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On the existence of infinitely many solutions of a nonlinear
Neumann problem involving the m-Laplace operator

JONELA-LOREDANA STANCUT

ABSTRACT. This paper surveys the existence of infinitely many solutions of a nonlinear Neu-
mann problem of the following type:
: m—2 m—2 : m—2 Ou
—div(|Vu| Vu) + |ul u= f(z,u)in Q, |Vul ot g(x,u) on 09,

where Q is a bounded domain in RV with smooth boundary 89, 8/8v denotes the outward
normal derivative, the functions f(x,u) and g(z,u) are continuous on Q x R and on 9 x R,
respectively, and odd with respect to u, while the constant m satisfies certain alternative
inequalities. More specifically, we demonstrate the existence of a sequence of solutions which
diverge to infinity provided that the nonlinear term is locally superlinear and the existence
of a sequence of solutions which converge to zero provided that the nonlinear term is locally
sublinear.
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1. Introduction

In this paper we will analyze nonlinear elliptic equations with nonlinear Neumann
boundary conditions. We start from the problem

—div(|Vu|"2Vu) + |u|™ 2u = f(z,u) in Q,
|Vu|m72g—;‘ = g(z,u) on 0,

where Q C RY is a bounded domain with smooth boundary 99, v stands for the
outward unit normal to €, A,,- = div(|V - | ~2V-) denotes the m-Laplace operator,
the functions f(x,u) and g(z,u) are continuous on £ x R and on 99 x R, respectively,
and odd with respect to u, while the constant m satisfies some inequalities which we

will provide below. Before that, we introduce a representative example, namely
—div(|Vu|"2Vu) + |[u|™ 2u = a(x)|u[P~tu  in Q,

|Vu|m*2% = b(z)|u|?tu on 0N

(1)

(2)

provided that a € C(Q), b € C(99), a(x) and b(z) may change their signs, a(x;) > 0
at some x1 € Q, b(z2) > 0 at some 5 € IQ and p, ¢ fulfill either
(m—=1)N+m

0<g<m—-1<p<
qg<m p N —m

3)
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or ( )
m—1)N
—_ 4

N m (4)
Taking N = 1,2, ..., m, the right hand sides of (3) and (4) are replaced by co. There-
fore, we shall prove (see Example 3.1) the fact that problem (2) admits at least two
sequences ux and v of solutions so as

O<p<m—-—1<gq<

lukl|w1.m @) — 0, ||“k||0(ﬁ) —0as k — oo,

[villwrm) = 00, [Jvellcg) — o0 as k — oo,

where || - [[w1.m (o) represents the W1 (Q) norm, that is,
1
fulhwronioy = [ (704 am)ae)
and | - || o) denotes the maximum norm.
In the first instance, we recall the m-Laplace Emden-Fowler equation
—div(|Vu|"2Vu) = |uP"lu in Q CRY, (5)

where N > m, 0 < m — 1 < p, approached in [5] where the author analyzed the
isolated singularities and the behavior near infinity of nonradial positive solutions

when p < %, giving a complete classification of local and global radial solutions
of any sign, for any p.

When m = 2, equation (5) becomes the Emden-Fowler equation

—Au = [ulP"ru in Q CRY, (6)

which has been intensively studied. If N > 3, two critical values % and % arise.

It is known that the first studies in the radial case are due to Emden; afterwards, in
papers [14], [15], [16], Fowler has provided us existence results and a full classification
of the global radial solutions in R or RV \{0}. In the nonradial case we refer to Lions
[26] where the behavior near origin for positive solutions was studied for p < %,
while for the case p = % we find similar approach in Aviles [4]; next, Gidas and

Spruck ([19]) pointed out local and global results for p < %, and then Caffarelli,
Gidas and Spruck [6] obtained similar results when p = 2.
For the general case when m > 1, we refer to Ni and Serrin [28], where was

demonstrated existence of the following critical values:
(m—1)N and g — (m—l)N—f—m’
N-—-m N-—-m

if N > m. Then, in [20] Guedda and Véron obtained radial positive solutions near
origin when p < ¢q; also, for the nonradial case when p < g1, the authors provided
some results under conditions of integrability or majorization of u near origin.

Furthermore, in terms of sign changing solutions, the equation (5) (in possibly
unbounded domains or in the whole space R™Y) was treated on stability of solutions.
For instance, Damascelli, Farina, Sciunzi and Valdinoci [11] proved Liouville type
theorems for stable solutions or for solutions which are stable outside a compact set.
The results hold true for m > 2 and m — 1 < p < p.(N,m), where p.(N,m) is a
new critical exponent, which is infinity in low dimension and is always larger than the
classical critical one.

Problems like (5) were also studied in the context of the Neumann boundary con-
dition; see, e.g., the very recent paper Gasiriski and Papageorgiou [18].

q1 =



404 I.L. STANCUT

Returning to the Emden-Fowler equation (6) with the Dirichlet boundary condition
uzOonaQ,suchthatl<p<ooifN:1,2and1<p<%ifNZi%,we
cite Ambrosetti [3] and Rabinowitz [29] where we can see that this problem has a
sequence uy, of solutions in Hg () whose H} () norm diverges to infinity as k — oo.
Considering problem (6), Kajikiya and Naimen explained intelligible the aim of paper
[23]; the same approach we take into account for understand the purpose of the present
paper too.

We shall introduce a locally sublinear condition and a locally superlinear condi-
tion. Kajikiya and Naimen proposed the same conditions in [23], while DeFigueiredo,
Gossez and Ubilla put similar conditions in [12] and [13], but anyway their conditions
differ from ours, and besides this, they demonstrated only the existence of positive
solutions. In the present paper we firstly propose to prove the existence of infinitely
many solutions. Thus, we intend to expand the results of Garcia-Azorero, Peral and
Rossi [17], and Naimen [27] to nonlinear terms f(z,u) and g(x, u) or, in another train
of thoughts, to extend the results in [23] by replacing the Laplace operator with m-
Laplace operator. On the other hand, we want to show that the locally sublinear
condition implies the existence of solutions converging to zero, while the locally su-
perlinear condition implies the existence of solutions diverging to infinity. For this
reason, it is possible to consider the case when a(z) and b(x) change their signs in
problem (2). The last goal is to deal the following three cases:

e One of f(z,u) and g(x,u) is locally sublinear and another is locally superlinear.

e f(x,u) is both locally sublinear and locally superlinear.

e g(x,u) is both locally sublinear and locally superlinear.

Therefore, for each of the three cases from above, we shall demonstrate that there
exist at least two sequences of solutions so as one sequence converges to zero and
another diverges to infinity.

2. The main results
We say that u is weak solution of problem (1) if u € W1H™(Q) N C(Q) and satisfies
/ (IVu|"2VuVo + [u|" ?uv) dz — / flz,u)vde — / g(z,u)vdo =0, (7)
Q Q a

Q

for any v € WH™(Q), where do means the surface measure on 9. Considering
the Sobolev embedding, we infer that each v € W™ (Q) belongs to L¥ (©) and

m(N—1)

L ~=m"(0Q) when N > m and to L"(Q) N L"(0N) for r < co and N = 1,2,...,m.
Consequently, relation (7) is well defined. Next, we consider

F(z,u) = /Ou f(z,t)dt and G(z,u):= /Ou g(x,t)dt. (8)

The following assumption denotes the locally sublinear condition on f and g:

Assumption 2.1. The functions f(z,s) and g(z,s) are continuous on @ x R and on
00 x R, respectively, and odd with respect to s. We assume either (f1) or (g1) from
below.

(f1): There are an element xo € Q and § > 0 so as B(xg,d) C Q and

lim ( inf F(x’8)> = 0, (9)

5—0 \zeB(w0,0) |8|™

where B(xg,0) stands for a ball centered at x¢ and of radius §.
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(g1): There are an element xo € 02 and 6 > 0 so as

.. G(z,s) _
il{)r%) (mf{ s x € B(zg,6) N 89}) =00 (10)
and
lim inf (inf{F(x’S); x € B(zg,0) N Q}) > —o00. (11)
5—0 |s|™

We call (f1) and (gl) a locally sublinear condition.

Theorem 2.2. Under Assumption 2.1, there is a sequence uy, of solutions of problem
(1) so as up, € WH™(Q) for any r < oo, up Z 0 and |lug||wr.-(q) converges to zero
when k — oo.

We point out some remarks.

Remark 2.1. Using the Sobolev embedding, since uj belongs to W17 (Q) for any
r < o0, then uy € C%9(Q) for every 6 € (0,1).

Remark 2.2. Theorem 2.2 states that if f or g is sublinear in a neighborhood of a
point g, there is a sequence of solutions which converges to zero (it happens even if
f(z,u) and g(x,u) have any behavior except for a neighborhood of xg).

Remark 2.3. If f(z,s)/(]s|™ 2s) diverges to infinity uniformly on B(x, ), then for
any L > 0 there is an £ > 0 so as

f(z,s) > L|s|™ 2s for x € B(xg,9), |s| <e.
Integrating both sides with respect to s we obtain
F(z,s) > (L/m)|s|™ for z € B(xo,0), |s| <e¢,

that is, (f1) holds. This means that assumption (f1) is weaker than the condition that
the infimum of f(z,s)/(|s|™2s) in B(zo,d) diverges to infinity as s — 0. Similarly,
we can deduce that assumption (10) is weaker than the condition g(z,s)/(|s|™?s)
diverges to infinity.

Assumption 2.3. There are constants p, 7, p, g and C so as 0 <7 <m < u, C >0,
0<p<oofor N=12,...mand0<p<((m—1)N+m)/(N—m) for N> m,
0<g<ooforN=12,...mand0<qg<(m—1)N/(N—-m)if N>m and

[f(z,s)] < C(|s]” + 1), (12)
,UF(JZ, 8) - sf(x,s) < C((|S|T + 1)a (13)
for s € R and © € Q, where F is given by (8) and
lg(z, s)| < C(]s|* + 1), (14)
HG(Q;’S) —SQ(QJ‘,S) < C(|S|T+1)7 (15)

for s € R and x € 9, where G is given by (8).

We emphasize that under subcritical conditions (12) and (14), the Lagrangian
functional is well defined in W™ (Q), while assumptions (13) and (15) assure the
Palais-Smale condition.

The next assumption means the locally superlinear condition on f and g:

Assumption 2.4. The functions f(x,s) and g(z,s) are continuous on Q x R and on
00 x R, respectively, and odd with respect to s. We assume either (f2) or (g2) below.
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(f2): There are an element xo € 2 and § > 0 so as B(xg,d) C Q and

lim ( inf F(x’8)> = 0. (16)

|s|>o00 \z€B(w0,6) |s|™

(g2): There are an element xo € 02 and 6 > 0 so as

Jim (inf { G:9) e B, 6)N 89}) ~ (17)

|s]—o0 ‘S‘m
and
lir‘n inf <inf{F(x;nS); x € B(z0,d) N Q}) > —00. (18)
s|—o00 S

We call (f2) and (g2) a locally superlinear condition. Similar arguments as in
Remark 2.3 yield that (£2) is weaker than the condition that f(z,s)/(|s|™2s) diverges
to infinity as s — oo uniformly on B(zg, ).

Theorem 2.5. Under Assumptions 2.3 and 2.4, there is a sequence vy of solutions of
problem (1) so as vy belongs to W (Q) for every r < oo, ||vg|lwi.m(q) and lvello@)
diverge to infinity as k — oo. Therefore, ||vk|lwirq) also diverges to infinity for
every r that meets m < r < co.

By combining Theorem 2.2 and Theorem 2.5 we get the following result:

Corollary 2.6. Under Assumptions 2.1, 2.3 and 2.4, there are at least two sequences
ug, and vi of solutions of problem (1) so as ug, vy € WHT(Q) for every r < oo and
lukllwrr @) = 0, [[vk|lwrr) = o0 as k — oo for every r that meets m < r < co.

3. Examples

This section contains several examples of the nonlinear terms f(z,u) and g(z,u).
We apply our theorems to them to prove the existence of at least two sequences of
solutions.

Example 3.1. Let f(z,u) = a(z)|u/P~1u and g(x,u) = b(z)u|?"1u so as a € C(Q),
be C(0N), a(z1) > 0, b(xz2) > 0 at some z1 € Q, x2 € IN, and p, ¢ fulfill either (3)
or (4). Also, a(x) and b(z) may change their signs. Then there are two sequences uy,
and vy, of solutions of problem (1) so as u, vi, € WHT(Q) for every r < oo and

|u|lw.r )y =0, vk [lwi.r (@) = 00 for m <7 < oco.

lim lim
k—o0 k—o0

To prove this assertion, we assume that (3) is satisfied. Since a(z1) > 0, we pick § > 0
sufficiently small such that a(x) > a(x1)/2 occurs in B(z1, ). Therefore,
[sPmHt aa)|sfPTm

F(z,s)
=a(x )
|s|™ (@) p+1 —  2(p+1)
that is, (f2) holds true because p > m —1. Next, we want to show that (g1) is verified

by replacing 1 by x5. Indeed, since b(x2) > 0, we pick § > 0 small enough such that
b(x) > b(x2)/2 occurs in B(xa,d) N IN. Consequently,

Glrs) T bl s
|s|™ qg+1 2(¢+1)
Since ¢ < m — 1, we derive that (10) is verified. Further, it is obvious that

allrsoron 2t
> Lo (Q) PN

)
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which ensures (11) (recall that || - ||z (q) denotes the L>°(Q2) norm). We also shall
show that Assumption 2.3 takes place. In truth, we have

[f(z; 8)] = la(2)[[s]” < C(|s|” + 1),
l9(z, 5)| = [b(z)[|s|* < C(|s|* + 1),
that means, relations (12) and (14) hold. Let p := p + 1. This implies
WE(w.5) = 5f(@5) = (o4 1) [ St dt = sf(n,s)
0
= a(x) / (p+ D)|t|P~ 1t dt — a(z)|s[PT!
0
- a(x)/ (1t7*Y) dt — a(a)|s[P+!
0
= O7

which leads us to relation (13). Finally, G(z, s) can be estimated as

pG(x,s) —sg(x,s) = (p+1) /O g(x,t) dt — sg(z, s)

p+1/s -1 +1
=blx)—— q+ D|t|9 tdt — b(z)|s|?
()q+10( i ()]s
- p+1 [° q+1\ 74 q+1
=42 [ () = bio)ls

pP—q 1
= b(x)—=|s|9T
(@

q+1

p—q
< ——|1bl| Lo a0y |81,

T q+1
which yields relation (15). Hence, all conditions of Assumption 2.3 are fulfilled. We
conclude that there are at least two sequences of solutions.

On the other hand, it can be proved that Assumptions 2.1, 2.3 and 2.4 hold also if
we consider relation (4) instead of (3).

Example 3.2. Set f(z,u) := a(z)|u[P"'u + b(z)|u|?"'u and g = 0. The functions
a,be C(Q), a(xy) > 0, b(xy) > 0 at some 1, T5 € 2, p and ¢ verify

—1)N
Ocgem-1<p< M-DNHM O i N>m, (19)
N—m
0<g<m-—-1<p<oo when N=1,2,...,m. (20)

In this example 1 and x5 may be equal. We claim that the same conclusion as in
Example 3.1 occurs. Here f(z,u) is superlinear near x, as u — +oo, sublinear near
x9 as u — 0, and fulfills relation (13) by taking u := p + 1. Another example is
also f = 0 and g(z,u) = a(z)|ulP" u + b(z)|u|?"u. Here a, b € C(09Q), a(z1) > 0,
b(xz2) > 0 at some z1, x2 € 0N, p and ¢ fulfill (4).

Example 3.3. Set f(z,u) = a(z)u[P~'u — b(z)ulog |u| and g = 0. The functions
a, b € C(Q), a(r) may change its sign, while b(z) > 0 in Q, a(z1) > 0, b(x2) > 0, at
some 1, 2 €L, 1 <p< ((m—1)N+m)/(N—m) for N >m, and 1 < p < oo for
N =1,2,...,m. Then f(x,u) is superlinear near x; as u — +oo and sublinear near
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x9 as u — 0. For p:=p+ 1, we obtain
WF(z,5) — sf(z,5) = (p+ 1) /0 Fa ) dt - 5f(z, 5)
=alx ’ Y gy — T )
= ata) [ (477 dt = o 1bta) [ ol

—a(z)|s[P + b(x)s* log ||

52 52
=—(p+ l)b(m)i log|s| + (p+ 1)b(x)Z + b(x)s? log |s|

-1 1
= —b(2) <p2 log|s| — p;r> s
<C,

with z € ©, s € R and C' > 0 independent of  and s. In other words f fulfills (13).
Thus, we get the same conclusion as in Example 3.1. Also, the same assertion as
above is valid for f =0 and g(x,u) := a(z)|u[P" u — b(z)ulog |ul.

4. A priori estimates

In this section we establish that a weak solution in W™ () belongs to W7 (Q)
for any r < co and give W17 (Q) a priori estimates. We consider that f(x,s) and
g(z, s) fulfill inequalities (12) and (14), respectively. This means that the functions f
and g are subcritical. Thus, for u € W™ (), we have

fw,u) € LT (), ga,u) € LEDN (09),
if N > m, and
flz,u) € LT(Q), g(z,u) € LT(0N) for every r < oo,

if N =1,2,...,m. Now we are in position to assert that all integrals in (7) are finite for
every u, v € W™ (Q). When the functions f and g satisfy (12) and (14), we say that
wis a WH™(Q) solution if w € WH™(Q) and also fulfills (7) for every v € WhHm(Q).

The following lemma plays a significant role in our analysis, seeing that will be
indirectly used to demonstrate both Theorems 2.2 and 2.5.

Lemma 4.1. Let f(x,s) and g(z,s) fulfill (12) and (14), respectively. Then every
Whm(Q) solution u belongs both L>(2) and L>(0Q) and satisfies

el oy + s on) < € (ullfyrmeay +1) (21)
where C, d are positive constants independent of u.

Proof. Let A\ > 1 a parameter which we will choose later. If we multiply the first
equation in (1) by |u|*~!u, integrate over 2 and use the second equation in (1), we
acquire

/\/ \Vu|m\u|k_1dx+/ |u\>‘+m_ldx:/f(ac,u)|u|>‘_1udm+/ g(z,u)u* Tudo.
Q Q Q a0

For simplicity, we denote the LP(2) norm of u by ||ul|,q and the L7(9€) norm of u
by ||ulq,00. Also, hereafter C' > 0 denotes various constants independent of u and A.
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We now employ (12) and (14) involving that

/\/ | V| ™ [u) A1 da:Jr/ Ju|Mm 1 de
Q Q

A+p A+q

SC( ). (22)

By a simple computation we can show that

my, [A=1 _ m m‘ (AMm—1)/m ’m
o= (2 ()

We put v = |u|A*+m=1/m and thus [Vo[™ = |V (Ju] Am=D/m) " to get

/\/ |vu|m|u|Hda:+/ luP 1 dr =) <m) /|Vv|md1'
+/ o™ da. (23)
Q

Combining (22) with (23) we get

)\( ) /|Vv\mdx+/ o™ da

A A
< C (Julih g + el o + w38 o0 + il o0) -

m
The fact that A > 1 provides us A (#) < 1. Therefore, by the above inequality
we arrive at

m C(A+m—1\" A A
ol < 5 (S ) (e + Tl + Il on + Tl on) - 20

Further, we consider N > m and intend to show that
m

N-—-m
Therefor we take p; satisfying the relations

p—q= (25)

(m—1)N+m

N N-m

We choose ¢; := p1 —m/(N —m) and thus ¢ < ¢ < (m —1)N/(N —m). Thereby,
the functions f(z,s) and g(x, s) fulfill (12) and (14), respectively, by replacing p and
q with p; and ¢, respectively. For the sake of simplicity, we rewrite p; and ¢; as p
and ¢, respectively. So, indeed, p and ¢ fulfill identity (25). Employing the Sobolev
embedding, we derive that

m
p<p; and p+ _m<p1<

v/ (v—my.0 + Vmv=1)/(N=m).00 < Cllvllimq)- (26)

Using (24) together with (26) and taking v = |u|**+™=1D/™ it follows that

Am— Am—
] <¢r§;—jw Q+||U|| <;r+n;,—})(1v—1> 80

A+p

L CAtm-—1)" ( Atq

Am™m
By virtue of Holder’s inequality we have

2
P p P
luld o = /Q i de < |05 ( /Q |u“pdx) — 1255 uls 0
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where |Q| represents the volume of Q. There is a positive constant C so as [QP/(AP) <

C for any 1 < A < oo, and thus Hu||§Q < C||uH§+p’Q. Reasoning as above, we can
also show that ||u|\;\\ aa < C||uH§+q s Using once again the relation A > 1, we find
that (M'mil < A. Consequently,
A+m—1 A+m—1
m + u m— —
S IR

At A A+ A
<C (D g+l + 1IN o + Nl g00) - (27)
We now define two positive sequences «ay and i as
m(N —1) N-1

= = 11— -1 2
o} N Br = (Be-1 —q+m )N—m (28)
N N
= 11— -1 = . 2
ap = (P =g+ m =) = (29)
As a result, fy is calculated as follows
rk=1—1 N-1
5k—ﬂ1+(ﬁ2—51)i» TE N T (30)

On the basis of > 1, we acquire that §; and «aj are strictly increasing and diverge
to infinity. By making the substitution A = f; — ¢ in (27) and given the identity (25),
we find that
+m—1 —q+m—1
el Q8™+ B A
Br+ w520 — —
< OB (Il T o+l T+ 3 o + a3 5) - (31)

N

Taking into account that Sy is increasing, we have S > 81 = m(N —1)/(N —m).
This together with relation (29) lead us to

B +

m
< ay for every k € N.
N—m

Considering the Holder’s inequality, bearing in mind the above inequality, and making

the notation
1 Br +m/(N —m)

—=1- 32
)\k oy ’ ( )

it results that

3t a7 o = / P+ 2 da

B+ w2
Bkt NEm
1 Yk
<190 ([ fufe do
Q
Br+ N2
< |0% [ullgy.0 N (33)

By relations (29) and (32), taking into consideration that Sy — oo as k — oo, we
obtain

1 Betm/N—m) 1
Ak (N/(N-1))B N

Consequently, there is a positive constant C' independent of k so as |Q|1/ A < O, and

thus (33) becomes

B+ 72— Br+~=m
Hu”ﬁ’;Jr%,ﬂ < CHu”ai,QN :
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In the same fashion, we show that

lull35% g < Cllull 2.

The last two inequalities together with (31) assure us that

—g+m—1 —g+m—1
Fou e (v
Br+ N2

< OB (Julloe ™™ + Il 258+ Tl o + Iul3h) -

[l

We further define

Ay = maX(Hu”ak,Q7 Hu”ak,aﬂv 1) ’
and, thus, due to the last inequality we infer

ot e
Agi1q+m t< OﬁkAﬂk e

Let us take
Br +m/(N —m)

— V(Br—gtm=1) 0 .
& = (CBr) and [ Rpp—

and thereby, the above inequality will be written as Ap41 < kai’“. These lead us to

Ck—1
A € & AP < G (62473

< {k—1§,§ﬁ_21 ’gxi—gle—z - .§§k—1<k—2»--C2A§k—1»--<1. (34)
We propose to argue the relations
o0
0< ] ¢ < oo, (35)
k=1
0< [ & < oo (36)

In order to do this, we recall (30) which provides us that there is a positive constant
c satisfying the relations

r* < (B —q+m—1) forevery k € N. (37)
We point out again relation (25) to deduce the following:
p—m+1 p—m-+1
= 1 + -, OO
Ck Br—q+m—1 Zﬁk—q—km—l

which imply (35). We now make the notation d := [[r-; (&, and hence 1 < d < 0.
With the aid of 1 < (j, it is obvious that

Ck—le—2~~~<i S d fori S k—1.
Withal, based on 1 < & we also deduce

51@715;?“_721 gk_—glgk—2 - .gfk—lck—2~-42 < (ClCZ o Ckfl)d~

We notice that there is a positive constant C so as 8, < Cr* for all k € N. Combining
this last inequality with (37), we have
log(CB) < Ck

1
1 =1 C Br—atm-1) | = — =2~/ N
ngk 0og ( ﬂk) k ﬁk_q+m_1_ rk’
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where C' > 0 is independent of k. Consequently, we deduce the following:

log (H @) = log&, > log& < oo,
k=1 k=1 k=1

and, therefore, we reach (36). Putting together (34), (35) and (36), we obtain the
existence of a positive constant C' so as A, < CA{ for all k¥ € N. Considering the
definition of Ay and letting k — oo, we get

| oo @) + [[ull Lo o0y < CAY. (38)
Moreover, by (28), (29) and the Sobolev embedding, we conclude that
Ay = max (|ullay,0, [ulls00, 1) = max (|[ullmn/(v—m)0s [tllmv-1)/(n-m).00, 1)
S C (”Ule,m(Q) + 1) .

This last inequality together with (38) yield (21).
If N =1,2,...,m, then similar arguments as in the case N > m lead us to the same
conclusion. The proof of Lemma 4.1 is complete. O

Our second lemma is somewhat a m-Laplace version of Proposition 4.1 due to
Garcia-Azorero, Peral and Rossi [17].

Lemma 4.2. Let N > m. Assume that f € L"(Q) with r € (m —1,N), g € L*(0R)
with s > m — 1, and let ¢ € WH™(Q) be a weak solution of problem (1). Then
¢ € WHe(Q) and there exist C,. > 0 and Cs > 0 such that

lllwra) < Crllfllzr@) + CsllgllLs (o) (39)

: Nr N
with o < = and o < {775

Proof. Multiplying (1) by a regular test function ¢ € C1(Q), integrating both sides
over € and using the boundary condition, it is obvious that

/ V"2 VeVpdr + / 6" 2 de < / ol dz + / 9| dor
Q Q Q o0

By Hoélder’s inequality we have

/Q ol do < [ £l el @,

with 4+ = 1, and by Sobolev embedding we can take ¢ € WA (Q) with 8/ = AJ,VI;,

As a consequence, using Proposition 1 in [8], we get

Nr

¢ € Wl"B(Q) and ||¢HW1.5(Q) < Crllfllor), where = N

(40)
Also, Holder’s inequality implies

/ g0l dz < [g]
Q

with % + 5 = 1. By density we can take ¢ € W17(Q) and then, applying the trace
theorem, we obtain

e llell L (992)

Y (N-1)
77/

oloa € W7 (00) ¢ LN (99),

where s’ = W;S[]X;,l) or, in another train of thoughts, v = ]\],V_Sl.

1 in [8], we deduce that
¢ e WH(Q) and [¢llwia(e) < Csllgllzeo0). (41)

Thus, by Proposition
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y (40) and (41), we conclude that ¢ € W1(Q) and satisfies (39) provided that

§ ]\],VTT, < ]\],V_Sl, f € L"(Q) and g € L*(09). The above estimate still remains

valid when N =1,2,...,m — 1, with eventual slight modifications. O

Remark 4.1. In light of Lemma 4.2, we point out that, if f € L*(Q) and g €
L (012), then (39) becomes
[ullwre@) < CallfllLe (@) + CallgllLeo0) (42)
for every a < oco.
We are now in a position to prove the following result.

Proposition 4.3. Let f(z,s) and g(x,s) satisfy (12) and (14), respectively. Then
the following two claims hold true.
(i) Every W1™(Q) solution u belongs to WL (Q) for any r < oo and fulfills

lallwr(@) < Crllulliam ) + Crllulim g + Crs (43)

where the positive constant C,. depends only on r and not on u, but the positive
constant d is independent of w and r. Here p and q in (43) are the same as in
Assumption 2.3.

(ii) Let ux be a sequence of WH™(Q) solutions converging to zero in WH™(Q) as
k — oo. Then ||ug|wir) — 0 for every r < occ.

Proof. (i) Let u be any W™ (Q) solution. Using Lemma 4.1, we know that u also
belongs to L>(Q2) and to L*>(02). Based on (12) and (14), we reach

1f (@, )z (0) < Cllullfw gy + C < Cllul§sm gy + C,
lg(z,u)|[L=(00) < C”Uquo(aQ) +C< C”UHWl,m(Q) +C.

Substituting the above inequalities in (42), we get exactly (43).
(ii) Let ux be a sequence of W™ (Q) solutions converging to zero in W™ (Q). For
o < m, it is obvious that ||uk||W1 a(@) — 0. Give a € (m, 00) arbitrarily. Set 3 > a.

We define 6 as é ==z + . By using interpolation inequality we obtain
Huk\ L@@ < lurll Loy lurllzslo), (44)
IVl Lo @) < IVl Lo oy I Veurl s Gy - (45)

By (43) we get that ||ug|/y1.6 (@) is bounded as k — oo, and from assumption we have
lugllwrm@) — 0 as k — oco. Consequently, taking into account (44) and (45), we
infer that [lug|/w1.e(q) — 0. The proof of Proposition 4.3 is now complete. i

According to Proposition 4.3, by the Sobolev embedding, we derive that every
Whm(Q) solution belongs to C%?(Q) for any 6 € (0,1). Particularly, a W1™(Q)
solution belongs to C(£2). We shall show that, for a sequence uy, of W1™(Q) solutions,
if [lugllwi.m (o) is divergent, then [luy||o g, is also divergent.

Lemma 4.4. Consider the assumption of Proposition 4.3. Let up a sequence of
Wm™(Q) solutions. If ||uk||wi.m) — oo, then luellc@y — o0 as k — oo.

Proof. Tt is clear that, multiplying (1) by u and then integrating over €2, we get

/|Vu\md:v+/|u|mdx:/f(x,u)udx+/ g(z,u)udo
Q Q Q o9

< Cmax {|f(w, 9)s| + g, 9)s| 5 Is| < lullo b
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for a positive constant C' independent of u. This ensure us that, if u is bounded in
C(9), then u is also bounded in W™ (Q). The proof of Lemma 4.4 is complete. O

5. Proof of the main results

This last section will be devoted to the proof of the main theorems by using the
variational method with the help of the a priori W"(Q) estimates provided in Section
4. Our method is based on the symmetric mountain pass lemma. With this in mind,
we define the Lagrangian functional I(u) by

I(u) ::%/Q(\Vu\m+|u\m)da:—/QF(:v,u)dx—/QG(x,u)dcr, (46)

where F' and G are defined in (8), and by do we refer to the surface measure on 0f2.
Standard arguments show that I € C*(W1™(Q),R) with the derivative given by

(I' (u), v) :/Q (|Vu|"*VuVo + |u|™*w) do — /Q flz,u)vdx

—/ g(z,u)v do, (47)
(o9}

for any u,v € W™ (Q). We introduce the Palais-Smale condition:

(PS) every sequence u, in W™ () so as I(uy) is bounded and I’ (ug,) — 0 in W™ (Q)/
as k — oo possesses a convergent subsequence.

We denoted by W1™(Q)’, the dual space of W1™(Q). We verify the Palais-Smale

condition by a standard method (see Rabinowitz [29] or Struwe [31], where the Laplace

operator is involved).

Lemma 5.1. Under Assumption 2.3, the functional I fulfills Palais-Smale condition
(PS).

Proof. Let (ux) C WH™(Q) be a sequence such that |I(uy)| < M for any k > 1, where
M > 0 is a constant, and I'(ux) — 0 as k — oco. We claim that (uy) is bounded.
Arguing by contradiction, we assume that, passing eventually to a subsequence still
denoted by (ug), [|uk|lw1.m@) — oo as k — oo. Then, taking into consideration
Assumption 2.3, we obtain

1
L+ M + [Jugl|lwrim@) > I(ug) — ;(1/(%)7%)
= B2 (Vg™ + ™) de
mpJjo

_/Q (F(:v,uk) - if(x,uk)uk> dw
— /M2 <G(:L',uk) - ;g(z,uk)uk> do

w—m c - c
2 - 1wkl W m )y — ;||Ulc||w1»m(9) - ;IQ\

Dividing the above relation by [[ugl[{{1.m ) and passing to the limit as k — oo we
obtain a contradiction.

Thus, (ug) is bounded in W™ (Q), and, since W™ (Q) is reflexive, there exists
an ug € WH™() such that, up to a subsequence, (uy) converges weakly to ug in
W™ (Q). Next, we show that (uy) converges strongly to ug in WH™(Q). Bearing in
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mind Assumption 2.3, we find that the embedding W™ (Q) — LPT1(Q) is compact,
for p € (1, %) Hence,

(ug) converges strongly to ug in LPTH(Q).

Given this, by (12) and Hoélder’s inequality we have

/ f(zyug) (ug — uo)da
Q

< C/ |ug|P|lur — uo| dx + C/ |up — up|dx

Q Q
< COlluklless g - [lur = uollp+1,0 + Cllur — uoll10
which means that

lim [ f(x,ug)(ug — ug)dz = 0. (48)

k—o0 Q

On the other hand, keeping in mind Assumption 2.3 and boundary trace embedding
theorem (see, e.g. Adams and Fournier [1] or Ladyzenskaja and Ural'tzeva [25]),
we deduce that W1H™(Q) < LI+1(9Q) is a compact embedding, where ¢ + 1 €

(17 %) . Therefore,

(ur) converges strongly to ug in L7T(99).

On account of this fact, by (14) and Holder’s inequality we have

[ ) wio
oQ

SC’/ \uk|q|uk7u0|da+C/ |ug — ug|do
o oN
< Cllukll azs oo - [k = wollg+1,00 + Clluk —uoll1,00,

involving that

lim g(x, ug)(up — up)do = 0. (49)
k—o0 o0

Bearing in mind relations (48), (49) and relying on the fact that, by I’(ur) — 0 as
k — oo,

lim <I’(uk),uk — u0> = O7
k—o0

we arrive at

lim [ (|[Vug|™ 2V V(ug — uo) + |u|™ *ug(ur — o)) da = 0. (50)

k—oo Jo
In addition, on the strength of the fact that (uy) converges weakly to ug in W1 ™(Q)

we infer that

lim (Vo™ 2VuoV (g — uo) + |uo|™ 2ug(uy — u)) dz = 0. (51)

k—oc0 Q

On the basis of (50) and (51), it happens
/ [(|Vug| ™2V, — [Vuo| ™ *Vug) V(uk — uo)
Q
+ (|uk|m*2uk — |u0|m72u0) (u, — uo)] dx k:)g 0.

We apply now the well known inequality (2.2) in Simon [30], namely
(€26 = ™ 2n) (€ —m) = Cle —n|™, &neRY,
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valid for every m > 2, where C is a positive constant. This together with the above
limit imply

k]i}n;o Huk - UQHWLm(Q) =0.

This means that uy — ug in WH™(Q). Thus, we have shown that I satisfies the
Palais-Smale condition, that is exactly what we had to show. O

Further, in order to deal with symmetric mountain pass lemma, we recall Kras-
noselskii’s genus.

Definition 5.1. Let E be an infinite dimensional Banach space. A subset A of E is
said to be symmetric if x € A implies —z € A. For a closed symmetric set A which
does not contain the origin, we define a genus y(A) of A by the smallest integer k so
as there is an odd continuous mapping from A to R¥ \ {0}. If there does not exist
such a k we set y(A) = co. Furthermore, by definition, (@) = 0.

In the sequel we will establish the properties of the genus that will be used through
this work. More information on this subject may be found in many works, such as
(2], 7], [9], [10], [24], [29] or [31].

Lemma 5.2. Let A, B be closed symmetric subsets of E which do not contain the
origin.
(i) If A C B, then v(A) <~(B) .

(i) If there is an odd continuous mapping f € C(A, B), then v(A) < ~(B).

(iii) IfU is a symmetric bounded open neighborhood of the origin in RY | then v(0U) =
N.

(iv) Let W be a closed linear subspace of E whose codimension is finite. If v(A) is
greater than the codimension of W, then ANW # (.

Let T’ be the family of closed symmetric subsets A of F so as 0 ¢ A and y(A4) > k.
We introduce the following assumption:

Assumption 5.3. Let E be an infinite dimensional Banach space, and I € C*(E,R)

meets:

(I1) I(u) is even, bounded from below, I(0) = 0 and I(u) fulfills the Palais-Smale
condition (PS).

(I2) For any k € N, there is an Ay € T'y 50 as sup,¢ 4, I(u) <O0.

Under Assumption 5.3, we define ¢, and K. as

= inf I 52
e = jof sup (u), (52)

K.:={ueE:I'(u) =0, I(u) =c}.

We now are in a position to give the symmetric mountain pass lemma (see, e.g.
Ambrosetti and Rabinowitz [3], Clark [9], Kajikiya [21] or Struwe [31]).

Lemma 5.4. Under Assumption 5.3, any ci is a critical value of I, ¢, < cpy1 <0
for k € N and ci, converges to zero. Furthermore, if ¢, = Cpy1 = -+ = Cp4p = C, then
’Y(Kc) >p+1.

The next result is another critical point theorem related to the symmetric mountain
pass lemma (see Kajikiya [21]).

Proposition 5.5. Under Assumption 5.3, either (i) or (ii) from below holds true.
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(i) There is a sequence ug in E so as I'(ug) = 0, I(ug) < 0 and ug converges to
zero.

(ii) There are two sequences uy and vy in E so as I'(ug) = 0, I(ug) = 0, up # 0,
limg oo ugp = 0, I'(vg) = 0, I(vg) <0, limg_ o0 I(vg) =0, and vy converges to a
non-zero limit.

In both cases (i) and (ii), there is a sequence uy # 0 of critical points converging to

zero.

Remark 5.1. Whereas our purpose is to prove the existence of a sequence of so-
lutions for (1) that converges to zero in W™ (Q), we can observe that Proposition
5.5 is appropriate to achieve the aim. More precisely, unlike Lemma 5.4 (symmetric
mountain pass lemma), which assures the existence of a sequence of critical values
converging to zero in R, Proposition 5.5 assures the existence of a sequence of critical
points of I converging to zero in W1 ™(Q). The Palais-Smale condition (PS) guaran-
tees that a critical point uj corresponding to c; converges to zero as k — 0o, whether
the problem

I(u)=0 and I'(u)=0 (53)

possesses only the trivial solution v = 0. But we have no certainty that, in the case
of our functional I, defined in (46), the equation (53) has only the solution u = 0;
this is why we can not apply the usual symmetric mountain pass lemma.

Remark 5.2. We point out that, if presume only the Assumption 2.1, our functional
I is not well-defined in W1 (). For this to happen, we truncate the functions f
and g. Therefor, we choose an even function h € C§°(R) so as h(s) =1 for s <1 and
h(s) =0 for |s| > 2. We define the following:

f( )= f(x,8)h(s), g(z,s) = g(x,s)h(s),
F(z,u) := / f(z,s)ds, G(z,u) ::/0 gz, s)ds.

Therefore, f(:v,s) and g(z,s) are odd with respect to s, f and F are bounded on
Q xR, and § and G are bounded on 99 x R. So, instead of I, we set

I(u) = %/Q(|Vu|m + |u|™) dz —/Ql*;(x,u)dx ~ | G(x,u)do

The goal is to prove that I possesses a sequence of critical points u # 0 satisfying
lluk||w1.m (o) converges to zero. Then uy is a solution of the problem

{ —div(|Vug| ™ 2Vug) + |ug|™ 2uy, = f(x,uk) in Q,

m—2 Oug (54)
V| 9, — g(x,ur) on 0f).

Whereas f, §, F' and G are bounded, it is obvious that they fulfill Assumptions 2.1
and 2.3. As a result, Proposition 4.3 ensures that [[ug| g converges to zero. As
luellc@) < 1 for k sufficiently large, we have f(z,up) = f(z,ug) and gz, uy) =
g(x,ur). This implies the fact that problem (54) is reduced to (1). In this way, we
acquire a sequence uy, of solutions of problem (1) satisfying [|ug||w1.~(q) converges to
zero. We rewrite f, g and I as f, g and I, respectively. Accordingly, f, g, F and G
are bounded.

We now proceed to the proof of Theorem 2.2.
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Proof of Theorem 2.2. As we said, in the proof of Theorem 2.2 we require Proposition
5.5. Therefore, we shall demonstrate that the functional I fulfills (I1) and (I2) in
Assumption 5.3. Firstly, let us show that I satisfies (I1). Indeed, as we pointed out
in Remark 5.2 from above, F' and G are bounded, so we deduce immediately that

1 m
I(u) > EHUHWL'"(Q) -G,

where C is a positive constant. This means that I is bounded from below. Also, since
f, g, F and G are bounded, they fulfill Assumption 2.3 and, thus, via Lemma 5.1, I
satisfies Palais-Smale condition (PS). We conclude that (I1) is satisfied.

Next, we verify that I satisfies (I2). To this end, let us first deal with (f1) in
Assumption 2.1. We consider B(zg,d) the ball defined in (f1). Let A; and ¢y, be the
k-th eigenvalue and eigenfunction, respectively, of the problem

—div(|[Ve|" 2V ¢) = N ¢|™ 2¢ in B(zo,0), .
¢»=0 on dB(xo,§). (55)

We extend ¢y such that ¢y (x) = 0 in Q\ B(xo,d) and, thus, ¢, € Wy ™ (Q) N C(Q).
Let k € N. We plan to construct Ay satisfying (12). Set

k
X = {Zti¢i ot € R}, (56)
1=1

the linear space spanned by ¢; with 1 <1 < k. Therefore, X is a linear subspace
of W™ (Q) N C(Q). The fact that X is finite dimensional space, provide us that all
norms are equivalent to each other. We infer that there is a > 0 so as

[ullwrm@) < eflullpm@) forue X. (57)
Considering (9), we can choose an € > 0 so small that the following fact to happen:
F(z,s) > a™|s|™ for x € B(z,9), |s| <e.
On the basis that every u € X vanishes in Q \ B(xo, ), we get
F(z,u(r)) > o™ u(x)|™ for x € Q, |lullp~@) <& ueX. (58)
Set
A={ueX: |ullpem =¢}, (59)

a (k — 1)-dimensional sphere. Via Borsuk-Ulam theorem, the genus of A is k, i.e.,
v(A) = k. Let uw € A. This yields u = 0 on 02 and, implicitly, G(x,u(z)) vanishes
on 9. Considering u € A, by relations (57) and (58), we have

I(u) = %/Q(|Vu|m+\u|m)dx—/QF(x7u)dx

< o lulfpn oy = o™ [ Julmde
< (5= 1) Wl

m
< 0.

Since A is compact, we obtain sup,c 4 I(u) < 0. So, starting from (f1) in Assumption
2.1, we obtained that I fulfills (I2).

Let us also show that, assuming (g1) in Assumption 2.1, I satisfies (12). To achieve
this goal, we first denote for simplicity D := B(xg,0) NQ and S := B(xg,d) NI. Let
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k be a positive integer. We choose 9;, with 1 < i < k, so as 1; € C*(D), 1;(x) = 0 for
x € 0B(zg,0) NQ, and ¥;|s (i.e., the restrictions of functions ¥; to S), for 1 <i <k,
are linearly independent in L™(S). Thus, 1; are also linearly independent in C(D).
We set 1;(x) = 0 in Q\ D. So, ; € WH™(Q) N C(). Let Y be the linear space
spanned by i; with 1 <i <k, i.e.,

k
Y = {Ztﬂﬁi Tt € R} .
i=1
Since Y is finite dimensional space, we deduce the existence of an o > 0 so as
Hu”Wl,m(D) < oz||uHLm(S) foru €Y. (60)
Recalling that F fulfills (11), we infer that there is a positive constant C’ so as
F(z,s) > =C'|s|™ ifx € D, |s| <1,
and, consequently,
F(x,u(x)) > —C'lu(z)|™ ifz € D, |Jul|e < 1. (61)

We take 5 > 0 so large that
1 m
—+C' < <ﬂ) . (62)
m e

Considering (10), we can choose an £ > 0 so small that
G(x,s) > p™|s|™ forx €S, |s| <e.
Since each w € Y vanishes in 09\ S, we obtain
G(z,u(x)) > ™ |u(x)|™ for x € 09Q, ||lullp~@) <&, ueY. (63)

We now define A as in (59), for Y. Thus, for u € A, by (60), (61), (62) and (63) we
obtain the following:

I(u):%/DUVU\”’—|—|u|m)dx—/DF(:E,u)d;v—‘/SG(x,u)dU

IN

1 m m m m
EHUHWLW(D) + Cull T py = B ullTm )

1 ;B m
(m +C" = am) [wll%rm Dy

<0.

IN

Since A is compact, we deduce sup,,¢c 4 I(u) < 0, that is, I satisfies (I2). We can finally
conclude that, via Proposition 5.5, problem (1) possesses a sequence of nontrivial
solutions uy, such that [Jug|w1.m ) converges to zero. In addition, via Proposition
4.3, ||uk||w1.r(q) converges to zero. The proof of Theorem 2.2 is complete. O

In the following, we are going to demonstrate some auxiliary lemmas that will lead
us step by step to the conclusion of Theorem 2.5. Therefore, we assume Assumptions
2.3 and 2.4 and thus, we have ensured that I is well defined and satisfies the Palais-
Smale condition (PS). First, we emphasize that X and Y involved in the proof of
Theorem 2.2, will be used here as follows: if (f2) in Assumption 2.4 holds, then we
take Zy := X, and if (g2) holds, then we take Zy :=Y.

Lemma 5.6. For any k € N, there ts a positive Ry, so as

I(u) <0 foru e Zy with ||ullwrm@q) > Ry (64)
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Proof. We start assuming that (f2) holds. Thus, Zj := X and there exists a positive
constant o so as

Hu”Wlm(Q) < ak||u||Lm(Q) for u € Zj,.
Also, by (£2), there is a positive constant C}, so as
F(z,s) > af'|s|™ — Cy for s € R, x € B(xo,9).

Since supp(u) C B(xg,d) for any u € Zj, we obtain that G(z,u) = 0 for x € Q.
Then, by the last two inequalities we get

1
I(u) = — (IVu|™ + |u|™) dx — / F(z,u)dz
M JB(x0,6) B(0,0)

IN

1 m m m
EHUHWLM(Q) = o' [[ullZom )y + Crl B(wo, 0)]

IN

1 m
<m — 1) HU”Wl,m(Q) + Ck-‘B(l'(h 5)|
<0,

on condition that [|ully1.mq) > Ry with Ry sufficiently large. By |B(xo, )| we meant
the volume of the ball B(xo,9).

Next, suppose that (g2) holds. Thus, Zy := Y and there is a positive constant ay
S0 as

||UHW1,m(Q) < akHuHLm(@Q) for u € 2. (65)

Also, by (g2), there is a positive constant C’ so as

F(z,s) > —=C'|s|™ = C" for s € R, x € B(xg,d) N . (66)
We now consider a positive M so large that
% 4O < OJZ . (67)
Considering (17), we infer the existence of a positive constant C so as
G(z,s8) > M|s|™ — C for s € R, x € B(xp,0) N IN. (68)

Every u € Zj, satisfies supp(u) C B(zg,d) N Q. We take D := B(xp,d) N Q and
S := B(xg,0) N 9. By (65), (66), (67) and (68) we have

I(u):%/D(|Vu|m+|u|m)dx—/DF(x,u)d:r—/SG(x,u)do

1 m m m
< —Nullfm oy + C'llull T oy + C'1DI = Ml[ulZn sy + OS]
1 !/ M m !
<0,

on condition that [[ully1.m) > Ri with Ry sufficiently large. By [D| and [S| we
meant the volume of D and the surface area of S, respectively. Consequently, (64)
holds true under both hypotheses (2) and (g2) in Assumption 2.4. The proof of
Lemma 5.6 is complete. O
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It can be assumed that Ry in Lemma 5.6 is increasing and diverges to infinity as
k — oo. We now involve another symmetric mountain pass lemma. For this, we
define the following:

Dy :={ue€ Zy: |Jullwim) < Ri}, 0Dp :={u€ Zy: |ulwim@q) = Ri},
Gr = {9 € C(D,, WH™(Q)) : gis odd and g(u) = u on Dy},

dy = glencf;k max I(g(u)). (69)

Lemma 5.7. d;, is a critical value.

The proof of Lemma 5.7 can be found in [29] and [31].
We intend to show that dj diverges to infinity as k — oco. Define
B(r, W ™(Q)) i= {u € W™(Q) : lullwiono) < 1),
OB(r, Wh™(Q)) i={u € W"™(Q) : ||ullwrm@q) = r}.
Lemma 5.8. Let k be a positive integer and W a closed linear subspace of W™ (Q)
whose codimension is less than k. If g € Gy and r € (0, Ry), then
g(Dy) NOB(r, WhH™(Q) N W # 0.
For the proof of Lemma 5.8, we refer the readers to Kajikiya and Naimen [23] or

Rabinowitz [29] (Proposition 9.23).
We also recall the following inequality (see relation (2.25) in [25]):

Iy forwé€ whm(Q),

[wll7+(o0) < el Vwlznq) + Cellw]

for small positive ¢ and r < m(N —1)/(N —m), where C. is a positive constant
depending on € and m. In the particular case when r = m, a standard computation
shows that C. = C/e, and, thus, the following result holds:

Lemma 5.9. There are positive constants C, ¢ so as
g omy < NV NEn ey + < ol
for every w € WH™(Q) and € € (0,¢0).
Further, let u be the k-th eigenvalue of the problem
—div(|Vw|"2Vw) = plw|™ 2w in ,
{ |Vw|m=22% =0 on 09).
For each k& we denote by wy an eigenfunction corresponding to pg. Since we deal
with a homogeneous problem we can assume that for each & we have [|wg[|y1.m o) = 1

(wy, is the corresponding L™-normalized eigenfunction or, in other words, the principal
eigenfunction). By definition, wy, fulfills

pil[wrlgm ) = Vw7 q)- (70)

We know that 1 = 0, wy is a constant function and pg > 0 for k > 2. Considering
that 0f) is smooth, then any wy is smooth on ). We define

Wy, == {itiwi : it;ﬂ < oo} , (71)
i=k i=k

the closed linear space spanned by w; with ¢ > k, whose codimension is k — 1.
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Lemma 5.10. There is a positive constant C' so as
Lm(Q) (72)
—1/m

2
lwllLm o)y < 1y, [Vwl|Lm (), (73)
for w € Wy, with k > 2.

Proof. We consider w = .2, t;w; € Wj. By (70) we have

L) < [Vl

]

[Vwl|Zm o) = Z IV will T o)
i=k

oo

=Dt willwill o )
i=k

o0
> g Yt [Jwi]
i=k

= Nk||wH1an(Q)v

m
L™ (Q)

which means that (72) holds true.
Next, Lemma 5.9 together with (72) yield

”w”Tm(BQ) < 5||Vw||2nm(9) + ;”wHTm(Q)
C
<e||Vw||Tmiay + — IVO|| T ) 74
IVwl|Zom () Eukll 2 () (74)

for € € (0,e9). Considering that ur — oo as k — oo, we take kg so large that
u,;)l/m < g9. We make the substitution € = ugl/m and thus

—1/m m
[wllZm a0y < Chay, / Vw7 (q) for k = ko, (75)
obtaining (73) for k > ky. We now take dy > 0 so small that dy/ ,u,lc/ ™ < gy for every
k € [2,ko]. We make the substitution € = (50/u,1€/m in (74) and get relation (75) for
k € [2,ko]. Now the proof of Lemma 5.10 is complete. O

Going further, we recall a lemma regarding dj defined in (69) (see, e.g. Lemma
4.9 in [22]).

Lemma 5.11. If Ry fulfills (64), then dy, is independent of the choice of Ry.

We shall use Lemmas 5.8, 5.10 and 5.11 to prove that dy — oo as k — co. In other
words, we propose to show the following lemma:

Lemma 5.12. di diverges to infinity.

Proof. We consider Wy, in (71). Taking into consideration that Wy is a closed linear
subspace of W1 (), by Lemma 5.8 we derive

9(Dy) VOB (r, WH™(Q)) N W, # 0,
for g € Gy and r € (0, R). We obtain from here that
max I(g(u)) >inf {I(u): u € OB(r, W"™(Q)) N Wy},
for g € Gi. We take here the infimums of both sides over g € G, and get
di > inf {I(u) : u € B(r, W"™(Q)) N Wy}, (76)
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for r € (0, Rg). If we replace p and ¢ in Assumption 2.3 by larger constants, we can
say that p, ¢ > m — 1. Thus, there exists a positive constant C' so as

|F(z,5)] < C(|s|]PT™ +1) forz e, s€R,
|G (z,8)| < C(|s|7™ +1) for z € 0Q, s €R.

The above two inequalities lead us to

1
—/ (|Vu|m+|u|m)dx70/ (JulP*t +1) d:c—C/ (Jul"* +1) do
mJa Q o0

1 m
EHUHWLW(Q) - C||u||iti1(9) - OHUHthil(aQ) -C (77)

I(u)

v

v

when u € Wy, with C' > 0 various constants which do not depend on u and k.

We shall continue the proof considering N > m. In this case we have m < p+1 <
mN/(N—m) and m < ¢+ 1 < m(N —1)/(N —m). We now consider « and
defined by the following identities:

1 1-— N — 1 1— N —
7224_@ and 7:£+w.
p+1 m mN g+1 m m(N —1)
We appeal to the Holder’s inequality and the Sobolev’s inequality to infer
lull zo+1() < lull oy el e s ) < Cllullgm o i o) (78)
”uHLqH(aQ) < ||u||Lm(aQ)H“”Lm(N D/(N=m) (5Q) < CHU”Lm 89) ||u||W1 m(Q)” (79)

By employing Lemma 5.10 together with (78) and (79) we arrive at

[ull Lo+1(e) < —ajm

C
lullwrm @), [lullaria) < WHUHWl»m(Q),
k M

for v € Wy, with k > 2. We combine (77) with the above two inequalities involving
that

1 C C
I(u) 2 —[ullfirsm) — WHUHW1M(Q) WHUHWIW(Q) C,
Hi N/c

for u € Wy. This last inequality together with (76) lead to

1 C C
Zem 2 ptl 2 gl
dy > T oot S C, (80)
Hy, Hp,
for r € (0, Rx). We make the notation
1 C C
— —m p+1 g+l
hi(r) = o alprD)/m Blat1)/m?" c.
H, H,

It is obvious that hg(r) < O for r sufficiently large. We replace Ry by a larger
constant so as hy(r) < 0 for R, < r. Lemma 5.11 help us to remark that the expanse
of Ry leaves dj, invariant. We can assume that p > ¢. In truth, we take p; so as
max(p,q) < p1 < ((m —1)N +m)/(N —m). This means that f(z,s) still fulfills (12)
even if we replace p by p; and C by a larger constant, and, consequently, we can
suppose p > q. We define

(p+1)C _ (¢g+1)C

Ok = poD/m? k= P/



424 I.L. STANCUT

Thus, we have

Since p, ¢ > m — 1 in Assumption 2.3, hi(r) achieves its maximum at a unique point
T, € (0, Ry). In truth, it is obvious that equation A (r) = 0 is equivalent to

aprPTm L gt = (81)

Thus, the unique positive solution 7 of (81) corresponds to the maximum value of
hi(r). Equation (81) is the same with

(p + 1)0 p—m—+1 (q + 1)0 qg—m—+1 -1

[e] m' k m2 ’rk
uk(erl)/ Mg(ﬁl)/

Y

meaning that 1, — 0o as k — oo. Considering inequality (80), we attain d > hg(rg).
Since p > ¢ > m — 1, by (81) we get

1 1 1
h N p—m+1 b q—m+1 —-C
k(i) =Ty ( arTy, PR

m_p+1
1 1 _ 1 _
> (—akrﬁ L _pyrd m“) -C

qg+1
1 1
—(=—-—)m-Cc—
<m q—‘rl){rk 00,

as k — oo, and, thus, di diverges to infinity as k — oc.
Let now consider N = 1,2,...,m. We take some constants P and () satisfying
p < P and q < Q, respectively. Also, we consider « and /3 defined as follows:
1 a l-« 1 B 1-p8

prl m Pyl g+l m Q+D

We use the Holder’s inequality and the Sobolev’s inequality to obtain

lull o) < Gy lull 7755 o) < Ml Em oy el o

1— 1—
lallzass o) < Il oy 51 oy < 1l oy Nl oy
and from now on the proof is similar to that for the case N > m. O

Proof of Theorem 2.5. Let v, be a critical point corresponding to dj. This means
that I(vg) = di and I'(vg) = 0. We want to show that [|vg|lyw1.m o) — co. We argue
indirectly. So, suppose that there exists a bounded subsequence of vy in W™ (Q),
labeled again v3. We then obtain, via Proposition 4.3, that ||vy | w1, () is bounded for
every r < co. Moreover, by Sobolev embedding, we have that |lvg|| c@ s bounded.
Therefore,

1
dp, = I(vg) = EHka’V’&l,m(Q) - /QF(m,vk)dx ~ | G(z,vg)do

is bounded, a contradiction. Hence, ||vg||w1.mq) — 0o, and, considering Lemma 4.4,
we actually infer that ||vg[|(q) — co. The proof of Theorem 2.5 is complete. O
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