(X) is so (respectively).

Let F be a filter of A. D(F)={x € A: =~ € F}, see [3].

Theorem 3.5. Let F be a filter of A and x € A. Then the following conditions are
equivalent:

(1) F is a normal filter of A,

(2) F = D(F),

(3) if t=— € F implies x € F,

(4) F is a fantastic filter of A.

Proof. By Remark 3.23 [3], Theorem 3.25 [3], Lemma 3.8 [4] and Corollary 3.11 [4]
the proof is clear. O

Theorem 3.6. A is an MV -algebra if and only if D(X;) = X, for each nonempty
subset X of A.

Proof. Let A be an MV-algebra. Then =~ = z, for all x € A. Hence D(X;) = X|,
for each nonempty subset X of A.

Conversely, let D(X;) = X, for each nonempty subset X of A. It is enough to show
that {1} is a fantastic filter of A. Let a=~ € {1}. Soa™~ = 1. Hence a € D(X;) = X,
for each nonempty subset X of A. Take X = {a}. Thus a € {a}; and so a = a = a.
Therefore a = 1 € {1}. Hence By Theorem 3.8, {1} is a fantastic filter of A. Then
By Theorem 2.4(3), we get A is an MV-algebra. O

Theorem 3.7. The following statements are equivalent:
(1) z== =1, for all0 #£ z € A,
(2) D(X)) = A — {0}, for every {1} # X C A,
(8) ord(x) = oo and ord(x™) =1, for all 0 £ x € A.

Proof. (1) = (2) Let x=~ =1, for all 0 # x € A. We have D(X;) C A— {0}, for each
{1} # X C A. Now let a € A—{0}. Hence by part (1), a=~ = 1. Thena™~ — z =z,
for all z € X, i.e. a € D(X;). Therefore A — {0} C D(X;). Then D(X;) = A — {0},
for every {1} # X C A.

(2) = (1) Let D(X;) = A— {0}, for every {1} # X C A and a € A — {0}. By part
(2), a € D(X;), for every {1} # X C A. Hence a=~ — a =z, for all z € X and for
every {1} # X C A. Take X = {a}. So ¢~ — a = a. By Lemma 2.1(10), we have

(=~ — a)” =0. Hence a= = 0. Therefore a=~ =1, for all 0 # a € A.
(2) = (3) Let D(X;) = A — {0}, for every {1} # X C A and z € A — {0}. Then
by ((2) < (1)) we have =~ = 1. Hence 2~ = 0, i.e. ord(z~) = 1. Now we have

x € D(X;) = A—{0}. Since D(X;) is a filter of A then 2™ € D(X;) = A — {0}, for
all n € N. Therefore 2™ # 0, for all n € N, i.e. ord(z) = oco.

(3) = (2) Let ord(z) = oo and ord(z~) =1 for all 0 # 2 € A and a € A — {0}.
Then ord(a~) = 1. Hence a~ =0 and so a~~ = 1. We get that a=~ — x = z, for all
x € X. Therefore a € D(X;), i.e. A— {0} = D(X;) for every {1} # X C A. O

By above theorem we have:
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Corollary 3.8. Let D(X;) = A — {0}, for every {1} # X C A. Then A is a local
BL-algebra.

Theorem 3.9. Let x € A. Then the following statements hold:
(1) D({x};) is a prime filter of A.
(2) D({z};) is a primary filter of A.

(3) W is a linearly ordered BL-algebra.

(4) ﬁ 18 a local BL-algebra.

Proof. (1) Let a Vb € D({z};) and a,b ¢ D({z};). Thena™~ —» z #z and b=~ —
x # x. Hence
r<a " —zandax<b ~ =z (I)

Since a Vb € D({z};) by Lemma 2.1(11) we get
r=(aVb)™ " =sax=(@ Vb T )oz=(a" =22)AbT o).

Andso (e~ = 2)A(b"" —a)=2. By ) wehave z < (a™~ = 2) A (b7~ — x).
Therefore 2 < a which is a contradiction. So a,b € D({z},), i.e. D({x};) is a prime
filter of A.

(2) Since every prime filter of A is a primary filter of A, then by part (1) the proof
is complete.

(3) By part (1) and Theorem 2.4(2), the proof is clear.

(4) By part (2) and Theorem 2.4(1), the proof is clear. O

Proposition 3.10. Let f : A — B be a BL-homomorphism, ) # X C A and
) #£Y C B. Then we have

(1) f(D(X1)) € D((f(X))),
(2) if f is an injective homomorphism, f=*(Y) # 0, then

FTHDE)) € DY),
(3) if f is a surjective homomorphism, then D((f~1(Y));) C f~1(D(Y))).

Proof. (1) Let b € f(D(X;)). Then there exists a € D(X;) such that b = f(a). Hence
a~~ —»x=u, foralz e X and so f(a)”~ — f(z) = f(z), for all f(z) € f(X).
Thus b=~ — f(zx) = f(x), for all f(z) € f(X). Therefore, b € D((f(X))), ie.
F(D(X1)) € D((F(X))).

(2) Let a € f~Y(D(Y})). Then f(a) € D(Y}), ie. f(a)™~ »y=y, forally €Y.
Take b € f~1(Y), so f(b) € Y. Hence we have f(a)=~ — f(b) = f(b), for all
be f~1(Y). Since f is an injective homomorphism, we get that a== — b = b, for all
be f71(Y). Therefore a € D((f~1(Y))), i.e. f~HD(V1)) C D((f~1(Y))).

(3) Let @ € D((f~%(Y));). Then a== — b = b, for all b € f~1(Y). So we
have f(a)~~ — f(b) = f(b), for all f(b) € Y. Thus we obtain f(a)™~ — y =y,
for all y € Y, since f is onto so f(a) € D(Y;). Therefore a € f~1(D(Y;)), hence
DL (V) € (D). 0

4. D((X,Y);) in BL-algebras

Definition 4.1. Let X and Y be two nonempty subsets of A. Then we define
D(X,Y))={a€A: (ao” —wz)—>xeY, forallze X}
is called the left double stabilizers of X respect to Y.
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Haveshki et al. defined
(X, Y)y={a€A: (a—z)—>=zeY, foral z € X},see [8].
Theorem 4.1. Let F and G be two filters of A. Then D((F,G);) is a filter of A.

Proof. We have (17~ — x) > = =1 € G, for all z € F. Hence 1 € D((F,G);).
Now let a,a — b € D((F,G);). We must to prove that b € D((F,G);). Hence
(a7 = 2) =22 e€Gand

((a—=b)7"7" —2x2)—>zeG, forallz € F. (I)
Let x € F. Since x < a~~ — z, then a=~ — x € F. So by (I), we get

((a—=b)"7" =@ —=2x)—=(a” —=2x)e G 1)

By Lemma 2.1(9), we get b=~ — o < (a=~ = b~ ") = (a
Lemma 2.1(3)

(a7 =2b"7 )= —22)=@ —22)<(b~ —a)—> (a0 —a).
So by (II), we have

— x). Hence By

b~ = 2x)— (a7 —z) e G (III)
We claim that a=~ = 2 = ((a™~ — z) = z) — . We have
(a@"=a2)= (e —=2)2z)2z)=(a" " =2a)=2)=> (a7 —2z)—>x)=1.

Then =~ — z < ((a~ — z) = z) — z. By parts (9) and (2) of Lemma 2.1
(respectively), we get

a” T o (a7 = 2a)—2a)—>2a

IAIA

So
a " —sz= (""" —=z) >z >z IV)
By Lemma 2.1(2) and by (IV), (III) (respectively), we get
(6@ =a)22)= (b7 22)—z) = (b =22)—(((a” =z)—>z)—>2)
= (b7 =22a)=> (e —x) e
We have (a=~ — z) — = € G. Therefore (b~ — z) -z € G for all x € F. And so
be D((F,G)1), i.e. D((F,G);) is a filter of A. O

In the following example, we show that in Theorem 4.2, the condition ”F and G
be two filters of A” is necessary.

Example 4.1. Let A ={0,a,b,1}, where 0 < a < b < 1. Define * and — as follows:

x| 0 a b 1 =0 a b 1

00 0 0 0 01 1 1 1

al 0 0 0 a a b 1 1 1

b| 0 0 a b b |a b 1 1

110 a b 1 110 a b 1
1

Then (A, A, V,x,—,0,1) is a BL-algebra. It is clear that {0} and {b, 1} are not filters
and also D(({0},{b,1});) = {b,1} and D(({b, 1},{0});) = ¢ are not filters of A.
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Theorem 4.2. Let X, Y, X7 and Y7 be nonempty subsets of A and F, G be two
filters of A. Then the following statements hold:
(1) if 1 €Y then D(X;) C D((X,Y);) and so D(X;) € D((X, F)1),
(2)if D(X,Y);) = A, then X CY,
(3) if FCY, then D((F,Y);) = A,
(4) D((F. F),) = A, hence D(F) C D((F, F),),
(5) D((X, {1})1) = D(Xy) and D(({1},G)1) = 4,
(6) if 1€ X,Y, then D(X,) N D(Y;) € D((X,Y))) N D((Y, X)),
(7) D((X,Y NY1),) = D((X, Y)0) 0 D((X, V1)),
(8) ’LfX g X1 and Y Q Yl, then D((Xl,Y)l) g D((X, Yl)l);
(9) (X, F), CD(X,F);) and F C D((X, F);),
(10) D((£),) = 2LED syeh that G C F.

Proof. (1) Let a € D(X;). Then a=~ — z =z, for all x € X. Hence (a™~ — z) —
x=1¢€Y, for all z € X. Therefore a € D((X,Y);).

(2) Let D((X,Y);) = A. Hence 0 € D((X,Y);). So (00~ = z) - x €Y, for all
x € X. Therefore z € Y, forallz € X, ie. X CY.

(3) Let a € Aand x € F. We know z < (a~~ — x) — x. So by filter property we
get that (™~ = o) > 2 € F CY. Hence a € D((F,Y);), i.e. D((F,Y);) = A.

(4) By part (3), the proof is clear.

(5) Let a € D((X,{1});). Then (a=~ — x) — = € {1}, for all x € X. Hence
(a07 = x) —x=1,forall z € X. And so by Lemma 2.1, we get that a™~ — = = =z,
for all z € X. Thus a € D(X;). Therefore D((X,{1});) C D(X;). Then by part (1),
the proof is complete.

Now let a € A. We have (a=~ — 1) = 1 € G. Hence a € D(({1},Q))), ie.
A C D(({1},G);). Therefore A = D(({1},G);).

(6) Let z € D(X;)ND(Y;). Hence z € D(X;)and z € D(Y;),s02~~ — x = z, for all
ze€Xand 2z~ wy=y, forallyeY. Thus (27~ —wz) vz =1€Y, forallz € X,
and (27~ —y) »y=1€ X, forally € Y. So we have z € D((X,Y);) N D((Y, X);).

(7) We have

a e D(X,YNY1)) (a7 —=2)—>zeYNY, Ve eX,
(a7 »x)—mzxeYand (a7 —zx)—mzrel;, VeelX,
a € D((X,Y);) and a € D((X,Y1))),

a € D((X,Y)1) N D((X,Y1)).

to e

(8) Let a € D((X1,Y);). Then (a=~ — x1) — a1 € Y, for all ; € X;. By
hypothesis Y C Y7, so (a™~ — x1) = 21 € Y7, for all ; € X;. Hence by X C X;,
we get that (a=~ — ) — x € Y1, for all z € X. Therefore a € D((X,Y1);).

(9) Let @ € (X,F);. Then (¢ — x) — x € F, for all x € X. By Lemma 2.1,
a<a " then (a = 2) > a2 < (e~ = x) = x. Hence (a=~ — a) > x € F, for all
x € X, ie a€ D((X,F);). Therefore (X, F); C D((X, F);).

Now let a € F. Then for all z € X, we have a < a™~ < (a~~ — z) — x. Hence
(a0~ = x) >z € F, forall z € X. Therefore a € D((X, F),;), i.e. F C D((X,F),).
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(10) We have

DUEN = {aeh (B v g=gVacs
_a A (amT=b)—=b 1 b F
= (feg T 2U2_2 vl
a A __
— {aea:(a —b)—>beG, VbeF}
. a A . _D((F7G)l)
= {565 : aeD((F,G)l)}—T.

O

In the following example, we show that the converse of part (9) of above theorem
is not true.

Example 4.2. Consider the BL-algebra A = {0,a,b,¢,d, e, f,g,1} in Example 3.2.
Take X = {b,e,1} and F = {f,g,1}. Clearly D((X,F);) = {c,d,e, f,g9,1} &
{fi9,1} = (X, F)i.

By Theorems 4.4(5) and 3.9, we have

Corollary 4.3. A is an MV -algebra if and only if D((X,{1});) = X;, for every
nonempty subset X of A.

Theorem 4.4. Let F' and G be two filters of A. Then the following statements hold:
(1) if F is an obstinate filter of A then D((G,F);) is an obstinate filter of A.
(2) if F' is a Boolean filter of A then D((G, F);) is a Boolean filter of A.

Proof. (1) By Theorem 4.2, D((G, F');) is a filter of A. Let z,y ¢ D((G, F);). Then
there exist a,b € G such that (x*~ — a) > a ¢ Fand (y - — b — b ¢ F.
By Lemma 2.1 we have 27~ < (z77 — a) » aand y=~ < (y=~ — b) — b,
hence z7~,y~~ & F. Since F is an obstinate filter we get =~ — y~~ € F and
Yy~ —x~~ € F and so

(x—=y) " €eFand (y—xz)~~ € F.(I)

We have (z = y) " < ((x = y)"~ = 2) 2 zand (y »z)"~ < ((y > 2)"" —
z) — z, for all z € G. Hence by (I), we get ((x — y)™~ — 2z) = z € F and
((y > x)~~ = 2) = z € F, for all z € G. Therefore z — y € D((G, F);) and

y—x € D((G,F);),ie. D((G,F);) is an obstinate filter of A.
(2) By Theorem 4.2, D((G, F);) is a filter of A. We have

xVae~ < (xVvaT) ~

< ((zvaT)"” = 2)—>2), foral z e G.

By hypothesis F' is a Boolean filter of A, i.e. x Va~ € F, for all x € A. Therefore
((xva™)™" — z) = z) € F, for all z € G. Hence for every x € A we have
xVa~ € D((G,F);). So the proof is complete. O

By Theorem 4.1 [2] and Theorem 2.4, we get the following theorem.

Theorem 4.5. Let F and G be two filters of A and F be an obstinate filter. Then
we have
(1) W is a linearly ordered BL-algebra.

(2) W is a local BL-algebra.
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5. N(F) in BL-algebras

Borumand et al. in [3] introduced N(A) ={a € A: o=~ = 1}. Now we define
Definition 5.1. Let F' be a filter of A. We define
NF)={a€eF: a~ =1}
Theorem 5.1. Let F be a filter of A. Then N(F) is a filter of A.

Proof. It is clear that 1 € N(F). Now let a,a — b € N(F) C F. Then b € F'. We
havea " =land (a—= b))~ =1.Sol —=b " =1,ie. b~ =1. Thenby b€ F, we
have b € N(F). Hence the proof is complete. O

Proposition 5.2. (1) If N(F) is a mazimal filter of A then F = N(F).
(2) If N(F) is an obstinate filter of A then F = N(F).

Proof. (1) By N(F) C F the proof is clear.
(2) By Theorem 4.1 [2] and by part (1), the proof is clear. O

Example 5.1. Let A ={0,a,b,1}, where 0 < a < b < 1. Define * and — as follows:

x| 0 a b 1 -0 a b 1
00 0O 0 O 0 1 1 1 1
al 0 a a a a 0O 1 1 1
bl 0 a b b b 0 a 1 1
1170 a b 1 1 0 a b 1

Then (A, A, V,*,—,0,1) is a BL-algebra and F = {b, 1} is not a maximal filter so by
Theorem 4.1 [2], F' is not an obstinate filter, while N(F) = F.

Theorem 5.3. Let F' and G be two proper filters of A. Then the following conditions
hold:

(1) B(A) A N(F) = N({1}) = {1} and N(N(F)) = N(F),

(2) N(F)CDs(A)ND(F) and N(F) C{a€F : a~ ANa=a"},

(8) if F C G then N(F) C N(G),

(4) NFNG)=N(F)NN(G) S N(< FUG >),

(5) Rad(N(F)) C{a€ A : a *x(a™)” =0, for all n € N} and Rad(N(F)) C
{a €A : ordla™) < o},

(6)ifﬁ€ﬁ then Yo € T,

(7) if x=— =1, for every x € A, then N(F)=F,

(8) N(F) C N(A) C D(X;) for every nonempty subset X of A,

(9) if 1 €Y then N(A) C D((X,Y);) for every nonempty subsets X andY of A.

Proof. (1) Let x € B(A)NN(F). Then z € N(F), i.e. x € Fand 2=~ = 1. And
also © € B(A), i.e. =~ = x. Thus © = 1. Therefore B(A) N N(F) C {1} and so
B(A)NN(F) = {1}. Tt is clear that N({1}) = {1} and N(N(F)) = N(F).

(2) Let x € N(F). Thenz € F and 2=~ =1. Soz € A and = = 0. Therefore
x € Ds(A), i.e. N(F) C Ds(A). We have N(F) C F C D(F). And so N(F) C
D,(A)ND(F).

Let a € N(F). Then a € F and ¢~ = 1. By Lemma 2.1(10), we have a=~ <
a” —a Thusa™ -a=1landsoaAa” =a".
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(3) Let x € N(F). Then x € Fand X~~ =1. Soz € G and 27~ = 1, ie.
x € N(G).

(4) We have FNG C F,G. So by part (3) we get N(FFNG) C N(F)NN(G). Now
let x € N(F)NN(G). Then z € N(F) and x € N(G). Thus z € F', z=~ =1 and
x€G, 7" =1 Wehavez € FNG and =~ =1, i.e. & € N(FNG). Therefore
N(F)NN(G) C N(FNQG). Hence N(F)NN(G) = N(FNG).

We know that F,G C< F UG >. So by part (3) we get N(F)NN(G) C N(<
FUG >).

(5) Let a € Rad(N(F')). Then a=— — a™ € N(F), for all n € N. Then we have
l=(a" =a")" " =a —(a") ,forallne N.Soa™ < (a")" = (a")” — 0, for
all n € N. Then by (BL3) we have a~ * (a™)” =0, for all n € N.

Now let @ € Rad(N(F)). Then a= % (a™)~ =0, for all n € N. Take n = 1, so
(a7)* =a~ xa~ = 0. Therefore ord(a™) < oo.

(6) We have
y x
= € = z—>yeN(F)and y —»z € N(F)
N(F) = N(F)
= (z—y) =1 (z—oyel), y—z) =1 (y—zel)
= a  —oy €F (x—>yelF),y —a €F (y—zekF)
y oz
= F S Vi
(7), (8) The proofs are clear.
(9) By part (8) and Theorem 4.4(1), the proof is clear. O

In the following example we show that the converse of part (3) in the above theorem
may not hold.

Example 5.2. Consider the BL-algebra A = {0,a,b,¢,d,1} in Example 3.6. We
take F' = {d,1} and G = {¢,1}. Clearly N(F) = {1} C N(G) = {¢, 1}, while F Z G.

Theorem 5.4. Let F' be a proper filter of A. Then N(F) = N(A) = {1} if and only
if A is an MV -algebra.

Proof. Let N(F) = N(A) ={1}. Then D({1})={a€ A : a= =1} =N(A) ={1}.
So D({1}) = {1}. Hence by Theorem 3.8, {1} is a fantastic filter of A. And so by
Theorem 2.4(3), A is an MV-algebra.

Conversely, the proof is clear. O

By Theorems 3.9 and 5.7 and Corollary 4.6, we have:

Corollary 5.5. The following statements are equivalent:
(1) D(X;) = X, for each nonempty subset X of A,
(2) D((X,{1});) = X, for each nonempty subset X of A,
(3) N(F) = N(A) = {1}, for each proper filter F of A,
(4) A is an MV -algebra.

Proposition 5.6. Let A does not generate by any nilpotent element of A and N(F) =
F, for each proper filter F of A. Then o=~ =1 for all a € A.

Proof. Let a € A. If A =< a >,5800 €< a >1iea™ =0 for some n € N. Hence
a is an nilpotent element of A which generate A, this is a contradiction. Thus we
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have < a >C A and by hypothesis N(< a >) =< a >. Therefore a € N(< a >), i.e.

a"~ =1. O
References
[1] A. Borumand Saeid, S. Motamed, Normal filters in BL-algebras, World Applied Sci. J. 7 (Spe-
cial Issue Appl. Math.) (2009), 70-76.
[2] A. Borumand Saeid, S. Motamed, A new filter in BL-algebras, Journal of Intelligent and Fuzzy
Systems 27 (2014), 2949-2957.
[3] A. Borumand Saeid, S. Motamed, Some results in BL-algebras, Math. Logic Quarterly 55
(2009), no. 6, 649-658.
[4] R. A. Borzooei, S. Khosravi Shoar, R. Ameri, Some types of filters in MT L-algebras, Fuzzy Sets
and Systems 187 (2012), 92-102.
[5] D. Busneag, D. Piciu, On the lattice of deductive systems of a BL-algebra, Central European
Journal of Mathematics 1 (2003), no. 2, 221-237.
(6] P. Hdjek, Metamathematics of Fuzzy Logic, Dordrecht: Kluwer Academic Publishers, 1998.
[7] M. Haveshki, A. Borumand Saeid, E. Eslami, Some types of filters in BL-algebras, Soft Com-
puting 10 (2006), 657-664.
[8] M. Haveshki, M. Mohamadhasani, Stabilizer in BL-algebras and its properties, Int. Math. 5
(2010), no. 57-60, 2809-2816.
[9] S. Motamed, L. Torkzadeh, A. Borumand Saeid, N. Mohtashamnia, Radical of Filters in BL-
algebras, Math. Log. Quart. 57 (2011), no. 2, 166-179.
[10] E. Turunen, BL-algebras of basic fuzzy logic, Mathware and Soft Computing 6 (1999), 49-61.
[11] E. Turunen, Boolean deductive systems of BL-algebras, Arch. Math. Logic 40 (2001), 467-473.
[12] E. Turunen, Mathematics behind fuzzy logic, Physica-Verlag, 1999.
[13] E. Turunen, Sessa S., Local BL-algebras, Int. J. Multiple Valued Logic 6 (2001), 229-249.

(Somayeh Motamed) DEPARTMENT OF MATHEMATICS, BANDAR ABBAS BRANCH, ISLAMIC AZAD
UNIVERSITY, BANDAR ABBAS, IRAN
E-mail address: somayeh.motamed@iauba.ac.ir, s.motamed63@yahoo.com



